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EXECUTIVE  SUMMARY 


Objective 

The  goal  of  this  contract  is  the  establishment  of  practical  methods  for  the  prediction 
of  three-dimensional  turbulent  atmospheric  flow  over  complex  terrain,  when  environmental 
conditions  at  the  boundaries  of  the  flow  volume  are  prescribed. 

Methods  of  Approach 

The  principal  approach  is  turbulence  modelling.  In  particular,  we  construct  a 
second-order  turbulence  model,  effecting  a  closure  of  the  heirarchy  of  Reynolds  averaged 
Navier-Stokes  equations  with  buoyancy  effects  accounted  for  in  the  Boussinesq 
approximation,  and  transport  of  additional  scalars,  water  vapor  in  particular,  included.  This 
model  is  regarded  as  the  principal  product  delivered  under  this  contract.  To  the  extent  that 
it  is  possible,  the  model  is  constructed  from  first  principles,  and  incorporates  state-of-the- 
art  concepts  in  turbulence  modelling.  It  has  been  constructed  to  deal  with  flows  of  arbitrary 
complexity,  and  has  been  exercised  in  unsteady  one-dimensional  computations  simulating 
the  growth  of  the  surface  mixed  layer  of  the  atmosphere,  and  that  of  two-dimensional 
steady  boundary  layer  growth.  An  efficient  numerical  algorithm  for  the  implementation  of 
a  three-dimensional  computation  over  terrain  has  been  partially  developed,  but  not  brought 
to  completion. 

A  parallel  effort  has  been  pursued  simultaneously.  In  it,  simple  analytical 
techniques  have  been  developed  permitting  rapid  estimates  to  be  made  of  basic  features  of 
the  three-dimensional  turbulent  flow  over  terrain  of  low  slope  under  conditions  of  arbitrary 
prescribed  shear  and  atmospheric  stability.  This  effort,  which  focusses  on  mean  flow 
quantities,  was  originally  intended  to  provide  an  independent,  perhaps  rough,  check  of 
flows  calculated  by  more  accurate  methods,  such  as  our  second-order  closure.  The 
method  is,  however,  quite  flexible.  Together  with  a  complementary  theory,  described 
here,  which  extends  rapid  distortion  theory  to  temperature  fluctuations,  it  can  be  used  m  its 


own  right  to  estimate  (an  inexpensive  microcomputer  would  suffice)  terrain-induced 
distortions  of  temperature  spectra. 

Items  Delivered 

By  reference,  this  report  includes  those  items  previously  delivered  (June7,  1984)  in 
our  Interim  Technical  Report,  including  computer  programs,  user’s  manuals,  and 
theoretical  documentation,  together  with  the  following  additional  items  which  are  included 
as  chapters  enclosed  herewith: 

A.  Overview  of  the  modelling  of  turbulent  transport  over  complex  terrain, 
with  emphasis  on  the  analytical  theory  for  hills  of  low  slope. (Prepared  by 
J.C.R.  Hunt.) 

B.  Summary  and  extension  of  analytical  theory  of  turbulent  mean  flows 
over  terrain  of  low  slope.  (Allows  for  nearly  arbitrary  specification  of 
upstream  shear  and  stratification.  This  is  a  more  general  view  of  item  C. 
Prepared  by  S.  Leibovich.) 

C.  Stratified  shear  flows  over  low  hills.  I.  Effects  of  upwind  shear. 
(Complete  revision  of  paper  included  in  our  Interim  Tech.  Report  and 
including  key  improvements.  This  is  the  basic  document  underlying  the 
analytical  approach  and  has  been  submitted  for  publication.  Examples 
included.  Prepared  by  J.C.R.  Hunt,  S.  Leibovich,  and  K.J.  Richards’ .) 

D  Stratified  shear  flows  over  low  hills.  II.  Stratification  effects  in  the 
outer  flow  region.  (Continuation  of  item  B.  Examples  of  specific 
stratification  profiles  are  worked  out.  To  be  submitted  for  publication.  By 
J.C.R.  Hunt,  K.J.  Richards’,  and  P.W.M.  Brighton*  ) 

E.  Temperature  field  in  turbulent  flow  over  hills.  (Reviews  physical 
processes  entering  the  problem,  discusses  mean  and  fluctuating  temperature 
perturbations  induced  by  flow  over  terrain  of  low  slope.  Prepared  by 
J.C.R.  Hunt  for  Flow  Analysis  Associates,  and  based  in  part  on  a  paper  in 
preparation  by  W.S.  Weng*  and  J.C.R.  Hunt.) 

F.  Modelling  of  turbulent  heat  and  moisture  transport  in  atmospheric  flows. 
(Describes  the  FAA  second-order  turbulence  model,  with  attention 
concentrated  on  developments  beyond  those  described  in  the  Interim  Tech 
Report  Prepared  by  J.L.  Lumley.) 

G.  Algorithm  development  for  three-dimensional  second  order  turbulence 
model  computations  of  flow  over  terrain.  (Prepared  by  J.L.  Lumley  and  P 
Mansfield*.) 


Effort  not  supported  by  this  contract 


Chapter  A 

Overview  of  the  modelling  of 
turbulent  transport  over  complex  terrain 


Prepared  by 
J.C.R.  Hunt 


Summary 

The  first  part  of  the  report  is  a  review  of  recent  work  on  the  analytical  treatment  air 
flow  over  low  hills,  in  which  a  framework  has  been  established  for  studying  these 
problems.  The  mean  flow  and  the  turbulence,  in  different  kinds  of  stratification  in  flow 
over  hills  are  included  in  the  discussion  as  well  as  the  new  problems  addressed  in  this 
project.  In  the  second  part  we  give  a  new  overview  of  the  physical  processes  governing 
the  distribution  of  temperature  and  humidity  over  hills,  within  the  same  framework  that  has 
been  established  for  the  flow  field.  This  review  lays  the  foundation  for  an  accompanying 
report  (Chapter  E)  on  new  research  on  the  temperature  and  humidity  field. 


1. 


Air  flow  over  hills 


1 . 1  Review  of  recent  work  and  current  concepts 

The  flow  of  the  turbulent  atmospheric  boundary  layer  over  a  single  hill,  or  groups 
of  hills,  is  most  easily  understood  by  noting  the  different  characteristics  of  the  flow  in 
different  region  or  zones  over  the  hills  (see  Figure  1).  This  division  is  especially 
appropriate  and  revealing  for  understanding  how  the  transport  of  heat  and  moisture  are 
affected  by  or  affect  the  flow  over  a  hill. 

1.1.1  Mean  velocity  and  temperature  distributions  over  hills 

There  are  two  main  regions  of  the  flow,  which  are  sometimes  further  subdivided. 
(Hunt  &  Simpson,  1982,  Hunt,  Leibovich,'  Lumley,  1983,  referred  to  hereafter  at  HLL). 

(i)  The  inner  region.  This  is  analogous  to  the  internal  boundary  layer  found  on  flat 
terrain  downwind  of  a  change  in  surface  roughness,  temperature  or  humidity.  The 
vertical  depth  of  such  a  layer  is  determined  by  the  balance  between  the  upward 
turbulent  diffusion  of  surface  vorticity,  temperature  or  humidity  and  the  advection 
by  the  mean  wind.  This  means  that  within  such  a  layer  there  is  a  balance  between 
rate  of  change  of  mean  momentum  of  the  flow  and  the  gradient  of  shear  stress.  On 
flat  terrain  in  a  neutral  approach  flow  /  is  given  by 
(1.1a)  l  ~  2k2x/ln(/ /zq),  or  /  «x0-8 

where  zq  is  the  roughness  length  of  the  surface  and  k  is  von  Karman’s  constant  (k 
=  0.4). 

Over  a  hill  the  layer  does  not  grow  in  a  simple  way  because  the  flow  over  the  hill 
sets  up  an  external  pressure  gradient  which  changes  the  surface  shear  stress.  An 
estimate  of  /  over  the  top  of  the  hill  is 
(1.1b)  l  =  2k2L/ln(/ /zq) 

where  L  is  the  length  of  the  hill  from  the  center  line  to  where  it  reaches  its  half 
height.  (Fig.  1).  Typically  l  ~  L/20.  Thus  an  important  difference  between  the 
inner  layer  associated  with  roughness  changes  and  that  found  in  flow  over  a  hill  is 


that  in  the  latter  case  there  is  a  balance  between  the  rate  of  change  of  mean 
momentum  of  the  flow  U  3Au/3x,  the  vertical  gradient  of  the  perturbation  shear 
stress  Ax  and  the  pressure  gradient  Ap.  (U(z)  is  the  upwind  velocity  profile  and  Au 
is  the  local  velocity  perturbation  over  the  hill).  The  governing  equation  for  these 
inner  layers  is  the  following  boundary  layer  equation 
(1.2)  pU3Au/3x+Aw  3U/3Az  =  -  (l/p)3Ap/3x  +  3Ax/3Az 

where  p  is  the  density,  and  Au,  Aw  are  the  horizontal  and  vertical  perturbations  to 
the  upwind  velocity. 

An  important  characteristic  of  flow  in  the  inner  region  is  that  over  the  hill,  if 
/  is  given  by  (1.2),  the  Lagrangian  time  scale  TL  (or  'turn  over'  time)  of  the 
turbulence,  in  neutral  conditions,  is  given  by  T^/  /4u*.  Within  the  layer  TL  is  less 
than  the  time  for  the  flow  to  travel  along  the  layer  (=  L/U (/ ).  Consequently,  the 
turbulence  is  approximately  in  equilibrium  and  the  transport  processes  can  be 
approximately  calculated  using  an  eddy  viscosity  and  an  eddy  diffusivity.  This 
does  not  mean  that  the  inner  layer  is  similar  to  the  surface  layer  of  the  atmosphere 
where  fluxes  are  approximately  constant  with  height.  In  fact  as  shown  in  Fig.  2, 
these  fluxes  must  vary  rapidly  through  the  layer  (as  shown  in  Chapter  C).  For 
example,  since  the  shear  stress  is  reduced  on  the  upwind  slope  of  a  hill  and 
increased  over  the  top,  within  the  inner  layer  the  shear  stress  must  decrease  rapidly. 
Downwind  of  the  hill  the  inner  region  merges  into  the  wake  of  the  hill.  The  mean 
flow  continues  to  be  controlled  by  a  balance  between  the  change  of  inertia  and  shear 
stress,  but  the  pressure  gradient  becomes  much  weaker  (e.g.  -  Counihan,  Hunt  & 
Jackson,  1974).  Consequently  in  the  wake  behind  a  single  hill,  the  diffusive  action 
of  the  turbulence  progressively  thickens  the  wake  downwind.  For  a  two- 
dimensional  ridge  across  the  flow  calculation  and  observations  indicate  that  if  L/H  > 
0.2, 

/  (x)/H  =  K  (x/H)1/2 


6 


where  K  =0.1.  But  if  L/H  <  0.05,  /  (x)  tends  to  the  form  of  (la).  (Hunt  & 
Simpson,  1982).  Separation  of  the  flow  does  not  appear  to  be  necessary  for  the 
transition  between  these  forms  for  /  (x).  The  value  of  the  coefficient  K  and  the 
turbulence  structure  of  the  wake  are  largely  determined  by  the  Mow  structure  on  the 
lee  slope.  This  is  because  in  the  inner  region  downwind  of  the  hill,  unlike  over  the 
hill,  the  time  scale  of  the  turbulence  is  of  the  same  order  as  the  travel  time,  so  that 
turbulence  is  not  in  local  equilibrium.  However,  despite  this  complexity  it  is  found 
that  the  mean  velocity  and  turbulence  often  has  a  self-similar  structure  just  like 
wakes  behind  obstacles  freely  suspended  in  uniform  flow.  This  structure  enables 
analytical  models  to  be  developed.  There  certainly  remains  more  work  to  do  on 
this  aspect  of  the  flow. 

If  the  wake  behind  one  hill  impinges  onto  another  hill  downwind,  then  a 
new  pressure  gradient  develops.  It  appears  that  the  mean  velocity  and  turbulence 
over  the  downwind  hill  can  approximately  be  described  by  the  theory  for  the  flow 
over  a  single  hill,  but  the  initial  conditions  for  the  second  hill  are  determined  by  the 
wake  of  the  upwind  hill  (Hunt,  Leibovich,  Lumley,  1983).  This  concept, 
however,  needs  further  computational,  field  and  laboratory  exploration. 

Because  it  is  thin  the  structure  of  flow  in  the  inner  region  is  often  less 
affected  by  buoyancy  forces  than  the  flow  in  the  outer  region.  However  little  is 
known  about  the  transition  between  flow  in  the  inner  region  driven  by  upwind 
conditions  but  affected  by  buoyancy  forces  and  local  'anabatic'  or  'katabatic'  winds 
driven  entirely  by  the  buoyancy  forces  caused  by  local  warming  and  cooling  of  hill 
slopes.  Some  new  analysis  of  this  problem  is  presented  in  Chapter  E.  See  also 
Fitzjarrald  (1983). 
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(ii)  Outer  Region 

This  region  extends  from  just  outside  the  inner  region  through  the  boundary  layer 
up  to  a  height  of  the  order  L  the  length  of  the  hill.  In  stable  conditons  hills  can  force  wave 
motion  many  kilometers  up  into  the  stably  stratified  region  above  the  boundary  layer. 

In  turbulent  flow  over  a  hill  of  moderate  slope  (say  L/H<0.3)  the  >»ross  sectional 
area  of  any  separated  regions  of  flow  is  small  compared  to  the  cross  sectional  area  of  the 
hill.  Then  the  flow  in  the  outer  region  only  depends  on  the  mean  velocity  and  temperature 
distribution  upwind  and  the  shape  of  the  hill.  The  additional  displacement  of  streamlines 
by  the  flow  in  the  inner  region  is  small  compared  with  the  displacement  by  the  hill.  This  is 
not  true  for  laminar  flows  or  flow  over  hills  calculated  with  an  assumption  of  constant  eddy 
viscosity  (e.g.  Sykes  1978),  and  in  those  flow  the  outer  and  inner  regions  have  to  be 
analyzed  together.  We  have  only  recently  realized  that  this  coupling  does  not  occur  in 
turbulent  flow  and  provides  an  important  simplification  to  the  analysis.  (Chapter  C,  1986). 
It  means  that  we  can  analyze  the  outer  region  for  a  wide  range  of  upwind  conditions, 
without  calculating  the  inner  region  in  each  case  (Chapter  D).  (There  are  of  course  some 
important  counter  examples,  as  when  a  separated  flow  pattern  in  the  wake  near  the  ground 
collapes  with  the  onset  of  surface  cooling;  Scorer  1955). 

The  other  essential  simplification  of  the  outer  region  is  that  for  most  atmospheric 
conditions,  it  can  be  divided  into  two  sub-layers:  the  middle  layer  in  which  the  flow  is 
controlled  by  the  shear  in  the  upwind  mean  velocity  profile,  and  the  upper  layer  in  which 
the  flow  is  governed  by  inertial  and  buoyancy  forces  but  in  this  case  it  is  the  upwind 
temperature  profile  90(z)  rather  than  the  velocity  profile  which  largely  control  the  flow. 
(Hunt,  Leibovich  &  Lumley  1983).  From  the  above  criterion,  the  height  hm  of  the  middle 

layer  in  neutral  or  slightly  stable  flows  is  given  approximately  by 
(3)  hm  =  min  [h,  u*/N(hm)ln1/2,  L/ln^(hm/zo)] 

where  min  [  ]  means  the  minimum  value.  Note  N  is  the  buoyancy  frequency  of  the 
upwind  flow.  (N2  =  gd0o/dz/9o(z=O),). 


The  analytical  work  reported  in  Chapter  D  has  indicated  the  parameter  ranges  for 
studying  the  effects  of  stratification  on  flow  over  hills.  For  this  brief  review  we  restrict 
discussion  to  the  situation  where  the  upwind  potential  temperature  increases  steadily  with 
height,  and  the  buoyancy  frequency  N(z)  decreases  with  z. 

When  u*/LN(L)  ^  5,  the  upwind  velocity  profile  is  effectively  neutral,  and  in  the 

flow  over  the  hill  buoyancy  forces  are  negligible.  The  weak  neutral  upwind  shear  amplifies 
the  perturbation  Au  to  the  wind  speed  over  the  hill.  It  is  found  that,  just  outside  the  inner 
layer, 

(4)  Au/U(/  )  =  (H/L)  U2(hm)/U2(/  )  , 

while  the  perturbation  shear  stress  increases  by  a  larger  proportion  to 

(5)  At/t  =  2(H/L)[U2(hm)/U2<7  )](l+4/ln(/  /z0)) 

For  example  Bradley  (1980)  has  confirmed  that  the  surface  shear  stress  is  amplified  more 
than  the  mean  velocity.  He  found  that  Au/U(/ )  =  1  while  At/T  ~  4.  This  has  important 
implications  for  heat  and  water  vapor  transport. 

When  u./NL1  =  1,  but  U(L)/NL>  2,  the  temperature  gradient  is  strong  enough  to 

affect  the  turbulence  in  the  approach  flow,  but  too  weak  for  the  buoyancy  forces  to  affect 
the  flow  over  the  hill.  Because  the  approach  flow  has  a  large  distance  in  which  to  be 
affected  by  the  change  in  turbulence,  the  upwind  velocity  gradient  is  increased.  Near  the 
surface  the  usual  Monin-Obukhov  scaling  can  be  applied.  For  example  when  u*/NL  =  1, 
U(z)  is  approximately  described  by  U(z)  =  l/k[u*  ln(z/ZQ)  +  Nz].  The  important  point 
about  this  situation  is  that  although  the  buoyancy  forces  over  the  hill  are  negligible,  the  fact 
that  the  upwind  flow  has  a  greater  velocity  gradient  means  that  the  ratio  U(L)/U(/ )  is 
increased.  Therefore  from  (4),  (5)  the  relative  increase  of  the  mean  velocity  and  surface 
shear  stress  is  greatly  increased.  If  the  slope  of  the  hill  is  small,  the  distribution  of  Au  and 
At  over  the  hill  is  not  much  changed;  only  their  magnitude.  This  concept,  put  forward  by 
Hunt  (1981),  has  been  confirmed  by  Bradley's  (1983)  recent  field  measurements  over  a 
small  escarpment  in  Australia  (Hunt  &  Richards  1984). 


When  U/(NL)  ^  2,  and  U/(NH)  >  1  the  buoyancy  forces  strongly  affect  the  flow 
over  a  hill,  but  they  are  not  strong  enough  to  prevent  the  flow  from  passing  over  the  hill. 
However,  as  U/(NL)  decreases,  progressively  more  of  the  flow  passes  round  3- 
dimensional  hills  (see  Chapter  D).  For  2  U/(NL)  ^  1/2,  the  maximum  velocity  over  the 
hill  is  less  than  for  neutral  flow.  For  U/(NL)  1/2,  the  maximum  velocity  perturbation 
occurs  on  the  lee  side  of  a  hill  and  for  uniform  stratification  a  good  estimate  for  a  rounded 
hill  is 

Aumx-U2(hm)(H^)(U/NL)/U(/)  , 

On  the  other  hand  for  different  kinds  of  upwind  stratification  Au^  can  vary  considerably 
from  this  estimate,  and  the  location  of  maximum  velocity  can  also  vary.  Consequently,  the 
distribution  of  how  the  surface  stress  and  heat  flux  also  vary  in  these  conditions  (Hunt  & 
Richards,  1984). 

When  U/(NH)  <  1,  the  kinetic  energy  of  the  incident  flow  is  insufficient  for  all  the 
flow  to  pass  over  the  top  of  the  hill,  and  a  new  flow  regime  develops.  The  perturbations  to 
the  flow  are  of  the  order  of  U(H),  even  if  the  slope  H/L  «  1.  However  when  the 
stratification  is  strong  enough  that  U/(NH)«1  the  flow  is  to  first  order,  a  horizontal  flow 
around  the  hill,  or  stagnant  if  the  hill  is  two  dimensional.  In  either  case  there  is  region 
within  a  distance  of  U/N  the  top  of  the  hill  where  the  flow  can  pass  over  the  top.  An 
approximate  analysis  for  this  summit  layer  was  given  in  HLL. 

An  important  aspect  of  highly  stratified  flow  is  that  the  horizontal  distance  around 
the  hill  in  which  the  flow  is  affected  is  much  greater  than  when  U/NH>  1.  For  example 
around  a  three  dimensional  hill  when  U/(NH)  «  1,  Au  decreases  in  proportion  to  (x/L)*1 
outside  the  wake  and  to  (x/L)_1/2  within  the  wake,  whereas  when  U/(NH)>  1,  Au 
decreases  in  proportion  to  (x/L)'2  outside  the  wake  and  approximately  to  (x/L)'3/2  within 
the  wake.  Consequently  it  is  generally  more  important  to  consider  the  interaction  of  the 
flow  between  hills  in  strongly  stratified  flow  (HLL).  This  slow  delay  also  means  that 
Coriolis  acceleration  has  a  larger  time  to  deviate  the  flow  in  very  stable  conditions,  and  then 


even  on  scales  of  the  order  of  10  to  20km  Coriolis  effects  maybe  significant  (HLL, 
Merkine,  1975). 

Note  that  when  the  flow  around  the  hill  is  approximately  horizontal  the  wake  flows 
are  also  approximately  horizontal.  These  wake  flows  behave  as  if  they  were  generated  by 
cylindical  structures  with  vertical  axes.  Turbulence  and  coherent  vortices  can  delay  rather 
slowly,  as  satelite  photography  and  many  laboratory  studies  have  indicated  (e.g.  Brighton 
(1978).  Even  in  these  wake  the  flow  is  still  controlled  by  shear  stress,  so  in  that  sense  they 
are  still  part  of  the  inner  region. 

In  typical  daytime  conditions  the  air  flow  upwind  of  a  hill  is  statically  unstable, 
which  causes  the  buoyancy  forces  to  add  to  the  shear  turbulence  in  this  case.  For  weak 
buoyancy  forces  (L/Lmo  >  1/2)  the  gradient  of  the  mean  velocity  profile  is  reduced  and  so 

the  relative  changes  in  the  wind  speed  and  shear  stress  are  reduced.  Bradley's  (1983)  data 
agree  well  into  the  prediction  (4)  for  this  situation.  When  the  buoyancy  forces  are  strong 
enough  that  L/Lm0  >  1  then  the  turbulence  so  mixes  the  upwind  boundary  layer  that,  except 

within  a  thin  layer  (~h/10),  the  mean  velocity  and  potential  temperature  is  uniform.  So, 
paradoxically,  the  unstable  buoyancy  forces  can  largely  be  ignored  in  the  outer  region. 
Figs.  3,  4.  Usually  in  such  situations  there  is  a  stably  stratified  region  above  the  mixed 
layer  (z>h),  which  leads  to  buoyancy  forces  in  the  upper  layer,  but  these  are  stable 
buoyancy  forces.  (HRB). 

1.1.2  Turbulence  structure  in  the  outer  region 

The  turbulence  in  the  outer  region  does  not  affect  the  mean  flow  over  the  hill 
because  generally  the  hill  is  not  long  enough  for  the  turbulent  stresses  to  be  comparable 
with  the  mean  inertial  forces.  However  the  changes  in  the  mean  velocity,  Au  and 
temperature  gradient,  A9',  (or  buoyancy  frequency  AN  in  stable  conditions)  generally 
change  the  turbulence  by  an  amount  of  the  order  of  Au/U(z)  or  A070’o(z)  or  AN/N. 

The  kind  of  distortion  the  turbulence  experiences  depends  to  a  large  extent  on  the 
ratio  of  the  travel  time  T  to  the  Lagrangian  time  scale  TL  of  the  turbulence,  or  in  other 


words  to  the  relaxation  time  of  the  turbulence.  This  ratio  can  vary  considerably  between 
the  inner  and  outer  region  and  is  sensitive  to  the  stratification.  If  TL(z)  is  estimated  as  usual 
in  terms  of  the  integral  scale,  then  T L(z)  ~  Lx(w)/cw  and  T~L/U(z).  Using  published  data 
and  also  recent  measurements  of  the  Boulder  Atmosphere  Observatory,  Hunt,  Kaimal  & 
Gaynor  (1985)  have  shown  that  in  most  atmospheric  conditions 

(Lx<w)  i  =  Ab/Z  +  As  (dU/dz)/(cw)  , 

where  the  blocking  coefficient,  AB  =  1  and  the  shear  coefficient  As  =  0.6.  Then  in  neutral 
conditions,  where  dU/dz  =  aj(0.5z),  Lx(w>  =  0.52  and  therefore  T(Az)<TL(Az)  where  Az 

>  L. 

Thus  in  neutral  conditions  outside  the  inner  layer,  the  travel  time  is  less  than  the 
Lagrangian  time  scale  and  the  turbulence  is  distorted  'rapidly',  in  a  similar  way  to  its 
behavior  in  a  wind  tunnel  contraction.  The  method  of  rapid  distortion  analysis  can  be 
applied  to  predict  variances  and  spectral  length  scales.  (Britter,  Hunt  &  Richard,  1981, 
Bradley  1980). 

However,  in  stable  conditions  dU/dz  »  ajz,  and  often  in  these  conditions  R,  =1/4 
so  that  N=l/2  dU/dz.  Then  Lx<w)  ~  N^A^/dU/dz  ~  <V(ASN).  Consequently  T/TL  * 
(1/3)  LN/U(z)  >  1.  Therefore,  in  this  situation  the  relaxation  time  of  the  turbulence  and  the 
mean  flow  are  in  local  equilibrium  because  the  mean  flow,  as  already  explained,  is 
controlled  by  inertial  and  buoyancy  forces.  Consequently,  in  the  equation  for  turbulent 
kinetic  energy  the  advection,  the  production,  the  buoyancy  flux  and  the  dissipation  are  all 
of  the  same  order.  (Some  preliminary  results  are  presented  in  Chapter  E.  Second  order 
modeling  (e.g.  Zeman  &  Lumley  1979)  should  provide  the  basis  for  the  one-point 
moments  (e.g.  of  velocity  variance,  dissipation  etc.)  which  can  be  combined  with  the 
Lagrangian  statistical  models  such  as  that  of  Pearson,  Puttock  and  Hunt  (1983)  to  derive 
integral  scales,  spectra  and  correlations. 

In  convective  conditions  the  Lagrangian  time  scales  are  larger  than  in  neutral 
conditions,  so  T<TL  and  therefore  the  rapid  distortion  analysis  is  appropriate.  However  in 
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this  case  the  vertical  scales  of  the  turbulent  eddies  can  be  so  large  that  a  local  analysis  at  a 
given  height  z  may  not  be  appropriate.  It  is  as  if  the  eddies  in  the  wind  tunnel  were  as  large 
as  the  wind  tunnel.  This  wind  tunnel  problem  has  recently  been  solved  with  rapid 
distortion  theory  by  considering  the  'image'  of  the  eddies  in  the  boundary  (Goldstein  & 
Durbin,  1980).  The  same  techniques  could  be  applied  to  the  problem  of  calculating 
convective  turbulence  over  hills.  (A  statistical  theory  using  the  idea  of  the  image  eddies  has 
already  been  developed  by  Hunt  (1984)  to  analyze  the  structure  of  convective  turbulence 
over  level  ground). 

1 . 2  Problems  examined  in  this  project. 

From  previous  work  the  flow  over  a  simple  bell  shaped  hill  with  well  behaved 
upwind  temperature  profiles  the  broad  features  of  the  flow  in  the  outer  region  were 
reasonably  well  understood  and  well  validated  by  computation,  and  field  and  laboratory 
studies.  But,  this  was  not  the  case  in  the  inner  region,  even  when  the  flow  does  not 
separate.  The  elucidation  of  the  structures  of  this  layer  has  been  a  major  task  of  this  project 
and  it  has  been  largely  completed.  However  the  effects  stratification  in  the  inner  layer  and 
the  effects  of  different  outer  layer  flows  have  not  yet  been  examined  to  date.  The  effects  of 
stratification  on  the  structure  of  the  inner  layer  can  only  be  understood  when  the  heat  and 
moisture  transfer  between  the  airflow  and  the  hill  surface  is  incorporated  into  the  air  flow 
calculation,  because  the  inner  layer  is  thin  enough  for  turbulence  to  transport  the  effects  of 
the  surface  upwards  through  the  layer.  The  work  done  on  these  problems  in  this  project 
will  be  found  in  this  report  and  in,  Hunt  &  Richards  (1984).  There  have  been  no 
successful  computations  or  theories  yet  for  the  flow  on  the  lee  side  of  hills  for  intermediate 
slopes  between  say  0.2  >  H/Lj  ^  1.0.  Then  the  slope  is  large  enough  that  the  turbulence 

structure  can  no  longer  be  assumed  to  be  a  small  perturbation  of  the  upwind  equilibrium 
distribution,  yet  not  large  enough  for  a  fully  separated  flow  to  have  developed.  Second 
order  modeling  (and  even  k-e)  appears  to  be  able  to  predict  many  features  of  these  flows 
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New  ley  (1985).  We  have  not  attempted  this  problem  yet  using  our  sophisticated  second 
order  model. 

2.  The  temperature  arid  humidity  field  over  hills. 

2.1  Defining  the  problem 

The  temperature  and  humidity  fields  over  a  hill,  (denoted  by  9  and  q  respectively) 
are  determined  by  the  flow  field  over  the  hill  and  by  the  distribution  upwind  of  the  hill  and 
over  the  surface  of  the  hill  of  0  and  q.  More  often  the  distribution  of  the  flux  of  0  and  q 
over  the  surface,  namely  <0'w>,  <q'w>  are  known  rather  than  0  and  q  where  0'  and  q' 
are  the  fluctuations  in  0  and  q.  In  principle,  either  <9’w>  or  <0>- 1-0')  are  necessary  to 
specify  9  in  the  interior  of  the  flow.  In  practice,  given  the  usual  assumption  about 
turbulent  transport,  either  <0’w>  or  <0>  needs  to  be  specified  at  about  the  roughness 
height,  Zq  above  the  surface. 

To  calculate  certain  statistical  properties  of  the  fluctuation  field  of  0’  and  q'  over  the 
hill,  it  is  generally  necessary  to  know  or  to  specify  the  same  statistical  properties  upwind, 
for  example  variances,  integral  scales,  dissipation  etc.  Of  course  the  longer  the  hill  or  chain 
of  hills,  the  less  the  correlation  between  0’  over  the  hill  and  upwind  and  so  the  less  the 
need  to  specify  0'  upwind.  An  important  point  to  note  is  that  the  time  scale  of  temperature 
or  humidity  fluctuation  near  the  surface  is  usually  so  small  (because  TL— >0  as  Az— >0), 
there  is  no  need  to  specify  the  fluctuations  in  0  and  q  at  the  surface.  However  in  some 
convective  conditions,  0w  may  vary  sufficiently  at  the  surface  (if  only  due  to  passing 
clouds)  to  significantly  affect  0’  above  the  surface. 

Where  the  temperature  and  humidity  field  over  a  hill  do  depend  on  the  structure  of  0 
and  q  upwind,  then  it  is  first  necessary  to  know  how  to  specify  the  upwind  conditions 
before  calculating  the  change  in  9  and  q  over  the  hill.  Recent  atmospheric  tower 
measurements  over  the  rolling  terrain  at  Boulder  and  the  flat  but  rougth  terrain  at  Cabauw, 
Netherlands  have  compared  the  turbulence  structure  there  to  that  obtained  in  the 
measurements  over  Kansas  and  Minnesota.  They  have  shown  that  in  convective  conditions 
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the  turbulence  and  the  temperature  fluctuation  have  a  similar  and  structure  distribution  in 
these  two  situations.  In  stable  conditions,  however,  there  appear  to  be  no  universality  in 
the  distributions,  or  the  forms  of  the  spectra;  in  particular  large  wave  motion  may  or  may 
not  occur  and  these  always  have  a  large  effect  on  the  spectrum  of  0’  and  it  often  also  has  a 
considerable  effect  on  the  spectra  of  0w  and  w.  (Hunt,  Kaimal  &  Gaynor  1985).  In  some 
cases  these  wave-like  motions  contributed  about  50%  of  the  total  variance  or  covariance. 
Despite  this  irregularity  in  the  relation  between  the  turbulence  quantities  and  the  overall 
mean  quantities,  it  was  found  that  the  turbulence  and  temperature  fluctuation  has  some 
internal  structure  that  is  rather  universal. 

It  is  interesting  to  note  that  in  stable  conditions  irregular  low  frequency  wave 
motion  was  also  observed  by  Caughey,  Wyngaard  &  Kaimal  (1979)  over  the  very  flat 
uninterrupted  terrain  of  Minnesota,  but  they  filtered  this  component  out  of  their  data  in 
order  to  show  the  regular  structure  and  regular  vertical  profiles  of  the  middle  to  high  wave 
number  parts  of  the  spectra. 

This  filtered  component  agreed  well  with  a  second  closure  model  of  Wyngaard's. 
It  is  now  generally  believed  that  these  low  frequency  motions  are  associated  with  the 
various  wave  motions  which  develop  on  the  stable  boundary  layer  and  are  often  stimulated 
by  various  scales  of  topography  and  by  frontal  activity  some  distance  from  the 
measurements  point,  (e  g.  Lu  Nai-Pint,  Neff  &  Kaimal,  1983). 

Consequently  the  aim  of  a  theoretical  or  computational  model  for  0  and  q  over  hills 
ought  to  be  to  relate  0  and  q  to  arbitrary  upwind  conditions.  This  is  likely  to  require  a 
statistical  approach.  However,  as  with  flow  over  rough  or  rolling  terrain  in  stable 
conditions,  the  internal  structure  defining  the  relations  between  local  turbulence  and  the 
temperature  fluctuation  may,  because  of  their  small  time  scales,  continue  to  be  applicable 
over  hills.  This  provides  the  basis  for  analyzing  0  and  q  using  second  order  turbulence 


models. 


Defining  the  transport  process  and  the  mathematical  models  for  each  region  of  the 


2.2.1  Inner  region 

In  this  region  the  temperature,  0,  and  humidity  q,  are  determined  partly  by  the  local 
heat  flux  F0  or  water  vapor  flux  Fq  from  or  to  the  ground,  by  vertical  diffusion  of  heat  and 

water  vapor,  and  by  the  advection  of  heat  and  water  vapor  from  upwind.  Over  uniform  flat 
terrain  the  advection  has  a  negligible  affect  on  the  distribution  of  0  and  q.  But  over  non- 
uniform  terrain  such  as  a  hill,  where  the  surface  fluxes  vary  with  downwind  distance,  and 
advection  of  0  and  q  affects  the  vertical  distribution  of  0  and  q.  Also  the  convergence  and 

divergence  of  streamlines  and  the  change  in  the  turbulence  over  the  hill  can  have 
comparable  effects  on  0(z)  and  q(z). 

A  widely  accepted  model  for  the  sensible'  heat  flux  and  the  water  fluxes  at  the 
ground,  when  covered  with  vegetation,  is  that  developed  by  Monteith.  Its  mathematical 
derivation  and  implications  were  nicely  discussed  by  Thom  (1975);  its  use  in  dispersion 
modeling  was  developed  by  Smith  &  Blackall  (1979).  It  is  convenient  to  express  F0  and 

Fq  in  terms  of  the  net  in-coming  radiation  heat  flux  R0  and  the  net  heat  flux  arriving  at  the 
surface  from  the  soil  G,  the  Bowen-ratio  P,  and  the  latent  heat  of  water,  as 

/")  i  i  c  _  /d  ci  rr  ^ 


X(l+P) 


where  the  net  heat  flux  from  the  radiation  and  soil  is  R  =  Rn  +  G.  Theref  Jie 


between  F0  and  Fq  is 


Fq/F0  =  1/(PX). 


The  ratio  P  depends  on  the  shear  stress  at  the  ground  t,  the  roughness  zq  ,  the  local 
mean  temperature  0  and  water  vapor  concentration  q,  and  also  the  nature  of  the  vegetation 
The  lowest  value  of  this  ratio  is  zero,  when  the  winds  are  moderate,  the  air  if  dry  and  all  the 
energy  is  used  to  evaporate  water  from  the  vegetation  There  is  no  upper  limit  of  this  ratio, 
if  there  are  few  plants  or  they  have  a  high  stomatal'  resistance 


The  changes  in  Fe  and  Fq,  denoted  by  AFe,  AFq,  can  be  expressed  in  terms  of  the 
upwind  value  of  F0  and  Fq>  denoted  by  Feo>  F  qo-  and  in  terms  of  the  changes  in  R  and  (3. 

Thus 

(2.3)  AF9/Feo  =  ARyR0  +  5p/[(30(l+M 

(2.4)  AFq/Fq0  =  AR/Ro  -  8p/(l+p0)  • 

This  result  shows  up  the  sensitivity  of  the  changes  in  F0  and  Fq  to  the  value  of  P0. 

On  more  or  less  sunny  days  any  changes  in  (R„-t-  FG)  axe  mainly  caused  by  changes 
in  the  direct  solar  radiation  Rs  reaching  the  surface.  Then  we  can  assume  that  the  net 
radiation  and  ground  heat  flux  is  related  to  the  changes  Rs  by  a  relation  like 

(2.5)  AR/Ro -XrARs/Rso. 

where  the  coefficient  Xr  is  not  equal  to  1.0  as  supposed  by  Smith  &  Blackall 
(1979),  because  Rn>  the  net  radiation,  is  only  about  1/3  of  the  solar  radiation  reaching  a 

surface.  Of  course  the  diffused  radiation  tends  to  be  concentrated  at  angles  near  to  the  solar 
elevation  <J>0.  (Fig.  3).  From  data  quoted  by  Geiger  (1965,  p  376)  it  appears  that  Xr  =  0.7. 

For  a  slope  equal  to  (H/L)  F  (x/L),  the  proportional  change 

(2.6)  ARS/RS0  =  cot0o.  (H/L)f’ 

Note  that  cot0o  is  smaller  in  summer  than  winter.  Geiger's  data  shows  that  on  a 
south  facing  slope  of  10°,  AR/R0  =  0. 13  averaged  over  the  whole  year,  but  0.4  in  winter 
and  0  06  in  summer.  At  48°N,  cot$0  =  2.9  in  winter  and  .47  in  summer,  so  the  predicted 
variation  in  AR/R0  from  (2.6)  would  be  5  in  winter  and  .04  in  winter.  At  night  or  in 
foggy  or  overcast  conditions  R  does  not  depend  on  the  slope  (for  small  slopes). 

From  Monteith  s  formula  in  the  appendix  we  can  derive  the  changes  in  P  caused  by 
changes  in  6,  q,  and  t:/p  is  also  changed  by  variations  in  the  surface  vegetation  or 
roughness  We  are  assuming  here  that  the  form  of  the  surface  vegetation  remains  fixed 


over  the  hili,  and  we  then  have 

(27)  AFq/Fqo  =  AR/R0  -  XtlAT|/T  +  XeA0/0o  +  X<,  Aq/q0 


(2.8)  AFq/F0  =  AR/Rq  +  yrlAxj/T  +  VeA0/eo  +  yqAq/qo 

In  sunny  conditions  (2.5)  and  (2.6)  can  be  used  for  the  first  terms. 

As  is  shown  in  the  appendix  %x  and  can  range  between  about  -1/2  and  1/2  in 

most  kinds  of  condition,  when  the  heat  flux  is  radiation  controlled.  This  is  consistent  with 
recent  data  that  gives  Xtto  b*  about  -1/2  in  stable  conditions,  when  the  heat  flux  is 

downwards  and  the  heat  transfer  is  controlled  by  forced  advecdon  over  the  ground.  This  is 
based  on  a  correlation  of  measurements  by  Venkatram,  (1980).  In  the  former  case 
generally  Xx  depends  on  the  nature  and  state  of  the  vegetation  and  the  humidity  of  the  air. 

A  range  of  examples  is  given  in  the  appendix. 

The  parameter  Xe  and  Xq  depend  on  the  humidity,  i.e.  the  ratio  of  q0  to  the  saturated 
value  of  q  at  the  temperature  0O  if  the  air  is  saturated,  Xe  “  Xq  =  0.  But  for  typical  air  flow 

over  vegetation  in  mid-latitudes,  a  change  of  -1°C  for  given  q  or  a  doubling  of  q  for  given 
0  produces  a  similar  order  of  magnitude  of  increase  in  Fe  as  does  a  1  ms1  change  in  wind 
speed,  i.e.  |Xeb(l/3)10-2,  xq~l. 

This  provides  some  framework  for  considering  how  the  heat  and  water  fluxes  can 
change  over  a  hill.  Some  results  are  reported  by  Hunt  &  Richards  1984,  and  a  more 
detailed  report  is  given  in  Chapter  E. 

There  is  some  laboratory  evidence  for  the  validity  of  (2.8)  when  the  upwind  flow  is 
unsaturated.  Dawkins  &  Davis  (1981)  measured  the  change  in  flux  of  vapors  from  a  small 
region  on  a  surface  when  the  same  region  was  located  on  a  hill.  They  found  that  the  flux 
increased  by  about  50%  of  the  increase  in  Ax/ 1.  (That  is  not  how  they  expressed  their 
result  -  it  is  our  interpretation.)  A  similar  result  was  found  by  Verma  &  Cermak  (1971 )  in 
their  study  of  mass  transfer  over  wavy  surfaces. 

2.2.2  Outer  region 

In  section  1.1.2  the  turbulence  structure  in  the  outer  region  was  reviewed.  We  first 
consider  neutral  conditions  over  hills  of  moderate  length  (  <  5  km),  i.e.  not  so  long  that  the 
inner  layer  thickness  is  much  shallower  than  the  upwind  layer.  It  was  shown  that  in  this 
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case  the  Lagrangian  time  scale  TL  (z)  is  greater  than  the  travel  time  T(z).  This  implies  that 
the  mean  temperature  and  humidity  0  and  q  are  not  affected  by  the  local  turbulence. 

The  statistics  of  temperature  and  humidity  fluctuations  (0'  and  q’)  depend  on  their 
structure  upwind  of  the  hill,  particularly  since  they  are  correlated  with  their  values  upwind. 
The  changes  in  structure  of  the  spectra  of  0’  and  q’  depend  mainly  on  the  distortion  of  the 
mean  streamlines.  There  are  also  weak  effects  produced  by  the  changes  in  the  mean 
temperature  gradient  over  the  hill,  caused  by  the  convergence  and  divergence  of  the  mean 
streamlines,  and  effects  caused  on  the  changes  in  the  turbulence.  (Hunt  1984).  Although 
the  changes  in  the  turbulence  in  the  outer  region  can  be  calculated  by  the  methods  of  rapid 
distortion  theory  (since  T  <  T^,  the  changes  in  small  scale  temperature  fluctuations  caused 

by  the  changes  in  turbulence,  can  only  be  estimated  rather  approximately. 

In  stable  conditions,  it  has  been  shown  that  in  the  outer  region,  the  time  scales  are 
smaller,  i.e.  T  >  TL(z)  so  that  the  turbulence  adjusts  as  it  travels  over  the  hill.  Therefore  the 

turbulence  changes  over  the  hill  are  controlled  by  advection,  production,  buoyancy  flux, 
and  dissipation.  The  mean  temperature  and  water  vapor  gradients,  however,  are  controlled 
by  the  mean  flow  and  their  upwind  values,  not  by  local  turbulence.  Second  order  modeling 
methods  can  usually  work  well  when  the  changes  are  relatively  slow.  In  E,  we  use  the 
simplest  possible  approach  of  assuming  local  equilibrium  for  calculating  (0’)2  and  (q’)2 
which  is  appropriate  in  strongly  stable  condition,  because  large  vertical  displacements  by 
the  fluid  elements  are  not  possible.  (Hunt  1982,  Hunt,  Kaimal  &  Gaynor  1985.) 

2  2.3  Wake  region 

The  wake  is  a  commutation  of  the  inner  region,  in  that  the  mean  temperature  and 
water  vapor  concentration  are  controlled  by  advection  and  turbulent  diffusion.  Therefore 
the  change  in  surface  flux  also  has  been  considered,  however  the  largest  changes  in  flux 
occur  over  the  hill.  For  example  the  surface  shear  stress  over  a  hill  with  slope  of  1/2  or 
H  L  -  1.  may  be  increased  by  three  times,  but  in  the  wake  the  surface  shear  stress 
perturbation  decreases  to  less  than  1/10  of  this  within  a  distance  2L  downwind. 
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Consequently  in  the  wake  most  of  the  changes  in  temperature  and  water  vapor  fluctuations 
are  likely  to  be  mivecied  from  the  surface  of  the  hill  itself. 

There  have  been  some  studies  of  dispersion  of  heat  or  other  contaminants  released 
on  or  near  bluff  bodies  in  boundary  layers.  The  mean  temperature  concentration  is  well 
described  by  calculations  based  on  eddy  diffusivity  models  or  random  walk  computer 
simulations.  (See  review  by  Hunt  1982b).  If  such  methods  work,  then  the  more  complex 
second  order  change  models  are  likely  to  be  quite  satisfactory.  The  simple  turbulence 
models  have  the  advantage  of  enabling  the  computation  to  be  performed  more  simply  or 
even  analytically. 


Appendix 


Variation  of  heat  and  water  flux  over  a  surface. 

From  Monteith's  formula,  (see  Thom,  1975  and  Smith  &  Blackall  1979,  Fe  and  Fq 

are  given  by: 

Fe(z)  =  pR/(l+|S),  Fq(z)  =  R/(1+P)X) 

where  the  Bowen-ratio  P(z)  =  (rg+r^-r^KA/y)^  +  r,),  R  is  the  net  surface  heat  flux,  X  is 
the  latent  heat  of  vaporization  of  liquid  water,  and  the  resistances  ra,  rst,  rs  have  the 
following  values: 

The  aerodynamic  resistance  ra(z)  =  [l/(ku*)]ln((z-d)/z0/5)),  where  d  is  the 
displacement  height,  which  is  of  the  order  of  the  vegetation  height  ra(z)  is  usually  defined 

in  terms  of  the  velocity  at  a  particular  value  of  (z-d),  eg 

ra(z)  =  6.25/U(z)  ln((z-d)/zo)  ln(5(z-d)/zo)  =  2xl02/U(z)  for  Zq  =  10-2m 
For  a  typical  wind  speed  of  5ms’1,  ra  =  40  s  nr1.  The  stomatal  resistance  rst  is  the 

resistance  by  the  vegetation  to  evaporation  and  transpiration.  When  the  plant  surfaces  are 
wet  rst— >0,  but  when  the  plants  transpire  very  slowly  rst— >°°.  In  most  typical  air  flows 
over  crops,  rst  «  ra  »  40  s  nr1.  Monteith  called  rt  the  'isothermal  resistance'  because  if  ra  + 
rst  =  r,,  there  can  be  isothermal  flow.  Here  r4  is  defined  as: 

=  (pCp/(Ry))(psv-pv), 

where  y  is  the  psychometric  constant  y  =  pCp/(X£)  -  (usually  in  mb°C1)  and  p,  cp,  e,  p  are 

the  density,  specific  heat,  ratio  of  molecular  weights  of  water  to  air  (=5/8),  and  pressure. 
Further  psv,  pv  are  the  saturated  and  local  vapor  pressure,  psv  is  a  function  of  the 
temperature  9,  pv/p  =  8/5  q,  where  q  is  the  water  vapor  concentration. 

The  parameter  A  in  the  expression  for  the  Bowen  ratio  is  related  to  r,: 

A  =  1/2  ((dpsv/dd)(z)  +  Opsv/ae)(0  =  0) 
and  A/y<0)  is  plotted  in  Fig.  A.l  from  Thom  (1975). 

In  order  to  understand  how  (5  varies  with  perturbation  of  T,  9  and  q.  we  have  to 
consider  various  conditions  of  humidity  and  plant  type. 


:i)  In  conditions  at  about  50%  humidity  over  field  crops  in  mid  latitudes  (Thom,  p. 
103,  1973)  ra  -  rst »  r{,y  =  0.66  mb/  °C,  R  -  100W/m2.  so  5p  -  0(-8ra/ra  -Sq/r^. 
Note  that  since  2  <  A/y<6  in  these  conditions  3p/3ra  <  0,  and  3 p/dr j  <  0. 

Thence,  since  3ra/3t «  -  8t/t,  and  3rj/3q  «  -8q 
5Fe/Fe  ~  -5Fq/Fq  =  0(1/2  5t/t,  (-pcp/R)  (A/ra)  50,  5q/q), 

depending  which  term  is  most  significant 

Since  1  ^  A^6  mb/°C  for  0  <<0>  <  40°C,  pcpA/(Rra)  is  of  the  order  of  Is  m'l0C_1. 
Then  an  increase  in  wind  speed  reduces  the  evaporation,  and  increases  the  heat  flux 
from  the  ground. 

(ii)  In  conditions  where  there  is  a  strong,  dry  air  flow  over  irrigated  vegetation, 

Tj  »  ra,  rj  »  rst,  then  P  — »  -  1 
so  that  F9/R  and  Fq/R  become  indeterminate.  But  F0  ~  -Fq 

In  other  words  there  is  a  downwards  flux  of  sensible  heat. 

(iii)  Where  there  is  a  strong  dry  air  flow  over  vegetation  which  is  wet  on  the  surface, 

then  there  is  no  stomatal  resistance  to  transpiration  so  rj  »  ra  »  rst.  Then  Fq  >  0 

and  F0  <  0  because  of  the  evaporation. 

In  that  case  p  — »  -  1  +  (A Jy+  l)ra/r,  so  F0  =  -[R/((A/y)  +  l)]rj/ra,  Fq  =  [R/(A/y)  + 
1)  ri/ra,  and  then  5Fq/Fq  =  -  5F0/F0  =  AR/R  +  (1/2)  |At|/t  -  Sr^r, 

In  this  case  an  increase  in  surface  shear  decreases  the  magnitude  of  F0. 

(iv)  When  the  wind  is  strong,  there  is  some  humidity  and  some  transpiration, 
ra  »  rst,  ra  »  rit  then  P  — >  l/(A/y)  =  1/2  at  20°C. 

In  this  case  Fq  is  about  twice  F0;  both  are  positive  if  R  >  0  and  both  are  independent 
of  wind  speed. 

(v)  When  the  (stomatal)  resistance  is  high,  and  the  wind  speed  is  moderate  so  that 

rs[  >>  ra,  Tj,  then  P  — >  rs[/((A/y)ra  +  rs)  >>  1.  In  this  case  Fe  =  R  and  Fq  = 

(R/rst)((A/y)ra  +  r;)  «  R. 


Here  the  heat  flux  is  approximately  independent  of  wind  speed,  but  note  that  F 
increases  with  ra,  or  decreases  with  wind  speed. 
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Fig.A.l.  Temperature  dependence  of  ratios  compounded  from  l\  ,  the  slope 
of  the  saturation  vapour  pressure  versus  temperature  curve  for 
water,  and  X  =  c^P/Xe  ,  the  thermodynamic  value  of  the  psycho¬ 
metric  constant.  The  curves  are  derived  from  data  given  by 
Monteith  (1973;  Tables  A3  and  A4)  and  refer  to  p  =  1000  mbar. 
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Chapter  B 


Summary  and  extension  of  analytical  theory 
of  turbulent  mean  flows  over  terrain  of  low  slope 

Prepared  by 
S.  Leibovich 


1.  Introduction 


In  this  Chapter  we  survey  the  analytical  theory  laid  out  at  somewhat  greater  length 
in  Chapter  C.  Here  the  development  is  traced  from  a  point  of  view  that  differs  in  the 
following  respects  from  C: 

(i)  the  formulation  is  developed  with  computer  calculations  in  mind, 

(ii)  in  view  of  (i),  the  analysis  is  carried  out  and  results  presented  in  Fourier 
space, 

(Hi)  the  development  is  three-dimensional  throughout, 

(iv)  generality  of  the  outer  flow  is  retained,  and  there  is  therefore  no  need  for 
consideration  of  a  "middle  layer",  and  this  has  the  added  advantage  of  a  more 

rigourous  matching  of  the  outer  region  with  the  inner  (two)  regions, 

(v)  the  calculations  are  done  completely  in  "displaced  coordinates",  a  coordinate 
system  used  for  only  parts  of  the  flow  in  C. 

So  attempt  is  made  here  to  give  a  self-contained  account,  and  an  acquaintance  with 
Sections  1-3  of  Item  C  will  be  needed  in  order  to  understand  the  developments  reported 
here.  Indeed,  we  will  freely  refer  to  equations  and  arguments  in  C.  Equations  cited  from 
C  will  be  identified  by  appending  C  to  the  equation  number,  e.g.,  (C3.8.b). 

In  section  2,  we  redevelop  the  theory  for  the  inner  and  outer  layers  and  match  them. 
In  section  3,  we  summarize  the  theory  by  displaying  formulas  for  composite  expansions 
valid  throughout  both  the  outer  region  and  the  shear  stress  layer  that  comprises  the  bulk  of 
the  inner  region.  In  this  section,  we  also  lay  out  a  computational  strategy  permitting  this 
method  to  be  used  for  arbitrary  terrain  (of  low  slope)  and  upwind  conditions. 
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2.  Redevelopment  of  the  theory 


We  assume  we  are  given  a  turbulent  flow*  upstream  of  a  hill  or  senes  of  hills  nsing 
out  of  the  plane  z  =  0,  with  wind  speed  E0L'(z)  and  (potential)  temperature  ATo0(z)  (with 
l  Q  and  AT0  defined  below  )  specified  as  functions  of  elevation.  Near  the  ground,  both 

l'(z)  and  0(z)  are  assumed  to  have  equilibnum  turbulent  wall  layer  structure  with 
roughness  length  z^,  so,  for  example. 

l'(z)  -  (E/ic)ln(z/z0)  (1) 

as  z  — *  0,  where  tv  is  the  Karman  constant,  and  E  =  u.  U0.  In  the  absence  of  terrain,  these 

distnbutions  would  persist  (at  least  with  negligible  changes  over  honzontal  distances  of 
order  L).  and  even  when  perturbed,  the  near-ground  behaviour  is  assumed  to  be  in  wall- 
layer  equilibrium  form,  but  with  the  local  wall  stress.  The  topography  is  specified  by  the 


equation 


where 


T  (x.y.z)  =  Z  =  z  -  p  f(x,y)  =  0, 


p  =  RL, 


and  H  is  the  maximum  elevation,  and  L  is  a  characteristic  hill  length  as  defined  in  C.  We 
assume  here  (in  contrast  to  C)  that  all  quantities  have  been  made  dimensionless,  with  L  as 
unit  of  length,  and  L'0,  the  wind  speed  at  large  elevations  as  unit  of  speed,  and  some 
convenient  choice,  such  as  the  greatest  temperature  difference  (AT0)  in  the  upstream  air,  as 

unit  for  temperature. 

Equations  (C2.3),  when  normalized  according  to  the  scheme  in  the  preceding 
paragraph  and  the  Boussinesq  density -temperature  relationship  used,  govern  the 
dimensionless  mean  flow.  The  diffusive  fluxes  of  momentum  and  heat  are  taken  in  thin- 
laver  form. 

The  eddy  viscosity  formulation  of  C  is  used,  in  it,  the  eddy  viscosity  is  O(E)  and  . 
the  problem  has  a  boundary  layer  structure  as  e  — >  0,  with  diffusive  terms  ignorable  except 
in  a  layer  of  Of e )  near  Z  -  0  In  point  of  fact,  as  argued  in  E.  an  eddy  viscosity -diffusivity 
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model  is  not  applicable  much  beyond  this  layer,  and  we  therefore  assume  that  the  eddy 
viscosity  is  of  smaller  order  than  £  above  the  inner  layer.  In  C,  this  layer  is  taken  to  have  a 
dimensional  thickness  /  =  2tc2L/ln(//Zo),  or,  in  dimensionless  terms,  its  thickness  is  2k:5. 
where  6  =  l  /lntZ/z^)  is  a  small  expansion  parameter  used  in  the  inner  layer  The  connection 
between  £  and  5  is  through  the  wall  layer  behaviour  of  the  upstream  (basic)  flow,  e  - 
k5U(/).  so  £  and  5  are  of  the  same  order.  In  this  chapter,  we  use  the  symbol  /  to  refer  to 
2k:-§,  that  is  to  the  dimensionless  version  of  the  length  denoted  be  /  in  C:  in  this  way,  all 
expansions  in  the  shear  stress  layer  in  C  can  be  earned  over  directly. 

With  these  preliminary  remarks,  we  are  led  to  the  following  dimensionless  system 
of  equations: 


u*Vu  +  Vzt  -  (gPAToL.l'ojO  et  =  dvdZ, 

(2a) 

u*V0  +  w0'(z)  =  dh/32. 

(2b) 

V*u  =  0. 

(2c ) 

Here  0  is  the  temperature  perturbation  from  ©(z),  (3  is  the  coefficient  of  thermal  expansion, 
h  the  heat  flux,  n  is  a  dimensionless  pressure  deviation  from  the  hydrostatic  pressure  in  the 
upstream  flow;  and  the  Cartesian  (x,y,z)  coordinate  system  (with  unit  vectors  ex  ey,  and 
ez)  and  mean  velocity  components  (u,v,w) 

The  terms  on  the  right  in  (2)  are  negligible  except  in  the  inner  regions  where  Z  - 
0(1).  We  assume  the  inner  region  is  effectively  neutral,  so  that  we  neglect  buoyancy  effects 
in  it.  Then  the  "Prandtl  transposition  theorem''  (Rosenhead,  sec.V.8,  also  valid  in  three 
dimensions)  of  laminar  boundary  layer  theory  is  also  applicable  to  turbulent  flows  where 
the  mean  force  from  Reynolds  stresses  involve  only  derivatives  with  respect  to  z  or  Z.  and 
the  pressure  (or  modified  pressure,  like  Tt)  is  a  prescribed  function  of  x  and  y  only.  I  his 
"theorem"  says  that,  if  (u(x,y,z).v(x.y,z),w(x,y.z))  is  a  solution  to  the  boundary  laser 
equations,  then  so  is  (u(x,y.Z),v((x.y,7),w!((i,y,Z)),  where 


wf  =  w  +  pu»Vf(x,y). 


Therefore,  given  a  solution  u  =  (U(z),0,0)  valid  for  flow  over  a  plane  surface,  we  have  a 
second  solution  of  the  boundary  layer  equations  valid  for  Z  >  0,  that  is,  above  the  surface 
T  (x,y,z)  =  0,  given  by 

ut  =  (U(Z),0,  nU(Z)9f/ax).  (3) 

(Provided  temperature  perturbations  9  «  ©,  the  same  transposition  theorem  holds  for  the 
set  (2)  without  the  restriction  to  neutral  conditions  in  the  inner  region,  but  the  result  is  then 
only  approximate,  with  an  error  of  order  w9.) 

While  (3)  satisfies  the  differential  equations  (2)  and  the  boundary  conditions  as  Z 
— »  0,  it  fails  to  satisfy  the  boundary  conditions  as  Z Jl  — >  «>,  since  the  vertical  component 
of  (3)  does  not  vanish  in  that  limit  This  error  is  of  order  p,  and  to  correct  it  an  outer 
solution  is  necessary,  with  Z  =  0(1),  and  in  the  outer  region,  the  right  hand  sides  of  (2)  are 
neglected.  In  the  outer  region,  the  flow  is  a  small  perturbation  to  the  upwind  conditions,  so 
we  set 

u  =  (U(z)  +  pu(x,y,z),  pv(x,y,z),  pw(x,y,z)),  7t  =  P  +  pp(x,y,z),  (4) 

insert  (4)  into  the  nondiffusive  form  of  (2),  linearize,  and  take  Fourier  transforms  with 
respect  to  x  and  y.  Taking  the  double  transform  to  be  of  the  form 


w(z,k)  =  JJ  w(x,y,z)exp[-ik*x]dxdy 


where 


k  =  kjex  +  k2ev,  x  =  xex  +  yev  (5a) 

and  k-.  and  ki  are  the  Fourier  transform  variables  or  wavenumbers  in  the  x  and  y  directions 

respectively.  We  set 
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k  =  (k-k)1'2  =  (k,2  +  k22)1/2.  (5b) 

Note  that  we  use  no  special  notation  to  differentiate  a  variable  from  its  Founer  transform:  if 
it  is  necessary  to  avoid  confusion,  or  for  emphasis,  the  distinction  is  made  through  the 
argument  list. 

The  resulting  system  of  ordinary  differential  equations  can  be  reduced  to  the 
following  single  equation  for  the  double  transform  w(z,k): 


w  "  +  {Z  -  k2}  w  =  0  (6a) 

I  =  k2N2/[k12U2(z)]  -  U"(z)/U(z)  (6b) 

N2(z)  =  (gL/Uo2)0'(z)/©(O)  .  (6c) 

Here  ()'  =  d()/dz,  and  N  is  the  dimensionless  buoyancy  frequency  or,  alternatively,  an 
inverse  densimetric  Froude  number.  We  observe  that  one  may  replace  z  in  equation  (6)  by 
the  displaced  coordinate  Z  with  an  error  of  O(^),  leading  to  an  overall  error  of  0(p2).  As 
this  level  of  error  is  neglected  throughout  the  analysis,  we  assume  the  replacement  has 
been  made  and  so  henceforth  ()'  =  d/dZ,  For  future  reference,  we  record  here  the  formulas 
by  which  the  perturbations’u,v,  and  p  may  be  found  from  w.  These  are 

p(Z,k)  =  -  i  (kt/k2)  [  U(Z)w  '  -  wU'  ]  =  -  i  (kj/k2)  U2(Z)  (w/U)'  (6d) 

v(Z,k)  =  -  (k2/kj)p(Z,k)/U(Z)  (6e) 

u(Z,k)  =  i  (k^wV  k22(U'/U)w]/k!k2  =  -  p(Z,k)/U(Z)  +  i  (U'/UJw/kj.  (6f) 


To  match  the  inner  and  outer  regions  to  lowest  order,  we  require 

w(x,y,z)  — »  U(z)9f/9x,  (7a) 

or 

w(Z,k)  — >  ik!U(Z)f(k)  (7b) 

as  Z  — >  0.  The  appropriate  boundary  condition  as  Z  — »  »  depends  on  the  stratification  in 
this  limit.  We  assume  in  all  cases  that  U(Z)  — >  1  and  U'(Z)  — >  0  as  Z  — >  =»,  and  we 
require  w  to  satisfy  the  radiation  condition 


w(Z,k)  -  C  exp{-(k/|k1|)[k2 .  Nq2]i/2  Z  },  if  )kl|  >  N{),  (ga) 
w(Z,k)~Cexp{-i(k/kO[N02-k2]i/2z},  if  |kt|  <  N0,  (8b) 

if  N  — >  N0  at  great  elevations:  this  reduces  to  w— »  0  if  conditions  aloft  are  neutral.  The 

condition  (8)  assumes  that  the  buoyancy  frequency  is  real,  if  conditions  are  unstable  aloft 
then  N0  will  be  imaginary,  and  the  appropriate  condition  then  is 

w(Z,k)  -  C  exp{-(k7|k1|)[k2  +  [N0|2]i/2  Z  }.  (9) 

The  outer  problem  at  lowest  order  is  then  is  to  solve  equation  (6)  subject  to  the 
conditions  (7)  and  either  (8)  or  (9).  For  general  upwind  conditions,  this  must  be  done 
numerically,  and,  for  the  moment,  we  assume  that  this  has  been  done.  The  relationship  of 
these  solutions  to  those  in  C,  and  particularly  the  "middle  layer"  solution  acan  be  seen  as 
follows.  Since  U  is  logarithmic  as  Z  — >  0,  the  differential  equation  has  an  irregular 
singularity  at  Z  =  0.  The  structure  of  the  solution  for  small  Z  is  simply  found  by  the 
method  of  dominant  balance  (or  can  be  constructed  using  the  series  method  for  such 
irregular  points  as  explained  in  Forsyth,  A.R.  Theory  of  differential  equations,  vol  IV, 
Cambridge,  1900-1902).  For  very  small  Z,  the  function  in  the  brackets  in  (6a)  is 
dominated  by  -  U"(Z)/U(Z),  an  so  the  asymptotic  behaviour  of  the  general  solution  to  (6) 
is,  as  Z  — »  0, 

w(Z,k)  ~  a(k)  U(Z)  +  b(k)  U(Z)  j  U  2(Z)  dZ,  (10) 

which  is  the  same  as  the  solution  in  the  "middle  layer",  but  in  the  present  context  has  a 
rigourous  mathematical  meaning.  With  U  ~  (e/K)ln(Z/Zo)  as  Z  — >  0  (where  zq  is  the 
dimensionless  roughness  length),  the  second  term  in  (10)  vanishes  like  Z  U(Z)  ln(ln(Z/zo)) 
and  the  coefficient  of  the  first  term,  a(k),  is  already  known  from  (7).  It  turns  out  that  the 
coeffient  b(k)  is  essentially  the  Fourier  transform  of  the  pressure  perturbation  in  the  outer 
flow  in  the  limit  Z  -4  0,  and  is  of  course  fixed  by  the  asymptotic  boundary  condition  (8) 
or  (9).  That  it  is  the  0(p.)  pressure  perturbation  can  be  seen  since  the  pressure  in  the  outer 
flow  has  Fourier  transform 

p(Z,k)  =  -  i  (kj/k2)(Uw’  -  wU') 
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and  if  this  is  evaluated  from  (10)  as  Z  — »  0,  we  find 

p(Z,k)  -  -  i  (kxfk2)  b(k).  (12) 

(That  b(k)  is  determined  by  the  aymptotic  conditions  (8)  or  (9)  can  be  seen  as 
follows.  Let  two  independent  solutions  of  (6)  be  denoted  4^  and  <J>2,  where  -  U(Z)  and 
02  "  U(Z)  /  U_2(Z)  dZ  for  small  Z.  Then  necessarily,  for  Z  large,  we  have 

0j  *■  Cjjexp{-mZ}  +  Cj2exp{mZ},  j  =  1  or  2,  (13) 

where  -m  is  the  coefficient  multipying  Z  in  either  (8)  or  (9),  whichever  ot  these  is 
appropriate,  and  the  coefficients  Cy  are  determined  by  the  definitions  of  the  0j.  Thus,  we 
have,  as  Z  — >  «>, 

w(Z,k)  ~  [a(k)Cn  +  b(k)C2I]e-mZ  +  [a(k)CJ2  +  b(k)C22]emZt  (14) 
so  satisfaction  of  the  boundary  condition  for  Z  — » <»  requires 

b(k)  =  -  (C12/C22)a(k).  (15) 

This  concludes  the  discussion  of  the  general  way  b(k)  is  related  to  the  asymptotic 
conditions.) 

Assuming  that  a  solution  for  w(Z,k)  in  the  outer  region  has  been  found,  we  have 
seen  that  a  pressure  gradient  arises,  and  this  forces  a  perturbation  of  the  flow  in  the  inner 
region.  Here  we  consider  the  shear  stress  layer,which  comprises  the  bulk  of  the  inner 


region  and  in  which 

Z  =  /£  (16a) 

where  C,  is  assumed  of  0(1)  and  we  write 

u  =  (U(lQ  +  |iU(/)ud  nU(f)vd  pU(/)wd)  (16b) 

(see  C).  The  perturbation  equations  in  the  shear  stress  layer  are  then  given  by 

( 1  +  8  In  Qik,ud(^,k)  +  wd(i;,k)/(2K2Q  =  lkjO(k)  +  (d/dQ(^dud/dO  ( 1 7a) 

(1  +  8  In  £)ikjvd(£,k)  =  ik2o(k)  +  (l/2)(9/90(^8vd/5^)  (17b) 

5wd(^,k)/9^  =  -  2k28  i{kjud(^,k)+  k2vd(^,k)}  (17c) 

where  o(!^,k)  is  determined  from  the  outer  flow  pressure  according  to 

c(k)  =  -  p(0,k)/U2(/),  (17d) 
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and  the  subscript  d  identifies  the  perturbations  in  this  (displacement)  layer.  The  factor  of 
one-half  in  (17b)  is  explained  in  Walmsley  et  al.  (1982)  (see  the  references  in  C). 

Now  (ud,vdwd)  can  be  developed  as  expansions  in  8,  as  done  explicitly  in  C  for  the 

two-dimensional  case.  Writing 

ud  =  ud(°)  +  5  ud(D  +  . . . 

and  similarly  for  the  other  variables,  we  find 

ud(°)(Ck)  =o<0)(k),  vd(°)(C,k)  =  (k2/kj)o(0)(k),  wd«>)(£,k)  =  0,  (18) 

and 

udri)(C,k)  =  {-  In  C+  (k2/kj2)}  o(0)(k)  +  o<D(k)  +  A(k)  Ko^ik^)172)  (19) 

vd(U(C,k)  =  (k2/k!)o<i)(k)  -  (k2/kt)o<0)(k)  In  C  +  B(k)  K0(2(2ik10^2)  (20) 

wd(D(C,k)  =  -i  (k2/kI)(2K2)o<0)(k)  C  ,  (21) 

where  K0  is  the  modified  Bessel  function,  and  the  constants  A  and  B  are  determined  by 
application  of  boundary  conditions  as  £  — >  0,  and  ch1)  must  be  determined  by  matching 
with  the  outer  flow.  If,  as  in  chapter  C,  we  completely  neglect  the  effects  of  Reynolds 
stresses  in  the  outer  region,  then  cK1)  =  0,  and  we  shall  assume  this  for  the  present 
purposes. 

As  Z  0,  we  require  of  the  full  problem  that 

|u|  -  (e/K)  {[(1  +  \LXix) 2  +  p%2]l/2}l/2ln  (Z/z0)  (22) 

so  that 

Tdx  ~  2ud/(l  +  5  In  £)  (23a) 

and  we  also  have  the  relation 

idx  =  2U(/)(k/e)  ^3ud/3£  =  (2/5)  ^dud/9£.  (23b) 

In  terms  of  the  expansion  of  ud  in  the  series  in  5,  equating  the  expressions  in  (23a)  and 
(23b)  gives,  as  q  — *  0, 

ud«»  -  caudfi)/ac  ->  o,  (24) 

and,  using  the  small  argument  expansions  of  K0,  (24)  gives 


A(k)  =-4o<0)(k). 


(25) 


To  find  B(k),  we  note  that  a  similar  argument  to  that  above,  but  carried  to  the  next  order, 
gives 

{2[(ud(°))2  +  (vd(0))2]}i/2  .  ;aVd(D/a^  _>  0,  as  £  — >  0,  (26) 

which  fixes  B(k)  to  be 

B(k)  =  -2  o<0)(k){V2  (k/lkjl)  +  k2/kt  }.  (27) 


3.  Composite  expansions 

If  we  assume  that  equation  (6)  has  been  solved  for  w  is  the  outer  region,  then  the 
results  for  the  mean  flow  according  to  the  analytic  theory  can  be  summarized  in  a  few 
formulas  giving  composite  results  applying  throughout  the  flow,  with  no  distinction  as  to 
region.  Before  displaying  these,  we  look  more  closely  at  the  way  the  inner  and  outer 
solutions  match,  and  construct  the  "common  parts"  in  the  overlap  region. 

3.1  The  matching  and  common  parts 

According  to  the  aymptotic  matching  principle,  one  rewrites  the  outer  expansion  in 
inner  variables,  expands  and  truncates  at  some  prescribed  level  of  approximation,  and 
carries  out  a  similar  program  on  the  inner  expansion,  and  agreement  between  appropriate 
levels  of  approximation  are  required  (van  Dyke,  1975,  Chapter  5).  Since  we  deal 
throughout  with  the  linear  theory  (i.e.,  0(|l)  corections  to  the  upwind  flow),  the  only  small 
parameter  that  we  need  consider  is  5  (or  /)• 

We  observe  that,  according  to  (6d-f),  all  outer  variables  can  be  expressed  in  terms 
of  w,  and  so  we  begin  by  writing  w  in  inner  variables,  and  expanding.  Note  that  what  we 
assume  so  far  to  be  found  is  the  so-called  "one-term  outer  expansion"  for  w  (and  therefore 
for  all  outer  variables).  Set  Z  =  1C,  in  w(Z,k),  hold  £  fixed  and  expand  for  small  /.  This 
gives,  from  (10)  and  (1), 

w~a(k)U(/Q  +  b(k)U(/0/Ju-2(/QdC 
~  a(k)U(0  (1  +  5  In  0  +  b(k)  U -»(0  /  (1  +  5  In  Q  j  (1  +  5  In  Q~2  dC, 

~  a(k)U(/)  (1  +  5  In  C)  +  b(k)  U->(0  2k25;  (28) 

where  we  have  truncated  the  expansion  at  0(5),  to  give  the  so-called  "2-term  inner 
expansion  ot  the  one-term  outer  expansion",  and  have  used  the  relation 


According  to  the  asymptotic  matching  principle  (van  Dyke,  1975),  this  must  agree  with  the 
"one-term  outer  expansion  of  the  two-term  inner  expansion".  The  inner  solution  available 
at  this  stage  is 

w  =  |i[ik,f(k)U(/Q  +  wd]  =  (4ikjf(k)U(/£)  +  5U(/)wd(1)] 

=  p[ik,f(k)U(/)  (1  +  5  In  Q  +  5{-  i(k2/k,)(2)c2a<0)(k)U(/)C}  (30) 

and  this  is  the  one-term  outer  expansion  of  the  two-term  inner  expansion.  We  note  that  the 
match  is  complete  provided  we  take  a(k)  as  already  given  in  (7b),  and 

b(k)  =  -  i(k2/k!)a<0)(k)U2(/).  (31) 

Using  (17d),  we  can  write  this  in  terms  of  the  outer  perturbation  pressure  as 

b(k)  =  i(k2/k1)p(0,k).  (32) 

This  is  an  excellent  check  on  our  analysis,  by  comparison  with  (12),  since  as  we  have 
already  shown,  b(k)  is  completely  determined  by  the  outer  flow  and  matching  is  not 
required  to  fix  it. 

Our  analysis  shows  that  the  c.p  (common  part)  of  the  inner  and  outer  expansions 
for  w  is  the  inner  expansion  itself,  so  the  the  outer  solution  is  uniformly  valid,  and 
correctly  gives  w  (to  order.8)  throughout  the  flow. 

To  find  the  appropriate  situation  for  the  horizontal  velocity  components,  we  expand 
the  inner  solution  in  outer  variable  by  setting  £  =  27/,  and  expand  holding  Z  fixed.  This 

gives,  for  the  x-component  (of  the  Fourier  transform), 

u*ex  =  U(Z)  +  nU(/)  [ud(°)(Z//,k)  +  5  ud0>(Z//,k)  +  OfS2)  ], 

-  U(Z)  +pU(/)o<0)(k)  [l  +  5{-  In  (Z //)  +  (k 2/kj2)}  +  0(52)  ]  (33) 

and  for  the  y-component 

u»ev  ~  pU(/)  (k2/k1)o<0)(k)  [  1  -  5  In  (Z //)  ]  .  (34) 

The  outer  solution  for  u*e.  when  written  in  inner  variables  and  expanded,  is  (using  (60) 
u*ex  =  U(z)  +  )j.u  =  U(z)  +  p[  -  p(Z,k)/U(Z)  +i[U'(Z)/U(Z)]  [w(Z,k)/k!]] 

~  U(z)  -  (lU'(Z)f(k)  +  |aoU(/)  {  1  +  5[  -  In  C  +  k2/k,2] },  (35) 
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where  we  have  used  (1),  (17d),  and  (31)  in  going  from  the  first  line  to  the  second.  Since 
U(z)  -  )iU'(Z)f(k)  =  U(Z)  in  the  outer  layer  with  an  enror  of  0(p2),  we  see  that  the 
expansion  (35)  of  the  outer  solution  matches  precisely  with  the  (33),  when  the  latter  is 
reexpressed  in  inner  variables.  Similarly,  the  outer  solution  for  u*ey,  is,  from  (6e) 
u*ey  =  -  (i(k2/kj)  p(Z,k)/U(Z) 

and  when  expanded  in  inner  variables,  this  agrees  with  the  outer  expansion  (34)  of  the 
inner  solution. 

We  therefore  have  shown  that  the  c.p.  of  the  perturbation  to  is 
poll (/)  {l  +  8[  -  In  £  +  k2/kj2]}, 

and  that  the  corresponding  c.p.  for  u*ey  is  the  right  hand  side  of  (34). 

3.2  Composite  expansions 

Additive  composit  expansions  may  be  obtained  by  adding  the  expansions  in  the 
inner  and  outer  regions  and  subtracting  the  common  part,  and  are  uniformly  valid 
throughout  the  flowfield.  The  composite  expansion  for  the  velocity  vector  is 

u  ={U(z)  +  p[-p(Z,k)/U(Z)  +i[U'(Z)/U(Z))  (w^k)/^]  + 
45(p(0,k)/U(0)Ko(2(ik1Q1/2)]  je, 

(36) 

+  {-  iKkj/kj)  p(Z,k)/U(Z)  +  28  (p(0,k)/U(/))(21/2k/|kj|  +k2/k,)  K0(2(2ik1O1/2)}ey  + 
pw(Z,k)et 

The  solution  is  fully  determined  provided  equation  (6)  is  solved,  a  task  that  in  general  must 
be  carried  out  numerically. 

3.2  Computational  strategy 
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Given  an  upwind  flow,  for  each  wavenumber  vector  k,  the  function  £  is  known 
and  the  problem  (6)  for  w  (and  p)  is  set.  In  view  of  the  boundary  condition  (7),  it  is 
useful  to  let 

w(Z,k)  =  ik,f(k)U(Z)Q(Z,k)  (37) 

in  w'hich  case  Q(Z,k)  satisfies  the  equation 

Q"  +  2(U7U)Q’  +  (k2/kj2){N2/U2  -  k^jQ  =  0  (38) 

and  boundary  conditions 

Q(0,k)  =  1  (39) 

and  the  same  asympotic  condition  ((8)  or  (9))  satisfied  by  w.  For  each  wavenumber  pair, 
the  problem  (38,39)  can  be  solved  by  any  convenient  numerical  method.  Perhaps  the 
easiest  is  integration  by  a  standard  shooting  algorithm  such  as  Runge-Kutta.  Beginning  at 
a  suitable  approximation  of  Z  =  »,  say  a  value  of  Z  at  which  tolerances  for  (N2  -  N02)/N02 

and  U"  are  jointly  met,  one  selects  a  small  value,  say  10  3  for  Q  and  -  m  times  this  value 
for  Q’,  where  m  is  the  coefficient  of  Z  in  the  exponential  factor  of  either  (8)  or  (9),  and 
integrates  (6)  as  an  initial  value  problem  towards  Z  =  0.  If  the  value  obtained  at  Z  =  0  is 
called  y,  then  the  solution  to  the  boundary  value  problem  is  ikj f(k)/y  times  the  solution 

generated  by  the  integration  procedure.  Then  w  is  found  from  this  solution  Q  from  (37) 
and  p  may  be  found  from  (6d)  to  be 

P(Z,k)  =  f(k)(k[2/k2)U2Q'(Z,k).  (40) 

A  workable  computational  strategy  then  begins  with  a  (double)  fast  Fourier 
transform  of  f(x,y)  with  x  and  y  discretized  on  a  2D  mesh  (here  we  only  note  that  the  mesh 
intervals  should  be  fine  enough  to  resolve  the  significant  features  of  the  terrain,  but  do  not 
consider  the  practically  important  issues  of  smoothing, etc.).  Then  Q  is  found  at  each  k,  w 
and  p  are  formed  from  Q,  and  the  composite  expansion  (36)  is  constructed  (the  modified 
Bessel  functions  of  complex  arguments  are  easily  calculated  using  rational  approximations 
to  the  Kelvin  functions  ker  and  kei  -  see  Abramowitz  and  Stegun,  1965).  An  inverse 


double  FFT  completes  the  solution.  This  procedure  can  be  implemented  on  a 
microcomputer  in  reasonable  computational  times. 
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SUMMARY 

A  general  analysis  is  developed  for  turbulent  shear  flows  over  two  and  three- 
dimensional  hills  with  low  slopes  which  allows  for  a  wide  range  of  upwind  conditions, 
including  weak  stable  or  unstable  stratification,  w  akes  of  upwind  hills,  or  roughness 
changes.  In  this  paper  (part  I)  the  atmosphere  is  assumed  to  be  neutrally  stable  and  the 
length  of  the  hills,  L,  is  large  compared  their  heights,  H,  which  is  very  large  compared  to 
the  roughness  length  z Q  The  general  structure  of  the  solution  is  defined  by  dividing  the 

flow  into  two  regions,  each  of  which  is  divided  into  two  sublayers:  an  inviscid  outer  region 
composed  of  an  upper  layer  in  which  there  is  potential  flow  when  the  atmosphere  is 
neutrally  stable,  and  a  middle  layer  in  which  the  wind  shear  dominates;  and  an  inner  region 
of  thickness  /  «  L  in  which  the  effects  of  perturbation  shear  stresses  are  confined. 
Following  Sykes  (1980),  the  latter  region  is  divided  into  two:  a  shear  stress  layer  where  the 
shear  stresses,  although  weak,  determine  that  the  maximum  of  the  perturbation  velocity  is 
located  in  this  layer;  and  an  inner  surface  layer  of  thickness  /s  where  the  shear  stress 

gradient  varies  rapidly  and  the  perturbation  velocity  tends  to  zero.  The  details  of  the  middle 
layer  are  given  here  for  different  kinds  of  upwind  profiles,  including  logarithmic,  'power 
law  and  linear  profiles.  It  is  shown  that  the  analysis  can  be  extended  to  allow  for 
nonlinear  inertial  effects  in  the  middle  layer.  Analytical  solutions  are  derived  for  the  inner 
region  as  asymptotoic  expansions  in  5  =  [ In  (/  /Zq)]'1,  which  is  assumed  to  be  small,  and 
this  shows  that  /s  ~  z<j(  l  /z0)1-'2  . 

The  results  of  the  analytical  model  are  compared  with  our  own  and  with  previously 
published  numerical  computations  of  the  full  equauons  (appying  the  same  assumptions 
used  for  calculating  the  turbulent  shear  stresses  as  used  in  the  analytical  work),  which  have 
largely  been  validated  against  full  scale  measurements.  These  results  confirm  that  the 
relative  increase  of  surface  stress  is  significantlv  greater  than  the  increase  of  wind  speed 


near  the  surface  except  when  there  is  no  upwind  shear  (as  for  example  in  a  logaiithmic 
boundary  layer  when  the  roughness  length  tends  to  zero  -  the  asymptotic  limit  studied  by 
Sykes,  1980). 

Finally,  the  paper  shows  that  the  outer  regions  of  laminar  (or  constant  eddy 
viscosity)  and  of  turbulent  flows  over  hills  are  broadly  similar,  but  that  the  effects  of  the 
flow  in  the  inner  region  on  the  outer  regions  are  much  smaller  in  the  latter  case. 


1.  INTRODUCTION 


There  are  three  main  effects  to  consider  in  an  analysis  of  stratified  or  diabatic  flows 
over  hills.  The  first  is  that  of  the  changes  in  the  vertical  profile  of  the  mean  velocity 
upwind  of  the  hill  caused  by  the  upwind  mean  vleocity  and  temperature  gradients,  and  the 
shear  strsses  near  the  surface;  the  second  is  that  of  buoyancy  forces  associated  with  the 
upwind  temperature  distribution  and  adiabatic  processes  along  streamlines,  and  the  third  is 
that  of  buoyancy  forces  associated  with  heat  transfer  from  the  surface  and  across 
streamlines  (e.g.  the  buoyancy  forces  associated  with  kata-  and  anabatic  winds). 

Our  object  is  to  develop  general  methods  for  calculating  and  understanding  the 
airflow  and  temperature  distributions  over  hills  with  low  slopes  when  there  are  significant 
gradients  of  velocity  an  temperature  upwind  of  the  hills  (see  figure  1).  If  the  hill  height  is 
H,  its  length  at  half-height  is  2L,  and  the  roughness  length  is  z0,  the  situations  we  consider 
satisfy  the  criteria  H/L  «  1  and  0  <  ln^fL/zo)  «  1.  This  effort  is  divided  into  two  parts.  In 
this  first  paper,  we  concentrate  on  the  first  of  the  above  effects,  namely,  the  effect  on  the 
flow  over  hills  of  different  upwind  velocity  gradients,  and  of  different  kinds  of  flow  very 
close  to  the  surfaces  of  the  hills.  The  analysis  can  also  be  applied  to  other  kinds  of 
complex  approach  flows,  such  as  may  be  caused  by  a  turbulent  wake  from  an  upwind  hill, 
and  in  general  to  any  large  scale,  slow  disturbances  to  turbulent  boundary  layers. 

In  the  second  paper  we  use  the  analysis  of  the  present  paper  to  consider  the  effects 
of  buoyancy  forces  when  the  upwind  flow  is  stably  or  unstably  stratified.  The  approach  in 
these  papers  is  similar  to  that  of  Jackson  &  Hunt  (1975)  and  of  Sykes  (1980),  hereafter 
known  as  (JH)  and  (S)  respectively,  in  that  a  perturbation  analysis  is  developed  and  the 
flow  is  divided  up  into  an  inviscid  outer  region  and  a  thin  inner  region  where  the 
perturbation  shear  stresses  affect  the  perturbed  flow.  In  these  previous  analyses,  done  for 
neutral  stability,  the  perturbation  flow  in  the  outer  region  was  found  to  be  the  same  at  zero 
order  (in  In'fL/zo))  as  that  of  potential  flow  with  a  constant  velocity  upwind.  Only  at  first 
order  in  ln_1(L/z0)  were  the  effects  of  shear  allowed  for,  because  the  only  neutral 


conditions  considered  were  those  where  the  upwind  velocity  profile  is  logarithmic.  For 
this  case,  Sykes  has  shown  that  this  potential  flow  approximation  is  formally  correct  only 
in  neutral  flows  where  hr'CL/zg)  — »  0  and  for  hills  whose  height  n  -  much  greater 

than  the  thickness  ( / )  of  the  inner  region  .  Jackson  (1976)  and  JH,  by  an  approximate 
blending  of  a  two-layer  description,  were  able  to  obtain  reasonable  estimates  of  the  velocity 
to  be  found  even  when  the  conditions  in  S  were  not  satisfied. 

It  is  one  of  the  aims  of  the  present  paper  to  obtain  solutions  valid  over  a  range  of 
upwind  profiles  (caused,  for  example,  by  values  of  e,  a  dimensionless  friction  velocity,  or 
of  the  roughness  length,  z0,  different  from  that  over  the  hill  or  shaped  by  upwind 

obstables),  and  to  show  that  the  matching  of  solutions  beween  the  inner  and  outer  regions 
can  be  formally  justified  only  if  an  intermediate,  middle,  layer  is  constructed  in  the  outer 
region.  (In  JH,  pressure  matches  but  the  horizontal  perturbation  velocity  does  not; 
furthermore,  the  matching  turns  out  to  be  correct  only  if  the  hill  height  H<<  l,  which  is 
clearly  restrictive.) 

Sykes  also  showed  that  JH's  approximate  solution  for  the  inner  region,  which  has  a 
thickness  /,  is  not  a  mathematically  consistent  asymptotic  analysis  (for  small  values  of  8  = 

In  1  (7.  z0)),  because  the  inner  region  is  actually  made  up  of  two  layers.  The  deeper  of  these 
inner  region  layers  is  where  the  perturbation  shear  stress  decreases  from  its  large  value  near 
the  surface,  but  the  perturbation  velocity  is  only  affected  by  the  shear  stess  to  first  order. 
This  is  the  shear  stress  layer.  Very  close  to  the  surface  in  the  inner  surface  layer  ,  the 
perturbation  velocity  decreases  to  zero  and  is  controlled  to  zero  order  by  the  shear  stress. 
Toward  the  bottom  of  the  shear  stress  layer,  the  gradient  of  the  shear  stress  increases 
logarithmically.  In  the  inner  surface  layer  this  gradient  reaches  a  finite  value.  The 
calculation  of  this  transition,  which  has  not  previously  been  analysed,  is  of  practical 
importance  in  predicting  heat  and  mass  transfer,  since  the  gradient  of  diffusivity  near  the 
surface  is  effectively  determined  here.  We  derive  new  general  solutions  for  two  inner 
layers  which  match  with  each  other  and  with  the  middle  layer. 


For  neutral  conditions  there  have  been  several  experiments  where  the  basic  ideas  of 
JH  theory  have  been  tested  (Bradley,  1980, 1983;  Britter  etal.,  1981;  Mason  &  King, 

1985).  The  theory  has  been  generalised  to  three-dimensional  hills  by  Mason  &.  Sykes 
(1979),  and  to  hills  with  small-scale  undulations  (Walmsley  et  al.,  1982).  Computations 
have  also  been  made  of  the  full  nonlinear  equations  using  a  similar  mixing  length  model  for 
the  turbulent  shear  stress  (e.g.  Mason  &  King,  1985;  Taylor  et  al.,  1983).  The 
comparisons  have  shown  that  the  JH  theory  gives  a  useful  estimate  for  the  perturbation  (or 
speed  up),  u,  in  wind  speed  and  in  the  perturbation  surface  shear  stress,  x',  over  hills  and 
for  the  depth  over  which  the  shear  stress  is  significantly  increased  near  the  surface.  But  it 
does  not  agree  with  the  form  of  the  observed  profiles  of  u  or  x’  in  the  inner  region,  and  in 
particular  with  the  observations  that  over  a  hill  top,  u  has  a  maximum  at  a  height  of  about 
// 3  and  that  x’  has  a  negative  value  at  the  top  of  the  inner  layer  of  about  the  same  magnitude 
as  the  positive  value  at  the  surface  (Mason  &  King,  1985;  Taylor  et  al.,  1984). 

In  order  to  overcome  such  shortcomings.  Taylor  et  al.  (1983)  and  Mason  &  King 
(1985)  have  made  heuristic  adjustments  to  the  JH  model.  These  modifications  have  proved 
of  practical  value,  but  as  their  authors  admit,  they  are  not  based  on  improved  solutions  to 
the  governing  equations  and  do  not  indicate  how  the  models  might  be  applied  in  other 
conditions  when  the  heuristic  adjustments  might  not  be  applicable. 

The  analyses  of  JH,  S,  Taylor  et  al.(  1983),  and  Mason  &  King  (1985)  are  not 
valid,  however,  when  the  upwind  flow  is  strongly  sheared,  as  in  stably  stratified  boundary 
layers,  in  wakes,  in  terrain  where  the  roughness  is  changing,  or  when  the  height  of  the  hill 
is  large  compared  with  the  inner  region  thickness.  In  parts  I  and  II  of  this  series,  the 
effects  of  strong  shear  are  accounted  for,  although  the  flow  is  analysed  in  detail  only  when 
the  thin  inner  region  of  the  stratified  flow  may  be  considered  locally  neutral  and  the 
significant  effects  of  stratification  are  confined  to  the  outer  region. 

One  of  the  major  effects  of  strong  shear  in  the  approach  flow  is  the  large  relative 
increase  in  the  surface  wind  speed,  even  when  the  slope  of  the  hill  is  small.  In  this  and  in 


other  cases,  ignoring  nonlinear  inertial  effects  can  lead  to  errors  comparable  to  those 
associated  with  approximations  for  turbulent  shear  stresses  (Britter  et  al. ,  1981).  In  this 
paper  we  show  that  these  nonlinear  effects  can  be  estimated  so  that  useful  results  can  be 
obtained,  even  for  moderate  accelerations.  The  results  are  similar  to  those  obtained  by 
nonlinear  calculation  of  velocity  along  the  streamlines  (Bouwmeester,  1978;  Zeman  & 
Jensen,  1987). 

Some  solutions  for  stratified  flow  over  hills  have  been  obtained  using  laminar  flow 
or  constant  eddy  viscosity  asssumption  (e.g.  Sykes,  1978)  In  sections  three  and  five  we 
delineate  some  of  the  major  differences  between  laminar  and  turbulent  boundary  layer 
flows,  both  in  terms  of  the  surface  shear  stress  distribution  and  the  effects  of  the  inner 
region  of  the  outer  flow. 


2.  THE  UPWIND  FLOW  AND  THE  OUTER  REGION 


We  begin  by  describing  the  decomposition  of  the  flow  into  the  two  main  regions 
and  their  sublayers,  in  which  the  flow  is  determined  by  different  physical  processes.  The 
flow  will  be  analysed  by  considering  each  layer  in  turn,  and  then  matching  the  solutions 
together. 

2.1  Normalising  the  upwind  profile 

The  mean  flow  in  the  boundary  layer  upwind  of  the  hill  is  taken  to  be  in  the  x- 
direction,  prescribed  as  a  function  UB(z)  of  the  elevation  z  above  a  reference  plane.  We  are 

interested  in  the  perturbation  of  this  basic  flow  caused  by  topography  rising  above  the  plane 
z  =  0  and  extending  for  horizontal  length  scales  comparable  to  a  distance  L. 

For  simplicity,  we  are  dunking  of  a  single  hill  with  height  H  and  a  characteristic 
length  L  taken  to  be  the  distance  between  the  points  corresponding  to  the  half-height  of  the 
hill.  For  some  calculations  it  is  more  instructive  to  consider  a  periodic  array  of  hills  of 
wavelength  (2rt  k)L,  where  k  is  dimensionless.  The  root- mean-square  value  of  turbulent 
velocity  fluctuations  in  the  basic  and  perturbed  flows  are  taken  to  be  of  the  order  of  u,,  the 
friction  velocity  in  the  unperturbed  flow'. 

Under  neutral  conditions,  the  mean  profile  upwind  is  characterised  by  two  length 
scales,  the  roughness  length  z0  and  the  depth  h  of  the  boundary  layer,  and  the  velocity- 
levels  are  characterized  by  the  wind  speed  l'„  above  the  layer.  The  usual  approach  is  to 
express  UB  in  terms  of  a  normalized  profile  function  Uj  as 
Ujjlz)  =  U^UrizzQ.z/h). 

This  is  not  adequate,  howevei.  if  the  length  L  of  the  hill  or  surface  disturbance  is  much  less 
than  the  boundary  layer  depth,  but  much  greater  than  zq:  under  these  circumstances,  the 

depth  over  which  the  flow  is  disturbed  may  be  significantly  less  than  h.  In  such  cases,  the 
relevant  upwind  speed  is  not  U^,  but  the  velocity  U0  at  a  height  hm  that  is  intermediate 

between  L  and  the  height  of  the  hill  or  (refer  to  figure  1 ) 


This  height  (at  which  the  vertical  velocity  perturbation  is  maximum  )  defines  the  depth  hm 
of  the  middle  layer.  In  this  layer,  the  velocity  field  is  made  up  of  the  upwind  boundary 
layer  displaced  over  the  hill  plus  a  velocity  perturbation  which  depends  on  the  slope  of  the 
hill.  This  displaced  profile  is  defined  in  a  normalised  form  as 

(2. 1 )  UB(Z)  =  U0U(Z),  where  Z  =  z  -  H  f(x/L). 

This  is  the  relevant  choice  fo.  the  'base',  or  unperturbed  profile  because  of  the  large 
gradients  in  the  upwind  profile  near  the  ground.  The  definition  of  hm  depends  on  the  form 
of  the  profile  UB(z)  and  on  the  length  scale  L  of  the  hill.  (Note  that  if  the  hill  shape  has 

several  scales,  the  flow  can  be  treated  as  the  superposition  of  flows  over  hills  of  each 
constituent  length,  for  each  of  which  the  definition  of  hm  is  based  on  the  appropriate  length. 

This  is  the  method  adopted  by  Taylor  et  al.,  1983.) 

It  is  assumed  that  the  middle  layer  is  thin  compared  to  the  length  of  the  hill,  but  very 
deep  compared  to  the  roughness  length  z0, 
z0  «  hm  «  L. 

Note  that  for  hills  much  longer  than  the  boundary  layer  depth  h,  no  distinction  between  h 
and  hra  is  needed. 

The  dimensionless  function  U  in  (2.1)  is  assumed  to  have  small  variations  (on  a 
scale  L)  for  z/hm  >  1,  while  near  the  surface,  as  z/hm  — »  0,  U  ~  (e/K)  ln(z/zo)  for  fixed 
zJzq.  Here  £  =  u*AJ„  and  we  treat  £  as  one  of  the  basic  small  parameters  in  the  problem. 

(In  most  turbulent  boundary  layers,  £  is  in  the  range  0.03  to  0.07.)  In  cases  where  UB(z) 

is  the  profile  of  a  neutral  boundary  layer  passing  over  a  flat  surface,  the  dimensionless 
profile  function  is  given  by  U  =  1  +  0(£)  as  z/z0  — >  ■».  Since  we  wish  to  allow  for  cases 

where  stronger  shear  may  be  present  in  the  upwind  flow,  as  may  occur  if  the  upwind 
conditions  shaping  the  flow  are  more  complicated,  or  if  stratification  is  important,  we  do 
not  assume  that  U(Z/zo,Z/hm)  =  1  +  0(£). 


The  changes  forced  by  the  hill  arise  on  horizontal  scales  of  0(L)  and  on  this  scale 
the  ratio  of  Reynolds  stress  gradients  to  inertia  is  0(e2) ,  which  implies  that  on  this  length 
scale,  there  is  an  upper  layer  (U)  in  which  the  mean  flow  may  be  treated  as  inviscid  and 
(because  of  the  assumption  on  the  upstream  flow)  irrotational. 

On  length  scales  of  0(hm),  the  ratio  of  Reynolds  stress  gradients  [0(u2«/hm)]  to 
inertia  stresses  of  O(U02/L)  is  0(e2L/hm),  which  is  also  assumed  to  be  small  enough  to  be 
neglected  to  a  first  approximation.  Thus,  the  mean  flow  in  this  (M)  layer  may  be  treated  as 
inviscid  but  rotational.  Finally,  there  must  be  an  inner  region  (/)  extending  to  a  distance  / 

(which  must  be  determined  in  terms  of  the  other  parameters  of  the  problem  but  which  is 
assumed  to  be  small  compared  with  hm)  above  the  surface  in  which  changes  in  the 

Reynolds  stresses  are  comparable  with  the  perturbation  in  the  inertial  and  pressure  gradient 
forces  (or  in  the  balance  between  these  forces). 

The  division  of  the  inviscid,  or  outer,  region  of  the  flow  into  two  layers  is  dictated 
by  the  structure  of  the  incident  stream.  This  division  is  convenient  in  that  it  allows  us  to 
find  the  explicit  form  of  the  inviscid  solutions  at  their  lower  levels.  In  the  middle  layer 
(M),  extending  from  a  distance  of  0(1)  to  a  distance  of  0(hm)  above  the  hill  surface,  the 

upwind  velocity  gradient  is  large  enough  that  the  horizontal  acceleration  is  determined  by 
the  perturbation  of  the  upwind  vorticity,  which  (as  §2  shows)  implies  that 

L'2  «  |  UB_I  d2Ug/dz2  [  ~  (  z2ln(z/zo))  ~l 

for  a  logarithmic  profile. 

Thus  for  very  long  hills  where  L  >  h,  the  above  criterion  is  satisfied  for  z  <  h  and 
therefore  hm  =  L.  But  for  shorter  hills  where  L  «  h,  the  middle  layer  depth  is  given  by 


When  ln(Uzo)  »  1,  hm  can  be  expressed  explicitly  by 

-1/2 

(2.2)  hm~  L  In  (L/z0). 

For  turbulent  boundary  layers,  the  middle  region  over  hills  has  not  been  properly 
analysed  before,  though  its  importance  for  disturbances  to  laminar  boundary  layers  is  well 
known  (Stewartson  &  Williams,  1969;  Brighton,  1977).  However,  the  middle  layer  has 
been  analysed  where  turbulent  boundary  layers  are  perturbed  by  an  external  pressure 
gradient  (e.g.  Messiter,  1978;  Melnik  &  Chow,  1975.)  This  region  is  essential  for  proper 
matching  of  the  inner  layer  (/)  and  the  upper  layer  ([/)  (w-hich  was  not  done  by  JH). 

The  upper  layer  begins  at  distances  of  0(hm)  from  the  surface  and  extends  upward 

through  and  beyond  the  incident  boundary  layer.  In  this  layer,  the  upwind  velocity 
gradients  are  negligible,  so  that 

L-2  »  |  UB->  d2UB/dz2 1 . 

If  one  chooses  to  analyse  this  problem  using  formal  asymptotic  procedures,  it  is 
necessary  to  relate  the  various  length  scales  to  a  single  length  scale  (say  L),  and  the 
asymptotically-small  parameter  e  =  u+AJ^.  Here  we  develop  a  perturbation  analysis  in  the 

engineering'  style;  this  allows  us  to  proceed  in  a  more  flexible  way  with  approximate 
relationships  betw  een  the  variables  emerging  a  posteriori,  although  with  the  penalty  of  less 
definite  error  estimates.  (In  appendix  B  we  develop  the  first  three  terms  of  an  asymptotic 
solution  for  the  middle  and  upper  layers.) 

2.2  Mathematical  statement  of  the  problem 

When  the  upwind  conditions  are  steady  in  the  mean  (i.e.  steady  on  a  time  scale 
large  compared  with  that  of  the  largest  eddies  or  the  time  required  to  pass  over  the  hill),  the 
governing  equations  for  a  stratified  flow  with  mean  velocity  u*  (asterisks  will  be  used  to 


denote  dimensional  quantities),  the  mean  pressure  p*  and  mean  density  p*  are,  (in  the 
Boussinesq  approximation) 

t,2.3a)  (u*»V)u*  =  -  Vp*  +  -L  V  •  t  *+  g*-^- 

P0  Po  P0 

i2.3h)  V*u*  =  0 

'.2.3c)  (u*‘V  )p*  =  -  V*F  *  , 

P 

where  p0  is  the  density  at  a  Fixed  point,  T*  is  the  Reynolds  stress  tensor,  and  Fp*  is 
the  mean  flux  of  density.  Buoyancy  forces  are  considered  in  Pt.  II;  they  are  not  considered 
further  here.  The  equation  relating  T*to  u*  is  always  only  approximate,  and  is 
discussed  in  the  analysis  of  the  inner  region  in  §3. 

The  boundary  conditions  for  the  analysis  are  that  far  from  the  hill: 

(2.4a)  u*  -4  U0(U(z),  0,  0)  and  p*  -4  p0U02P(z)  as  (x2+y2+z2)/L2->°°  , 

while  over  the  surface: 

(2.4b)  u*=  0  on  z  =  Hf(x/L,  y/L)  +  z0 

where  Zq  is  the  very  small  roughness  length.  (The  analysis  in  the  body  of  the  text  is  mainly 
two  dimensional,  for  a  three-dimensional  hill,  see  appendix  A.)  The  assumptions  of  the 
analysis  are  that 

(2.4c)  H/L  «  1  and  e  =  u.AJ0  «  1, 
which  implies  that  lnfL/zo)  »  1. 

For  the  upper  layer  where  z  >  hm,  the  mean  velocity  u*  =  (u*,v*\w*)  is  expressed 
in  terms  of  the  upwind  profile  UB(z)  and  a  perturbation,  normalized  on  U0  as: 
u*  =  Uc(U(z)  +  u(x,y,z))  ,  v*  =  U0v 


(2.5a)  w*  =  U0  w. 


The  pressure  p*  is  also  normalized  on  U0,  so  that  p*  =  p0U02(P+p)  where  p0  is 
the  density  in  the  approach  flow.  (We  shall  also  use  this  form  of  perturbation  to  analyse 
the  middle  layer). 

For  the  middle  layer  and  the  inner  region,  u*  is  expressed  in  terms  of  the  displaced 
upwind  profile  U0Ud(Z)  and  a  perturbation  defined  in  terms  of  the  displaced  coordinates 

(x,y,Z),  where  Z  =  z  -  Hf(x/L,  y/L): 

u*(x,y,z)  =  U0uld(x,y,Z),  w*  =  U0wfd 

where 

u+d  =  Ud(Z)  +  ud(x,y,Z) 

(2.5b)  w^  =  (U  +  ud)  (H/L)  f  '(x/L,y/L)  +  wd(x,y,Z) 

P  =pd(x,y,Z), 

and  f '  represents  a  derivative  of  f  with  respect  to  the  argument  (x/L).  The  dagger 
superscript  indicates  dimensionless  total  quantities,  that  is,  the  sums  of  unperturbed  and 
perturbation  quantities. 

2.3  Analysis  of  the  outer  regions,  layers  ( U )  and  (M)). 

Upper  layer. 

For  the  upper  (and  middle)  layer  u,  v,  w  are  determined  by  the  linearized  form  of 
the  momentum  equation  (2.3a)  (with  buoyancy  forces  omitted  and  shear  stress  gradient 
assumed  small,  as  justified  later  in  this  paper-  see  also  JH) 


dw  dp 

(2.6c)  U(z) - =  -  — 

dx  dz 


du  dv  dw 

(2.6d)  —  +  — + - =  0 

dx  dy  dz 


These  can  be  reduced  to  single  equation  for  w: 


/  d2  d2  d2  d\i/dz2 

(2.6e)  +  +  - — 

dx"  dy'  dz2  U 


)  w  =  0  , 


which  in  two-dimensions  is  further  reduced  to 

(:.6f)  (4  +  ii.£HdL)w  =  o 

dx“  dz-  U 

The  terms  omitted  in  this  linearization  are  of  0(w2/U2). 

The  upper  layer  (If)  is  defined  as  the  layer  where  the  gradients  of  the  upwind 
velocity  profile  can  be  largely  ignored  to  the  first  order,  since 
(w)_1(d2w/dx2)  »  U'1d2U/dz2 
Where  this  holds,  (2.6)  reduces  to 
(2.7)  V2w  =  0. 

In  two  dimensions  the  solution  to  (2.7)  in  (U)  is 


(2.8a) 


7 r  * 


1  f  WMU>  (x)  zdx’ 
*  (X-X')2+Z2 


while  from  continuity 


(2.8b)  u  =  -  p  =  —  I 

n  J 


1  f  v/MU>(x)  (x-x’)dx’ 


,  .,2  2 
(x-x  )  +z 


where  =  w(z~hm),  is  the  vertical  velocity  at  the  interface  between  the  ( M )  and  (If) 
layers  (see  figure  2a).  An  important  parameter  for  the  (M)  layer  is  the  pressure  field  at  the 


interface  p(z~hm),  which  is  expressed  in  terms  of  a  characteristic  magnitude  (-p0)  and  a 
normalized  function  c(x/L)  which  is  0(1).  Thus,  we  write 
(2.8c)  p(z~hm)  =  p0a(x/L) . 

Middle  layer. 

Given  the  assumptions  of  the  analysis  (2.4),  the  middle  layer  for  a  general  three- 
dimensional  hill  can  be  defined  to  be  the  layer  where  /  <  z  <  hm  and  hm  «  L.  Writing  the 

horizontal  momentum  equation  (2.6a)  (with  no  shear-stress  terms)  in  displaced  co¬ 
ordinates  defined  by  (2.5b),  and  neglecting  terms  in  32/3x 2  compared  with  32/3Z2,  leads  to 
the  ordinary  non-linear  differential  equation  for  w 
(2.9a)  u^^w^/dZ2  -  w+d32utd/3Z2  =  0 

(2.9b)  3pd/3Z  =  0. 

Note  that  the  leading-order  terms  omitted  in  (2.9a)  are  terms  like  u+d32w1'd/3x2  which  are  of 
order  Uwd/L2  .  These  are  smaller  than  the  retained  perturbation  terms  of  0(Uwd/L2  x 
L2/hm2).  in  (2.9b)  the  relative  error  of  omitted  terms  is  0(hm/L)  (i.e.,  (u'fd3wtd/3x)+ 
(pd/hm)  ~  hm/L). 

The  solutions  to  (2.9)  valid  for  a  two-dimensional  hill  (z=Hf(x/L))  are 

z 

(2.10a)  wj  =  A'(x)u*  +  B’(x)uJ  f  — 

(2.10b)  Pd  =  Pd(x). 

and  the  lower  limit  Z;  is  chosen  for  convenience  to  satisfy  the  criterion 

/  »  Zj  »  Zq  , 

where  /  is  the  inner  layer  thickness.  A  suitable  value  for  computation  is  Zx  ~  (/  z0)1/2 

Since  (2.3a)  can  be  integrated  to  Bernoulli’s  equation  in  the  mviscid  middle  layer, 
given  p(x),  u+d  can  be  calculated  along  a  streamline  from  its  upwind  height  Z„  to  give 

(2.10c)  uV  (x,Z)  =  -  2pd(x)  +  uV(Z«) 


and  the  integration  is  taken  along  the  streamline  through  (x,Z). 

For  low  enough  values  of  (H/L)  and  e  the  velocity  perturbations  are  small  enough 
that  ud  and  wd  «  1.  Then  (2.10a)  reduces  to  the  following  expression  for  the  vertical 

velocity  perturbation 


(2.11a) 


where 


wd  =  [A'(x)  -  (H/L)f  ’(x/L)]Ud(Z)  +  B’(x)  Z  {  I(Z)/Ud(Z)} 


Z 

I(Z)  =  1  +  |  [Ud2(Z)/Z]  {U2(Z’)  -  Ud2(Z)}dZ' 


and  Z j  has  been  introduced  already.  With  wd  given  by  (2.1  la),  ud  is  determined  by 
continuity  to  be 

(2.  lib)  ud  =  -  [A(x)  -  HfJUd'(Z)  -  B(x)J(Z)/Ud(Z) 
where 


J(Z)  =  1  +UdUd  f  dZ’/U2(Z')  . 


The  solutions  (2.11)  extend  directly  to  three  dimensions,  provided  only  that  f,  A,  and  B  are 
allowed  to  vary  with  y.  For  logarithmic  boundary  layers,  when  Z  »  Zj, 

(2.11c)  I(Z)  =  1  -  2/ln(Z/zo)  +  0(e2) 


J(Z)  =  1  +  1/lnCZ/zo)  +  0(e2) 


and  so  J(Z)  decreases  slowly  with  height  from  its  maximum  value  of  1+  ln-H//^)  at  the 
outer  edge  of  the  inner  region. 


2.4  Matching  the  (U),  (M)  and  (I)  layers 


Matching  the  linearized  solutions  for  ud  and  wd  in  the  (Af)  layer  (for  hills  of  low 
enough  slope),  derived  from  (2.5)  and  (2.1 1),  with  ud  and  wd  in  the  inner  region  at  Z -l , 
and  w  in  the  upper  layer  when  Z~hm  is  performed  by  matching  u  and  w.  This  defines  the 
unknown  functions  A(x),  B(x)  and  pd(x). 

When  Z  -  / 

(2.12a)  w+(»  =  Ud(0  (H/L)f 1  +  wd^(x,/);  wWO  =  A'(x)U d(/)  +  B’(x)/Ud-1(/)(l+0(e)) 
(2.12b)  u'(/)  =  Ud(/)  +  ud«;  u+W  =  Ud(/)-[A(x)-Hf]Ud'(/)  -  B(x)J(/)/Ud(/) 

2.12c)  p(0  =  p(M). 

(Note  that  these  matching  criteria  are  independent  of  the  ratio  of  /  /H,  unlike  the  earlier 
analysis  of  JH.) 

When  z  -  hm,  Ud(Z)  =  U(z)  -  HfU'(z) ,  so 
(2.13a)  u+d(hm)  =  U(hm)  -  HfU'(hm). 

Also 

(2. 1 3b)  wt(W)(x,hm)  =  -  A'(x)  +  B’(x)hmI(hm)  =  w WU)(x) , 

and 

(2.13c)  uW(x,hm)  =  -  A(x)U'(hm)  -  B(x)J(hm)  =  u(wt/^(x)  =  -  p0a(x). 

(For  loganthmic  boundary  layer  terms  of  0(e)  are  omitted,  U'(hm)  =  0  and  I(hm)  =  J(hm) 
1.) 

We  first  match  w  at  the  middle  layer  and  inner  region  interface  where  Z  ~  /  using 
equation  (2.12a).  We  use  the  fact  that  wd  ~(//L)  ud  in  the  inner  layer  (by  continuity),  so 

that  the  leading  order  terms  in  (2.1  la)  are  U(/)(H/L)f '  and  A'(x)U(/).  Therefore 
(2.14a)  A(x)  =  Hf(x/L). 

Matching  u  at  the  upper  layer  and  middle  layer  interface  where  Z  ~  hm,  (2.13c)  leads  to 
(2.14b)  B(x)  =  [p0o(x/L)  -  HfU’(hffl)]/J(hm) 
and,  using  (2. 14a), 

(2.14c)  wW(x)  =  (H/L)  f  '(x/L)  +  (p0o'(x^)-Hf  '(x)U'(hm)](hffi/L). 


The  leading-order  corrections  to  w(-MU>  and  B(x)  are  0(hm/L),  which  for  short  hills  are  of 
Ofln'^CLVzo)).  Therefore  from  (2.8b),  the  scale  and  form  of  the  pressure  perturbations  can 
be  defined  as 


(2.15) 


c(x/L) 


•• 

1_  f  f(xV L) 

TT  J  (X-X’) 


Substituting  the  leading  terms  of  these  functions  back  into  the  general  expressions 

for  the  displacement  velocities  in  the  middle  layer  in  (2.1 1),  we  obtain 

z 

(2.16a)  wd(x,Z)  =  -  (H/L2)  c'(x/L)Ud  J  dZ’/U^Z’) 

Z, 

(2. 1 6b)  ud(x,Z)  =  (H/L)  o(x/L) J(Z)/Ud(Z) 

For  reference  to  calculations  later,  it  is  convenient  to  note  that  these  results  can  be 
expressed  as  perturbations  relative  to  the  undisplaced  flow,  when  hm  >  Z  »  eH 

Z 

(2. 1 7a)  w(x,z)  =  Hf  '(x/L)U(z)  -  (H/L2)c'(x/L)U(z)  j dz’/U2(z') 

zi 

(2. 1 7b)  u(x,z)  =  -  Hf(x,L)U'(z)  +  (H/L)a(x/L)J(z)/U(z). 

These  expressions  satisfy  (2.6a,  c,  d)  subject  to  the  conditions  (2.4c). 

From  (2.16)  the  streamline  perturbation  velocity  at  the  outer  edge  of  the  inner 
region  is  defined  by 

(2.18)  ud«(x,Z)  ~  (H/L)o(x/L)(l+e)/Ud(Z) 

This  result  (2.18)  shows  that  for  Z  -  /  the  ratio  of  the  perturbation  velocity  to  the 
upwind  velocity,  ud(h(Z)/Ud(0,  is  0[(H/L)(U2(hm)/U2(/)))-  Therefore,  even  if  H/L  <<  1 

(so  that  u/U  is  small  in  the  ( U)  layer),  the  shear  in  the  upwind  profile  may  be  large  enough 
that  [U(hm)/  U(/)]H/L~1,  so  that  in  (M)  the  perturbation  velocity  is  of  the  same  order  as  the 

upwind  velocity.  In  this  case  the  non-linear  solution  for  (M),  (2.10),  is  applicable  at  tire 
same  time  as  the  linear  solution  in  ( U)  is  applicable.  And  then  the  same  functions  A(x), 


B(x),  p(x)  obtained  in  (2. 14)  from  the  linear  analysis  can  be  used  in  the  non-linear 
expression  (2.10).  This  is  of  some  practical  importance,  and  is  discussed  further  in  §6. 
(This  is  the  basis  of  the  recent  computation  by  Zeman  &  Jensen  1987). 

Note  that  the  results  of  the  correct  matching  between  the  inner  and  middle  layer 
leads  to  the  similar  estimate  for  ud  in  the  inner  region  as  the  approximate  matching  between 

the  outer  and  inner  region  by  JH.  Since  the  pressure  is  the  same  in  the  lower  part  of  the 
upper  layer,  and  in  the  inner  region,  matching  p  leads  to  the  correct  expression  for  u  in  the 
upper  layer  and  for  ud  in  the  inner  region;  but  without  an  analysis  of  the  middle  layer,  there 

could  be  no  proper  transition  between  these  layers. 

The  first-order  correction  of  0(hm/L)  shows  how  p  varies  in  the  upper  and  middle 
layers,  (see  Appendix  B  and  fig.  4).  For  example,  when  L/z0  =  106  and  104,  hm/L  = 

0.26  and  0.33  respectively.)  So  that  even  for  hills  of  moderately  large  scale  (L~103m), 
there  are  significant  variations  of  pressure  within  the  middle  layer  (but  dpd/dZ  is  still  small 
compared  with  pd/hm,  in  agreement  with  (2.9b)).  Where  a  hill  has  a  large  curvature  near  its 
peak,  the  decrease  in  pressure  is  even  more  marked,  as  was  found  by  Bouwmeester  (1978) 
in  their  wind-tunnel  studies  of  air  flow  over  triangular  model  hills.  The  changes  in 
curvature  of  the  p  profile  in  (M)  have  also  been  demonstrated  by  the  computations  of 
Newley  (1986).  In  all  the  subsequent  analysis,  only  the  lowest  oreder  expression  for 
perturbation  pressure  p  is  used. 

For  short  hills  where  L  <  h,  essentially  we  have  solved  the  equation  (2 ,6f)  by 
assuming  d2U/dz2/U  is  discontinuous  at  z  =  hm.  This  leads  to  a  discontinuity  in  52w/3z2, 

but  dw/3z  and  9u/5x  are  continuous  across  the  top  of  the  layer.  (Using  Fourier  transforms 
and  defining  hm  for  each  wavenumber  this  discontinuity  is  deferred  to  third  order).  In 

either  case,  the  error  is  negligible  for  practical  purposes. 

2.5  Solution  for  the  upper  layer 
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For  a  three-dimensional  hill,  from  the  straightforward  generalization  of  (2.15) 
derived  in  Appendix  A,  0  is  a  function  of  x  and  y  given  by 


(2.19)  o(x/L,y/L)  =  —  [  [ 

n  J  J 


1  f  f  (df/dxHx'.y')  •(y-y')dx'dy' 


2  2  V2 

l(x-xr  +  (y-y')  r 


Thence  from  (2.11)  and  (2.15)  the  magnitudes  for  ud  and  wd  and  pd  in  the  middle  region 
(Af)  are  determined;  vd  in  region  (Af)  can  be  calculated  from  (A. 7c). 

In  region  (L'j,  it  is  convenient  to  use  the  scale  L  to  normalize  the  magnitude  of 
velocity  perturbations  on  the  slope  and  their  distribution  so  that, 

{U(6r),  v<^>,  wW}  =  (R'L){a(x/L.y/L)Gu(x/L,y,/L,z/L) , 

/  f3c  ,  \  _  x,y,z  df  x,v  ^  x,v.z  i 

<J  37 dx }  G'c-c-  •  •  tf-f  ,0*<-ir,> 

where  the  profile  functions  Gu,  Gv,  Gw  — >1  as  zT.— >0.  and  Gu,  Gv,  G*— >0  as  z/L— 

In  two-dimensions,  ignoring  terms  of  hm/L  or  smaller,  these  distribution  functions 


(2.20)  [aG,-iGj  =  Ij 

riY  TT  •' 


1  f  dx 


-(x7L)*[(x-x').z]  dx' 


(x-x')“  -  z“ 


and  in  three-dimensions 


(2.21)  [oG  .  f  ^-dx-G  . 

u  J  ^ 


w  i 

„  « —  (x7L,v7L.!«|(x-x',  v-v’.  zldx'dv' 

-Lf  fri _ : _ - _ _ 

~  J  J  2  °  ^  V2 

I(x-x’)  •  (>->•’)  *  ( Z  7.)  ] 


ftaft&fcao  r  _ 3^11#  rjuuuuuv 


3.  Inner  Region 


s 


3.1  Scalings 

In  the  inner  region,  the  velocity  perturbations  to  the  displaced  upwind  profile  and 
pressure  perturbations  are  defined  by  (2.5b).  In  addition  we  now  consider  Reynolds  shear 
stresses,  which  are  expressed  in  terms  of  the  upwind  values  p0u*2  =  £2p0U02  as 
(3.1)  T  =  £2p0U02[l  +  Td(x,Z)] 

Since  tne  thickness  of  the  inner  region  /  is  small  compared  with  the  length  of  the  hill 
L,  didx  «  d/d  Z,  and  the  linearized  momentum  equation  reduces  to 


(3.2a) 


3ud  dU  3Pd  ,  dxd 

U(Z)  +  W  — —  =  -  +  £2 - 

dx  d  dZ  dx  dZ 


The  continuity  equation  for  the  inner  region  is 
9u,  dw. 

(3.2b)  —  +  — i  =  0 

dx  dZ 


Variations  of  pd  with  Z  in  the  inner  layer  are  negligible,  but  this  may  not  be  so  in  strongly 
stratified  flows  (see  Hunt  &  Richards,  (1984)). 

Two  approaches  are  possible  to  determine  the  thickness  I  of  the  inner  layer  and  the 
order  of  magnitude  of  td.  By  considering  the  flow  very  close  to  the  surface,  where  the 
velocity  profiles  is  assumed  to  be  logarithmic,  ud,  and  xd  are  related  by 
U(Z)  +  u  =  £/K  (1  +  xd/2)  In  (Z/z0) 

where 

(3.3a)  U(Z)  =  (e/k)  In  (Z/z0),  ud  =  (etd/2K)  In  (Z/z0). 

Thence  over  a  small  distance  above  the  surface  of  the  order  of  z0,  it  follows  that 
(3.3b)  xd  =  2ud/U(Z)  =  0(£-'ud)  . 

Alternatively,  it  can  be  assumed  that  the  mixing  length  theory  applies  approximately 
through  the  inner  layer  (as  used  by  Taylor  &  Gent  1974:  Deaves  1980).  In  that  case  for 
small  perturbations  (following  JH) 

(3.4a)  £2Td  =  2k£Z  duA/dZ,  or  Td  =  2ke_iZ  dufdZ. 
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Note  that  (3.4a)  includes  the  effect  of  a  perturbation  to  the  eddy  'viscosity'  which  exactly 
equals  the  contribution  from  the  original  eddy  viscosity  and  the  perturbation  velocity 
gradient. 

Thence,  when  In  (Zz0)  =  0(1),  we  recover  the  same  result  as  (3.3b). 

The  magnitude  of  xd  can  also  be  expressed  in  terms  of  the  perturbation  velocity  at 
the  top  of  the  inner  layer,  where  Z  ~  /..  Since,  as  w'e  shall  show,  ud  is  proportional  to 
In  iZ  z0).  it  follows  that 

(dud  dZ)(/)  ~  ud(/)/[/ln(Z/zo)]. 

Therefore  dud  dZ  <<  ud//  and 

(3.4b)  xd(/;  =  0[e'ud(/)/ln(//z0)]. 

Substituting  (3.4a)  into  (3.2)  yields  an  equation  for  the  velocity  and  pressure  fields 

(3.5)  (e/K){ln(Z/z0)dud/dx  *  wd/Z)  =  -  dpd/dx  +■  d(2cKZ  dud/dZ)  dZ. 

From  the  Z-component  of  momentum,  we  determine  that  pressure  variations  across  the 
inner  layer  are  of  CHS2),  where  8  =  In- 1  (//z0).  When  Z//  is  0(1 ),  to  leading  order  in  e  the 

inertial  and  pressure  gradient  terms  balance  (as  in  the  middle  layer),  so  to  leading  order  the 
shear  stresses  do  not  affect  the  velocity  profile.  But  to  the  next  order,  the  inertial  and 
shear-stress  terms  are  in  balance.  Since  d/dx  ~  1/L,  it  follows  that  the  balance  of  the  first 

order  terms  leads  to  an  estimate  for  the  thickness  of  the  layer  for  the  first  order  terms,  viz 

(3.6)  /  In  (I/Zq)  =  2  \'2L  , 

following  JH  and  (S)  (though  by  a  different  argument!).  (As  we  shall  sec  the  maximum 
gradients  of  ud  occur  on  a  much  smaller  scale  than  / .) 

3.2  Solution  for  the  shear-stress  layer 


The  solution  for  ud  to  (3.5)  when  ln(//z<))  >>  1  is  most  easily  derived  and  best 
understood  by  dividing  the  inner  region  into  two  layers,  a  shear-stress  (SS)  layer  where  Zq 
«  /  s  <  Z  <  / ,  and  an  inner  surface  (IS)  layer  where  Zq  <  Z  <  /  s  «  /  (as  suggested  by 
Sykes  (1980)  for  a  specific  scaling  of  a  hill  in  the  limit  ln(//zo)  —»=»).  The  magnitude  of  Ifl 
follows  from  the  detailed  analysis  (Sykes,  1980  suggested  /  s~  Zq;  Mason  &  King,  1986 
and  Jensen,  1985  have  suggested  /  s  ~  5/  :  neither  estimate  was  based  on  solutions  to  the 
equations). 

In  the  shear-stress  layer,  the  natural  coordinates  are  X  =  x/L  and  =  ZJl  and  the 
asvmptoticallv  small  parameter  is  8  =  In-1  0  !zq).  The  variables  have  the  following  scaling 

for  the  leading-order  and  first-order  terms 

(3.7a)  ud  =  -  (po/U(/))  {ud(0)(X.Q  +  5udO»(X,Q  +  ...} 

(3. 7b)  wd  =  -  (p0/U(/))  {6wda)(X,;)  +  52wd(2)(X,Q  +...} 

(3.7c)  Pd  =  (Po/U(/))  {  o(0)(X)  +  52c(2KX,Q  +...} 

i3.7d)  xd  =  -  (2pq/U2(/))  (xdO)  -r  8td^2)  +...  }  , 

where  the  pressure  variation  with  £  is  explicitly  indicated  to  appear  only  at  0(52). 

By  noting  that  ln(Z'z0)  =  ln(//z0)  (l+5lnQ,  and  substituting  equation  (3.7)  into 
(3.5).  the  zero  and  first-order  terms  of  ud  are  determined  by 
(3.8a)  duf°h'dX  =  da(°h'dX 

(3.8b)  dud(1V3X-s  ln^  3ud^°V3X  +  wdO)/2K2^  =  (3/3Q(^3udOV3Q. 

It  is  convenient  now  to  take  the  Fourier  transforms  in  X,  e.g. 

oe 

u'n(X.;)  =  —  I  u^(k.Oexp(ikX)dk  . 
d  2n  J  a 

—  oo 

No  special  symbols  are  used  for  the  Fourier  transforms  of  variables.  Where  it  may  be 
unclear  from  the  context  (or  where  emphasis  is  desired)  whether  a  variable  being 
considered  is  in  physical  or  Fourier  space,  we  indicate  this  by  the  argument  list;  thus 
ud'  •  ’(k.^)  is  the  Fourier  transform  (in  X)  of  udf!^(X,^).  Then  (3.8b)  becomes 
(3.8c)  lkf udn •>(k,^)  +  ln^  ud(0))  +  wdf)/2K2q  =  (d/3Q(£3uri)/3Q, 


where  k  is  the  wavenumber  normalized  on  L.  From  continuity 

(3.8d)  w^Oc,;)  =  -  ik  J  2k2  uJ0)(k,Q  • 

0 

The  boundary  conditions  above  the  ( 55 )  layer  follow  from  the  matching  with  the 
(Af)  layer  using  the  results  of  (2.14),  (2.15),  (2.16)  and  (3.6).  Note  that  (2.16b)  can  be 
rewritten  as 

ud(0(x,Z)  ~  -  [p0o(X)/U(/)]  [1-5  ln(Z//)  +  6  +  0(£-)]. 

Thus  as 

(3.9a)  ud(°)  ~  a(X) 

(3.9b)  ud(D-  -a(X)GnC-l) 

(3.9c)  wd0)  ~  -  (do/dX)(2K2Q, 

and  (3.9b)  leads  to  the  stress  behaving  as 
(3.9d)  xd(D  ~  -  o(X). 

(Note  that  there  is  no  term  in  (3.7d)  for  xd<°)  because  3ud(0V3^  =  0. 

The  boundary  conditions  below  the  (55)  layer  as  c— »0  follow  from  matching  with 
the  {IS)  layer.  Its  analysis  (which  follows)  shows  that  across  the  thin  {IS)  layer,  the 
change  in  shear-stress  perturbation  xd(1)  is  of  second  order,  so  that  from  (3.3a).  as  1-^0. 
(3.10a)  ud(°)  -  xdO) 

(3.10b)  udO)  ~  xdO)  In  C  +  xd(2) , 

(3.10c)  wd(0  — >  0. 

The  solutions  to  (3.8),  subject  to  (3.9)  and  (3.10)  are 
(3.11a)  Udf°)(k,0  =  o(k) 

(3.11b)  udO)(k,Q  =  o(k)[l  -lnC-4K0(2(ik;)''-2)] 

(3.11c)  wdO)(k,Q  =  -  i2ic2kG(k)£ 

where  o(k)  is  the  Fourier  transform  of  o(X),  and  K0  is  the  modified  Bessel  function. 
From  (3.4a)  xd(n  can  be  calculated  from  ud(1>. 
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From  the  solution  for  ud(^  the  surface  perturbation  shear  stress  can  be  derived 
using  (3.10)  as  »0,  since 

udO)(k,£)  ~  0(k)[ln  L,  +  2  In  k  +  4y  +  1  +  in] 
where  y  is  Euler's  constant;  it  therefore  follows  that 
(3.12a)  tdO)(k.0)  =  C(k) 

(3.12b)  xd<:)(k.O)  =  o(k)  [2  In  k  +  4y  +  1  +  irt]. 

3.3  Inner  surface  layer 

When  Z  is  of  the  order  of  the  roughness  height  Zq.  then  (numerically)  ln2  is  of  the 
same  order  as  lnf/Zz^)  and  the  expansion  procedure  of  the  (SS)  layer  is  not  valid.  Since  the 

most  significant  feature  of  the  (IS)  layer  is  the  rapid  change  in  the  shear-stress  gradient , 
5id-dZ,  we  derive  an  equation  for  idfrom  (3.2a)  and  (3.2b)  using  the  mixing-length 

approximation  (3.4a).  We  find  that 

(3.13)  (2k-LZ)->  {In  (Z/zo)  0xd/3X  -  0<xd>/0X}  =  0:xd/0Z: 

where  X  =  x/L  as  before  and 

z 

<xd>  =  j  xd(Z')l(l/Z')  -  (l.Z)ldZ'. 

The  boundary  conditions  on  xd  are  defined  at  the  surface  by  (3.2a)  and  (2.4b).  so 
that  at  Z  =  z0. 

3xd/3Z  =  3p/3x  =  e  ’L'ipodo/dX 

or  with  Fourier  transforms  and  using  the  scaling  of  the  expansion  (3.7), 

1 3. 14)  r)Td(k,C)  r)Z  =  2p0/  '!U  :(/>  iko(k)ln(/'z0) 

w  here  we  have  used  the  relations 

U(/)  =  (£,  K)in(/  zq),  L  =  (/'2k':)ln(//z0). 

For  matching  with  the  (SS)  layer  scaling  (3.7),  the  outer  boundary'  condition 
as  Z'z0— is  (retaining  two  terms  in  the  expansion). 


xd-2Pou-2(/)za(ud«»+8udn))/az, 
so  that  from  (3.1 1),  the  Founer  transform  of  5xd/9Zmust  match 
(3.15)  atd(k.Z)/3Z  -  -  2ip0/->U-2(/)  ko(k)  {2JK  +  Ink]  +  tti  +  4y} 

as  //' Zq—*°°  and  Z //— >  0.  Note  that  (3.14)  shows  how  at  the  surface  dzfdZ  is  0  (e~ 1  xd(0 )//), 
i.e.  an  order  of  magnitude  larger  than  3xd/5Z  in  the  ( SS )  layer. 

An  analytical  solution  for  xd  in  the  (IS)  layer  can  be  constructed  because,  as  we 
shall  show,  the  thickness  of  this  layer,  /s,  is  much  greater  than  the  roughness  length  but 

sufficiently  thin  that 
(3.16a)  z0  <<  46. 

Thence  from  (3.14)  the  change  in  xd  across  the  layer  is  small  compared  with  Td(z0)  so  that 
(3.16b)  I  Td  (4)-td(z0)  I  I  xd(/s)  I  . 

Therefore  on  the  left-hand  side  of  (3. 13)  the  variation  in  the  coefficients  of  dzddx  are 
much  larger  than  the  variation  in  dzfdx  itself,  and  (3.13)  becomes 

(3.17)  ikSZ'1  /- 1  xdfk./s)  {21n(Z/z0)  +  (zq/Z)  -1}  =  d~zd(k.Z)/dZ~, 
where, 

xd(k‘./0)  =  -  2p0U-2(/)  o(k)[  l-5(21nk~4y~  1+irt)]. 

Integrating  (3.17)  within  the  (IS)  layer  from  Zoto  Z.  and  using  (3.14),  leads  to 

(3.18)  dxd(k,Z)  =  2ikp0o(k)/->U-2(/)  8-'{  l-62[U8f21nk*4y-l*isi][ln2(Z  z0) 

-ln(Z,z0)-l-z0/Z]} 

If  we  let  Z=  /^.  hold  2  fixed  and  let  // Zq— the  result  agrees  with  (3. 1 5 ),  thus 
establishing  a  match  to  second  order  in  5  between  the  inner  solution  (3  18)  at  the  outer  edge 
of  the  (IS)  layer  and  the  (SSi  layer.  In  addition,  (3.18)  also  satisfies  (3.14)  at  Z  -=  z(l 
Since  (3. 16b)  is  satisfied,  xd  is  continuous  across  the  (IS)  layer,  which  justifies  the  surface 
boundary  conditions  for  the  (SS)  layer. 

The  thickness  /s  of  the  (IS)  layer  cannot  be  defined  any  more  precisely  than  by  the 
inequality,  (3.16a),  but  an  estimate  is  made  in  the  next  section. 


3.4  Discussion  of  the  inner  region  results 


Vertical  profiles  of  the  velocity  and  shear-stress  perturbations  in  the  inner  region  are 
presented  in  figure  2.  In  this  case  L  is  taken  as  a  quarter  wavelength.  In  figure  2a  the 
different  orders  of  approximation  to  ud  are  presented  schematically.  Note  the  change  of 
Ofhoj/L)  caused  by  the  acceleration  in  the  middle  layer,  and  the  increase  of  0(ln‘  '(// z0))> 

caused  by  the  shear  in  the  inner  region.  In  figure  2b  the  calculation  of  the  real  part  of  the 
Fourier  Transform  of  ud<P,  from  (3.11),  is  presented  from  the  asymptotic  analysis.  This 

would  be  the  profile  over  the  crests  of  a  sequence  of  hills. 

The  solution  for  ud<n  may  be  compared  with  the  solutions  obtained  by  Jackson  &. 

Hunt  (1975)  to  the  approximate  equation 

(3.19)  3ud/3X  =  -  U  '(/)  5p/8X  +  (8/8^)(£c)ud/3£) 

namely  (in  Fourier  transform  space) 

(3.20)  ud(k,Z)  =  -  p0o(k)U -i(/)  (1  -  K0(2[ikQ  1/2)/K0(2[ ikCZp//  )]'*). 

JH  neglected  (somewhat  inconsistently)  the  velocity  shear  and  the  vertical  velocity  in  the 
inner  and  outer  region;  consequendy,  the  perturbation  velocity  outside  the  inner  layer  does 
not  decrease  in  proportion  to  1/U(Z),  and  therefore  within  the  inner  layer  the  perturbation 
velocity  increases  monotomcally  with  height. 

Jensen  &  Peterson  (1978)  suggested  a  simple  formula  for  the  inner  region.  ud(Z)  = 
ud(/)  ln(Z  z0)/ln(//z0),  which  is  also  shown  on  figure  2(b). 

When  the  velocity  shear  in  the  middle  layer  is  allowed  for  in  the  outer  region 
analysis,  the  boundary  conditions  (3.l0a,b)  imply  that  ud  should  have  a  maximum  value 
within  the  inner  region.  The  solution  (3.1  lb)  shows  that  the  maximum  in  ud  occurs  at  a 
height 

Zn*"  =  008 

if  we  define  k  as  2  7t  (or  the  horizontal  length  scale  L  as  the  wavelength  of  a  row  of 
periodic  hills),  or 

Zj^/Z  =  0.3 
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if  we  define  L  as  the  1/4  of  the  wavelength  and  k  =  2tc/4  =1.6.  The  second  order 
computations  of  Newley  (1986)  and  the  model  of  Taylor  et  al.  (1983)  shows  that  Zmx// 
decreases  as  Zq/L  decreases.  For  the  smallest  value  at  zq/L  =  0.5  x  1 O^4,  they  both  compute 
Zm xll  ~  0.3  for  flow  over  periodic  terrain  with  L  equal  to  the  1/4  wavelength.  [For  Zq/L  = 
0.5  x  10  ?,  Z has  been  computed  to  be  about  0.6] 

The  actual  magnitude  for  the  (Fourier  transform  of  the)  maximum  perturbation 
velocity  in  the  inner  region  can  also  be  expressed  as 
(3.21)  ud:mx  =  p0c(k)LM(/)  1 1  -rpS] 

where  $  depends  on  the  value  chosen  for  L.  If  L  is  the  quarter  wavelength  for  a  periodic 
row  of  hills,  figure  2b  shows  that  P  =  1.8.  If  L  is  equal  to  the  wavelength,  p  =  3.2  (but 
(/.  z0)  is  increased  by  a  factor  of  about  4,  so  the  net  increase  is  small).  The  result  (3.21),  is 
similar  to  the  suggestion  of  Newley  (1986)  that  ud|mx  =  p0o(k)/U(Zmx),  this  implies  P  = 
1.2.  In  JH,  p  =  0,  and  in  Sykes'  limit  of  ln(//z0)— >«>,  U (/)  =  1,  and  the  term  involving  p 
again  vanishes.  Thus,  our  consideration  of  shear  in  the  middle  layer  and  in  the  inner 
region  leads  to  an  increase  in  the  predicted  speed  up,  in  contrast  to  previous  analytical 
treatments. 

The  solution  for  surface  shear  stress  in  (3.12)  shows  that  a  phase  lead  of  surface 
shear  stress  of  o  =  tan " 1  ( Tt5 ) .  which  is  close  to  values  computed  from  the  full  governing 
equations  and  shear  stress  closure.  In  figure  3.  we  compare  our  results  with  computations 
reported  by  Richards  &  Taylor  t  1980).  The  approximations  of  JH  lead  to  a  lower  value  of 
0  -  tan  !(mV2).  Therefore  the  velocity  gradients  of  the  undisturbed  flow  have  an  important 
etlect  on  the  shear  stress  in  the  inner  region.  (This  agrees  qualitatively  with  the  phase  lead 
computed  and  measured  in  the  laboratory  by  Thorsness  et  al  ( 1978)  for  water  flow  over 
sm< >ofn  wavy  walls). 

The  vertical  profile  of  the  first  order  perturbation  shear  stress  Tdll'(k,Z)  is  plotted  in 
figure  2(0  and  its  gradient  is  plotted  in  fig  2(d).  The  real  part,  td(Kl.  gives  the  component 
in  phase  with  the  zero  order  perms  for  pd.  ud  and  the  surface  elevation  This  gives  die  form 


of  the  profile  over  the  crest  of  a  hill,  and  shows  how  the  gradient  of  shear  stress  is  zero  at 
the  surface  and  the  gradient  is  maximum  at  a  height  of  about  // 3  (for  L  equal  to  the  quarter 
length  of  the  hill)  where  the  perturbation  velocity  is  also  maximum.  The  negative 
perturbation  velocity  gradient  at  the  top  of  the  inner  region  leads  to  the  negative  real 
perturbation  shear  stress  at  Z  ~  /. 

The  imaginary  part  of  xd(R(k,Z),  xd(1>,  gives  the  component  in  phase  with  the 
pressure  gradient  3pd  3x  and  the  out-of-phase  component  of  ud:  xd(1'  tends  to  zero  above 
the  inner  region,  as  the  out-of-phase  component  of  ud  tends  to  zero.  Figure  2(d)  show's 
that  tow  ards  the  surface,  as  Z. /— >0,  the  gradient  of  xdlli  rapidly  increases,  but  that  within 
the  (IS)  layer  dxd(1:.dZ  tends  to  a  constant  value.  This  graph  shows  that  an  appropriate 
definition  for  the  thickness  /s  of  the  US)  layer  is  the  height  where  3xd(I,3Z  starts 
decreasing,  i.e.  where  dxd(",3Z  in  the  (SS)  layer  is  equal  to  the  surface  value  of  3xdf,h3 Z 
in  the  (IS)  layer  .  Applying  this  definition  in  (3.18)  leads  to  an  equation  for  /s,  namely 
(3.22a)  2ln( / !,)  In (/  z0>  =  1, 

to  which  the  solution  is 
(3.22b)  /,  =</z,T- 

Note  that  this  estimate  for  the  thickness  of  the  inner  surface  layer  is  nci  an  estimate  for  the 
height  where  the  shear  stress  balances  the  inertia!  terms,  nor  is  it  an  estimate  for  where  ud 

reaches  a  maximum.  It  is  useful  to  define  it  as  the  height  below  which  the  simple  shear 
st  ess  laser  analssis  cannot  be  applied. 

Note  also  that  at  the  top  of  the  inner  region  and  above  it.  the  mixing  model  of  shear 
stress  is  quite  incorrect  because  the  edd>  time  scales  become  comparable  with  the  time  of 
travel  of  an  edds  over  the  hill.  Then  the  effects  of  c  un  ature  and  straining  on  the  turbulence 
lead  to  quite  different  magnitudes  and  even  signs  of  the  Resnolds  stresses  (Zeman  & 
Jensen.  1087.  New  les .  1086:  Since  see  have  seen  that  only  the  first  order  correction  is 
affected  b\  the  shear  stress  in  the  upper  part  of  the  shear  stress  layer,  it  follows  that  the 
overprediction  of  (  oxd  oZi  b_\  the  mixing  length  model  slightly  underpredicts  ud  at  the  top 


of  a  hill.  On  the  downwind  slopes  the  errors  associated  with  this  shear  stress  model  are 
more  acute. 

Since  the  roughness  height  Zq  is  always  much  smaller  than  the  height  of  the 

roughness  elements  (typically  LOO),  (3.22)  means  that  the  inner  surface  layer  may  be 
partially  below  the  height  of  the  roughness  elements.  This  occurs  if  1/zq  <,  103,  say  /  = 
30m  and  Zq  =  .03m  as  in  fig  2(d).  In  other  words  the  gradients  of  shear  stress  can  in 

practice  be  greatest  at  or  below  the  heights  of  the  roughness  elements.  But  since  the 
average  force  per  unit  height  on  roughness  elements  is  equal  to  dtd/5Z,  and  since  this  force 
may  be  changed  by  a  perturbation  in  the  local  horizontal  velocity,  this  suggests  that  dxd/3Z 
may  not  reach  its  theoretical  value  at  the  surface  in  the  presence  of  typical  roughness 
elements  (or  viscous  effects  in  low  Reynolds  number  laboratory  experiments). 


4.  Structure  of  the  Middle  Layer 

4.1  Typical  upwind  velocity  profiles 

The  profiles  of  the  perturbation  horizontal  and  vertical  velocities  u  and  w  in  the 
middle  layer  and  the  upper  layer  depend  on  the  form  of  the  upwind  mean  velocity  profiles 
U(z).  In  this  section  we  consider  different  forms  of  U(z)  particularly  to  show  when  and 
how  large  amplifications  in  u  can  occur  in  the  middle  layer.  We  assume  here  that  L/h  is 
large  enough  that  hm=h,  and  consider  a  special  case  for  which  the  hill  slope  need  not  be 

small. 

In  neutral  and  moderately  stable  conditions,  it  is  useful  to  consider  profiles  for 
which  in  0  <  z  <  h  either 
(4.1a)  U(z)  =  (z/h)D, 

or 

(4.1b)  U(z)  =  1-Q  +  Q(z/h)  , 

holds,  and  in  z  >  h, 

(4.1c)  U(z)  =  1. 

For  neutral  and  unstable  conditions  (4.1a)  is  a  suitable  approximation  when  n  <<  1 
where  n  increases  with  the  roughness  of  the  terrain  (Davenport  1961 ),  and  decreases  in 
unstable  conditons.  In  stable  conditions  (4.1a)  is  often  used  to  describe  the  profile  over  the 
whole  depth  of  the  boundary  layer  but  with  exponent  n  varying  with  elevation,  the  values 
of  n  lying  between  0.4  and  1.0  (e.g.  Irwin  (1979)).  It  should  be  noted,  however,  that  even 
in  stable  conditions  the  velocity  profile  is  approximately  logarithmic  when  z  is  less  than 
about  1  '5  of  the  Momn-Obukhov  length  LMO,  so  that  even  in  stable  conditions  n  <<  1  near 

the  ground.  To  understand  how  in  moderately  stable  conditions  the  shear  affects  the  flow, 
we  consider  the  linear  profile  (4.1b)  rather  than  the  power-law  profile  wuth  variable  n(z). 

In  this  case  IhOi  is  not  zero,  but  should  be  considered  as  the  extrapolated  limit  of  the 
profile  in  die  outer  part  of  the  boundary  layer  as  (z/h)— ►  0  (Fig.  5a). 
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Because  with  a  linear  shear  profile  the  curvature  of  the  profile  is  confined  to  a  thin 
layer  at  the  top  of  the  boundary  layer,  and  because  the  analysis  in  section  3  of  the  lower 
boundary  condition  for  the  middle  layer  is  not  applicable  in  an  obvious  way,  the  boundary 
layer  wnth  a  linear  shear  profile  is  analyzed  ab  initio  in  section  4.2  and  the  results  compared 
with  those  found  by  the  general  (but  weak  shear)  methods  of  Section  2.3.  In  section  4.3 
we  compare  the  middle  region  perturbation  velocity  profiles  for  different  kinds  of  upwind 
mean  profile. 

4.2  Outer  region  with  a  uniform  shear  profile  in  the  boundary  layer 

For  a  specific  profile  it  is  convenient  to  introduce  a  streamfunction  4\  to  define  the 
scales  of  the  perturbation  velocities  and  streamfunction  y  in  terms  of  the  small  slope 
parameter  (HI)  and  the  boundary  layer  thickness  parameter  p_1  =  h/L,  and  we  scale  the 
coordinates  (x,z)  with  L.  Let 

(4.2)  u*  =  L'„(U(z)  *  (H/L)u)  ,  w*  =  U„(H'L)w 
and 

z 

'V  =  LL'„[  J  L'fz’)  dz'  -  (H/L)  y  ]  . 
o 

In  this  section  all  distances  are  made  dimensionless  with  respect  to  L.  (Although 
we  had  defined  x  and  z  as  dimensional  variables  in  the  previous  section,  in  this  section 
only,  we  make  the  replacements  x/L— >  x  and  z/L  — *  z.) 

Since  d:L  dz:  -  0  in  (M)  as  well  as  (U).  the  governing  equation  for  the  (A/)  and 
(i'i  layers  is  the  same  as  (2.7)  which  becomes 

(4.3)  V:  v  =  0. 

In  contrast  to  (2.60  and  (2.9),  however,  (4.3)  is  not  an  approximation  but  is  exact  in  both 
i  ( ' )  and  (A/).  Following  §  2.4  the  boundary  condition  v  at  the  outer  edge  of  the  inner 


region  is  that  the  flow  be  parallel  to  the  surface  of  the  hill,  (because  the  displacements  of  the 
inner  layer  are  negligible  to  0(8)),  so  on 

(4.4)  z  =  (H/L)  f(x),  V  =  0. 

By  considering  the  Taylor  expansions  of  y(x,z)  about  z  =  0,  the  boundary  condition  (4.4) 
becomes 

(H/L)  f 

(H/L)  {  V|/(x,0)  +  (H/L)f(x)dy/3z  }  =  -  J  ( 1  -  Q.  +  Qpz)  dz  . 

o 

Retaining  terms  of  0(H/L)  and  0(OH/h  x  H/L)  it  follows  that 

(4.5)  V(x,0)«-[(l-Q)f(x)  +  pf2(x)] 
where  P  =  Q.  H/(2h).  In  the  upper  layer 

(4.6)  u,  w— >  0  as  x2  +  z2  —>«>. 

The  height  of  the  material  line  dividing  the  middle  (M)  and  upper  ( U)  layers  is 
defined  by 

z  =  Z(x)  =  pr’(l  +  (H/L)  C(x)). 

Since  z  must  be  the  height  of  a  streamline,  matching  requires 

(4.7)  =  -  yW)  =  -  y<0. 

On  matching  the  pressure  in  the  (Af)  and  {U)  layers  at  z  =  Z(x),  and  retaining  terms 
only  to  0(H/L),  we  find  that  £(x)  is  related  to  u^*A  and  u^9  by 

(4.8)  O^(x)  +  u(A0(x,p'])  =  u(0(x,p-'). 

Denoting  the  Fourier  transform  of  y  by 

M 

(4.9a)  y(k,z)  =  J  e  ^  y(x,z)  dx, 

that  of  fix)  by  F(k),  and  that  of  f2  by  G(k),  the  solution  to  (4.3)  subject  to  (4.5 ),  (4.6), 
(4.7).  and  (4.8)  is 

(4.9b)  t/*fl(k,z)  =  Cjsinh  I  k  I  z  +  C2COsh  I  k  I  z 

and 
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(4.9c) 


yW  -  C3r  lklz 


where 

(4.9d) 


C1=  {(l-O)F(k) 


pG(k)}[ 


-l 


ikjp.-1  -  Q  +  IklM,  tanh(|k|/(i) 
(!k|(i_1  -  fl)tanh(|k!/u)  +  |k|/(i 


] 


(4.9e)  C;  =  -  [(l-Q)F(k)  +  pG(k)l 

(4.9f)  C;  -  e  ^  '  ^|C,sinh(  I  k  !  /p )  •+  CTcoshf  I  k  I  p ) j . 

These  solutions  can  be  checked  against  the  potential  flow  solution  where  Q  -  0  and 
the  solution  for  an  infinitely  thick  uniform  shear  profile  where  (T/h)  =  gt— >  0.  In  the  latter 
case,  reverting  now  to  dimensional  coordinates  x  and  z, 

(4.10a)  C;  -  ( 1  T2)F  ♦  PG.  so  uiUiu.  ^  (H  LU'(0)CTs(x  L) 

w'here 

(4.10b)  a  (x  L)  =  — 

S 
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j  fJx’'L)dx' 


x-x 


and 


.  r  _  _  .’  BFx'Lk  dU  llf(x'L)\ 

'4. 10c  )  fc  -  fix  L)(  1  - )  f(x  L)(  I  -  — - — — — ). 


1-12 


dz  2T(0) 


To  compare  w  ith  the  general  solution  of  section  2  and  3.  we  consider  the  limit 
where  the  boundary  thickness  h  is  thin  compared  with  the  length  L  of  the  hill  and  where  the 
siope  (H 1. )  is  small  but  w  here  the  strength  of  the  shear  u.e.  p)  is  arbitrary  .  In  the  limit  of 

(4.11a)  C.~  [il-£2)F  *  PG  1{ - - - ^ —  } 

(I-l2:)  k  ( 1  -  £2 ) 

(f  -  )(_L_  .oap) 

1  12  1-12  k 

and 

(4.11b)  C2  -  -  (!-12){F  *  ip.(l-12)]  G} 


f 


Thence  when  terms  of  0(h/L)  are  negligible  in  the  middle  layer,  the  perturbation  velocity  is 
given  by 


(4.12a) 


(M)  -(H/L)G 

1  ~  h/L 


fs(x)  + 


(H/L)  os(x) 

i  -a 


or 

(4.12b)  uM  =  -  (dU/dz)  H  fs(x)  +  [1/U(0)](H/L,)as(x/L) 
where  as  and  fs  are  defined  in  (4. 10c). 

In  the  upper  layer, 

(4. 1 3)  u^  =  (H/L)  cs(x/L)Gu(x/L,z/L) , 

where  Gu  is  defined  in  (2.20). 

The  implication  of  these  results  for  the  flow  is  discussed  in  section  4.3.  From  the 
point  of  view  of  checking  the  analysis,  we  note  that  the  expressions  for  u^  and  u^  are 
identical  to  those  obtained  from  (2.11b)  and  (2.18).  But  we  note  that  when  there  is  a 
uniform  shear  flow  in  the  upwind  boundary  layer,  the  values  of  A(x)  and  B(x)  obtained  in 
section  2.3  are  only  valid  provided  that  the  change  in  the  upwind  speed  over  the  height 
of  the  hill  is  negligible  compared  to  the  wind  speed  above  the  inner  region,  i.e.  P(l-Q)-1 
or  {dU/dz}  HAJ(O)  «  1.  If  the  shear  is  large  enough  at  the  surface,  then  we  have  seen  that 
the  outer  region  analysis  can  be  simply  extended  by  considering  the  hill  has  the  Fictional 
shear'  shape  fs(x)  given  by  (4.10c).  It  is  also  important  to  note  that  the  middle  layer 

solution,  equation  (2.8),  is  valid  even  if  d2U/dz2  is  a  ’delta'  function. 


4.3  Typical  middle-iaver  velocity  profiles 

The  results  of  Section  2.3,  for  a  neutrally-stratified  or  log  profile  in  the  middle  layer 
enable  general  expressions  to  be  written  down  for  horizontal  velocity  perturbations  relative 
to  the  upwind  velocity  at  the  same  height 

(4. 14a)  =  (H/L)  (  -  L(dU/dz)f(x)  +  c(x/L)pJ2(hm)/U(z)]  J(z)  } 

where 
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(4.14b) 


J(z)  =  1  +  U(z)U'(z)  J*  dz/lT(z) 


and  g(x/L)  is  given  by  (2.a,b).  Note  that  the  integral  for  J(z)  always  converges  for 
turbulent  boundary'  layers  where  U(z)  «  ln(z/z0)  and  J  -  1  when  z  >  hm . 

If  the  upwind  velocity  has  a  log  profile 

(4.15)  J(z)  =  1  •  zU'(z)/U(z)  (1  +  O(ln(z/zo))  ! )  -  1  +  0(ln(z/z0))-1 

and  for  a  ’power-law'  profile,  as  given  in  (4.1a) 

(4.16)  J  =  (l-n)/(l-2n). 


The  latter  expression  cannot  be  applied  when  n  =  1/2  both  because  the  power  law  is  not  a 
uniformly  good  approximation  to  U(z)  and  because  the  integral  for  J(z)  is  singular.  So  in 
both  these  cases 


(4.17i  uSf)  =  (H/L)[-L  ~f(x) 

dz 


o(x/L)U"(hm) 

U(z) 


a-o(dM))]. 


It  is  also  interesting  to  note  that  the  horizontal  velocity'  displacement  perturbation  at  Z  above 
the  surface  is  given,  for  these  cases,  by 


(4.18) 


r  „  (H,'L)[0,x,L)U'<h'”) 


U(Z) 


ll(z) 


))]• 


A  different  result  is  obtained  for  a  linear  profile,  as  given  in  (4. 1  b)  and  analyzed  in  Section 

4.2.  In  this  case  J(z)  =  U(z)/U(0)  and 

(A.f)  o(x/L)U  (h  )) 

(4.19a)  u  =  (H/L)[L(-dU/dz)f(x)  + - ~1 

1.(0) 


which  can  be  rewinten 

uW)  =  (H/T)fa(x/T)li(hm)  +  dli/dz  (hma  •  Lf)] 
and,  for  a  given  displacement  Z, 

(4.19b)  ud<W  =  (H/I,)Ic(x/L)U2(hni),0J(0)). 


Graphs  are  shown  in  Figure  5  of  u(x,z)  and  ud(x,Z)  for  the  limited  cases  of  upwind 

log  profiles,  or  power-law  profiles  where  n  «  1,  and  linear  profiles.  They  show  how  u  and 
ud  both  increase  near  the  ground  in  the  first  case,  but  are  nearly  constant  in  the  second  case 
They  also  demonstrate  how  the  relative  speed-up,  ud(x,Z)AJ(Z)  is  much  increased  by  an 
increase  in  the  exponent  n  or  the  velocity  gradient  of  the  upwind  profile. 

To  understand  how  the  amplification  occurs  it  is  instructive  to  consider  the 
discontinuity  in  u  at  the  top  of  the  middle  layer.  The  upward  deflection  of  the  vortex  lines 
of  the  middle  layer  into  the  upper  layer  produced  by  the  upwind  profile  passing  over  the  hill 
produces  a  negative  perturbation  in  u  equal  to  -HfdU/dz.  But  the  flow  over  the  hill  is  not  a 
pure  upwards  displacement:  since  the  flow  in  the  upper  layer  speeds  up  over  the  hill  by 
(H/L)aU(hm),  this  produces  a  downward  deflection  of  the  streamline  relative  to  tahe  hill 

surface  and  of  the  vortex  lines  which  increases  the  velocity  (in  displaced  coordinates)  in  the 
middle  layer.  (If  the  velocity  gradient  is  weak  enough  that  hmdU/dz  «  U(hm),  then  the 
downward  deflection  is  (H/LIh^a  and  the  accompanying  increase  in  velocity  is 
(H  L)ohmdli/dz.)  Thus  the  increase  in  ud,  the  perturbation  velocity  at  the  same 
displacement  Z,  is  caused  by  the  downward  deflection  (relative  to  the  hill  surface)  of  the 
streamlines  over  the  depth  of  the  middle  layer.  Note  that  because  there  are  discontinuities 
in  the  upwind  velocity  gradient  at  z  =  h,  ud  and  u  have  discontinuities,  denoted  by  (  ), 

equal  to 

(4.20a)  (  u  >z=h  -  (H/L)  fLfU'(h)  +  o(l-J)U(h)] 

(4.20b)  (  ud  >2=h  =  (H/L)  o(l-J). 

For  a  log  or  a  power-law  profile  these  discontinuities  are  very  small  (0(ln'!(h/z0)) 
orO(n)).  For  a  linear  profile 

(4.2 1 )  (u)  =  (H/L)[Lf  -  ahm  U(h)/U(0)JU' 

which  is  generally  positive  since  hm  «  Lj. 

It  is  often  of  practical  interest  to  be  able  to  estimate  the  relative  speed  up,  S,  near  the 
surface  of  a  hill.  From  (4. 14),  when  L  »  hm  and  if  the  upper  layer  is  neutrally  stable.  S  can 


be  expressed  quire  generally  in  terms  of  tire  upwind  profile  and  the  hill  shape  factor  a(x/L) 
as: 

(4.22a)  S  =  ud(x,Z)AJ(Z)  =  (R'L)[o(x/L)L’2(hm)/(U(z)U(Z))]J(z). 

If  the  local  shear  at  Z  is  small  enough  that  U'R'XJ(z)  «  1  this  reduces  to 
(4.22b)  S(x,Z)  =  (H/L)  [c(x/L)U2(hm)/U2(Z)]  J(Z). 

It  is  interesting  to  note  that  in  the  lowest  part  of  the  middle  layer,  where  l  <z  <■  hn,.  the 

factor  Jiz)  is  approximately  unity  for  all  the  profiles  considered  here  log.  power  law  (n  « 

1 1.  and  linear.  Thus  the  amplification  factor  (U(hm)/U(z))2  proposed  in  JH  is  of  wider 

\  aluiity  ihan  just  the  log  profile  considered  titere  and  in  the  subsequent  papers  referenced  in 
Section  1. 

If  the  length  of  the  ’hill'  is  small  enough  that  L  »  hm  and  the  upwind  profile  is 
linear,  then  it  follows  from  (4.10a)  that,  if  the  variation  of  wind  speed  over  the  hill  height  is 
small,  i.e. 

(4.23a)  HdU/dz  /U(0)  «  1,  S  =  (HI) a  (x/L). 

On  the  other  hand,  if  the  variation  of  the  wind  speed  over  the  hill  height  is  large, 
(4.23b)  S(x,Z)  ~  (H/L)  U  (H)AJ(Z) 

and  the  shape  factor  is  no  longer  the  function  o(x/L)  but  depends  on  the  shear  profile,  as 
shown  in  (4. 10)  of  Section  4.2.  Note  how  tire  amplification  of  w'ind  speed  over  the  hili  is 
much  less  in  (4.23)  compared  with  (4.22)  because  there  is  no  net  displacement  of  vortinty 
into  regions  of  lower  vorticity  in  this  case. 


5.  Defining  and  Extending  the  Range  of  Validity  of  the  Analysis 


5.1  Conditions  for  the  linear  analysis 
From  the  results  for  the  inner  and  middle  layers,  in  particular  (3.7),  (3.1 1),  (3.12) 
and  (4.18),  it  is  now  possible  to  state,  a  posteriori,  the  conditions  under  which  the  linear 
analysis  is  valid  and,  if  it  is  only  valid  in  limited  regions  of  the  flow,  where  those  regions 
are.  To  linearize  the  inertial  terms  in  the  equations  it  is  assumed  that 


(5.1a) 


ud  I  «  U  (Z) 


and  to  estimate  the  shear  stresses,  defined  in  dimensionless  terms  by  (3.1),  it  is  assumed 


(5.1b)  lxd  I  «  1. 

From  (3.7)  and  (2.15),  it  follows  that  these  conditions  are  satisfied  if 


(5.2a) 


(5.2b) 


ud/U(/)  (~  (H/L)U2(hm)/U2(/))  «  1. 


In  ( 1/zq )  »  1. 


Note  that  (5.2b)  is  consistent  with  the  initial  assumption  (2.4c). 

To  satisfy  the  criterion  (5.2a)  for  stably  stratified  boundary  layers,  or  in  the  wakes 
of  upwind  hills,  where  U(/)/U(hm)  «  1,  the  hill  slope  must  be  smaller  than  is  required  for  a 

logarithmic  upwind  profile.  This  condition  is  essentially  the  same  as  that  of  laminar  flow 
over  humps.  However  in  laminar  flows  U(hnj)/U(/)  ~  hm//  so  that  (when  h~L)  even  if  H  « 

L,  unless  the  inner  region  is  much  thicker  than  the  height  of  the  hill,  (i.e.  I  »  H)  then 
changes  in  the  surface  shear  stress  of  0(1)  can  occur  and  the  flow  must  separate  (Smith  et 
al.  1981).  In  turbulent  flows  even  if  H  »/ ,  (5.2a)  may  be  satisfied  because  U(hm)/U(/)  -  1 
+  0(e),  which  is  very  much  less  than  hm//. 

5.2  Allowing  for  non-linear  effects 
As  in  the  flow  of  laminar  boundary  layers  over  surface  humps,  the  flow  of 
turbulent  boundary  layers  may  be  such  that  the  slope  of  the  hill  is  low  enough,  i.e. 


(5.3a) 


H/L  «  1, 


_<*  •  j  , 


for  a  linear  analysis  to  be  valid  in  the  upper  layer  (If)  of  the  outer  region.  Yet  within  the 
middle  layer  (. M )  and  within  the  inner  region,  the  velocity  gradient  dU/dZ  may  be  so  large 
that  the  perturbation  velocity  ud  and  shear  stress  Td  may  increase  sufficiently  that 
(5.3b)  ud(Z)  -  U(Z) 

and 

(5.3c)  td~l. 

The  condition  of  flow  over  a  low  slope  and  a  large  change  in  surface  velocity,  i.e.  (5.3a.h) 
can  only  occur  simultaneously  if  the  ratio  of  wind  speed  at  the  top  of  the  inner  layer  to  that 
at  the  top  of  the  middle  layer  is  such  that 
(5.3d)  H/L  «  1  and  U0-(/),'Up:(hm)  ~  H/L. 

In  this  case  ud(Z)  in  (M)  is  given  in  terms  of  p(x)  in  the  upper  layer  by  Bernoulli's 

equation  along  streamlines  from  (2.10c)  and  (2.13c) 

(5.4)  U-(Z)  *  2U(Z)ud(x.Z)  -  u-d( x.Z)  =  2(H/L)0(x/L)  +  U2(ZJ. 


where  U(Z«J  is  the  velocity'  on  the  streamline  upstream  of  the  hill.  Denoting,  for  the 
present  purposes,  the  linear  solution  as  ud/(x.Z),  the  perturbed  velocity  ud  in  the  layer  (A/) 
corrected  for  nonlinear  effects  is 
u. 


(5.5) 


,  2u  (x.Z)  IT 

i  -  (i  - ) 

L(Z)  v  L(Z)  7 


Here  we  have  neglected  the  contribution  by  the  second-order  correction  to  U(Z„J  which  is 
0(  2ud‘  ln(Z/z0)).  This  result  is  also  valid  for  a  three-dimensional  low  hill.  The  nonlinear 
correction  is  of  0(hmH/L:)  if  hm  H  «  U(hm).'U(/). 

To  test  the  non-linear  correction  of  (5.5)  a  comparison  is  made  with  the  results  from 


a  nonlinear  numerical  model  for  the  perturbation  velocity  at  the  top  of  the  inner  region 
( Z  -/).  The  numerical  model  is  similar  to  that  of  Taylor  (1977)  and  which  has  been 
extended  by  Richards  &  Taylor  (1980)  to  allow  for  steeper  topography.  The  model  retains 


the  nonlinear  inertial  terms  and  uses  a  isotropic  eddy  viscosity  based  on  a  mixing  length 
and  the  local  turbulent  kineuc  energy.  The  model  is  for  a  deep  turbulent  neutral  boundary 
layer  over  a  two-dimensional  hill  whre  h  »  L.  It  is  therefore  appropriate  to  use  as  the  linear 
solution  udl(Z)  in  (5.5)  the  outer  region  solution  (2.16b)  or  that  given  by  Bntter,  Hunt,  and 

Richards  (henceforth  BHR)  (1981)  (their  equation  (2.4)). 

BHR  made  a  detailed  comparison  between  the  linear  analysis  and  nonlinear 
computations  of  a  turbulent  boundary  layer  flow  ing  over  a  hill  with  H  I  -  0.4, 

L~hfj.~0.25h  and  L'-(/)  l’-(h)  =  0.25.  The  nonlinear  amputation  and  measurements  for 
the  peak  velocity  just  above  the  inner  region  (Z  -  /)  at  the  top  of  the  hill  gave  a  value  for 
udi/)  U(/)  =  0.8,  whereas  the  linear  analysis  gave  a  value  of  about  1.2.  The  new  correction 

given  by  equation  (5.5)  gives  a  value  of  0.84. 

The  value  of  ln(/.  z0)  =  2.7  for  the  hill  used  by  BHR  was  low  because  of  unusuallv 
large  roughness  elements.  The  value  of  ud(/)'L’(/)  as  a  function  of  slope.  HL,  given  by  the 
nonlinear  model  at  the  crest  of  the  hill  with  a  more  typical  value  of  ln(/  z0)  =  6  4  and  the 
same  shape  (that  is  f  =  l/(  1  +  (xT)~)  '  1 )  is  shown  in  Figure  6.  Also  shown  is  the  linear 
solution  and  the  nonlinear  correction.  The  non-linear  correction  of  the  linear  model  brings 
the  results  closer  to  those  of  the  computations.  It  was  remarked  in  BHR  that  this 
discrepancy  was  due  to  the  neglect  of  nonlinear  inertial  effects:  the  analysis  given  here 
shows  this  to  be  the  case  and  also  considerably  extends  the  range  of  applicability  of  the 
Inear  analysis  of  the  upper  (U)  and  middle  (M)  layers. 

A  similar  non-linear  correction  has  previously  been  suggested  by  Bouwmeester 
( 1 9 7 S ) .  but  was  not  fitted  in  to  the  general  asymptotic  analysis. 

5.3  A  comparison  between  turbulent  and  laminar  flows  over  humps 

It  is  important  to  note  how  even  in  the  inviscid  outer  regions  there  are  significant 
differences  between  laminar  flaw  over  surface  humps  and  turbulent  flow  over  hills.  In 
laminar  flows  over  hills  of  lenght  L  >  h,  and  height  H  «  /,  the  magnitude  of  the  perturbation 


M 


to  flow  in  (M)  and  (U)  is  determined  by  the  structure  of  the  inner  flow  region,  where 
viscous  shear  stresses  balance  the  acceleration  and  pressure  gradient  In  these  turbulent 
flows,  when  there  is  no  separation,  we  have  shown  by  matching  arguments  that  the  middle 
and  outer  layer  solutions  only  depend  on  the  upwind  velocity  U(z),  and  the  height  and 
shape  of  the  hill. 

There  is  a  straightforward  explanation  for  this  difference.  Consider  the  vertical  flux 
at  a  level  /+H  which  lies  just  above  the  inner  region  at  the  top  of  a  two-dimensional  hill. 
Then  by  continuity 


J  w(x. 


l  +  H)dx  =  U(z)dz  -  U(Z)dZ  -  u  .(Z)dZ. 


The  first  two  terms  on  the  righthand  side  give  the  displacement  of  the  upwind 
profile  caused  by  the  hill  and  the  third  term  is  the  downward  displacement  caused  by  the 
excess  perturbation  velocity  in  the  inner  region. 

For  the  cases  of  turbulent  or  laminar  boundary  layers  over  a  hump,  these  terms  can 
be  estimated  in  both  the  cases  as 

x 

(5.7a)  j  w (x,/  +  H)  dx  <  U(/  +  H)  H  +  l  [U(/  +  H)  -  U(/)  -  /  ud(x)Q] 


where 


Q  =  |  [  ud(x,0/ud(x,/)  di;. 


and  where  we  have  again  written  ^  =  Z/l.  Note  that  Q  =  0(1). 


Thence 


(5.7b) 


Jw(*. 


/  ud(*’0 

/  +  H)dx  <  U(/  +  H)  H  [1  -  -  ■— — —  Q]. 

H  U(/  +  H) 


In  a  neutral  turbulent  boundary  layer,  from  (4.18) 


/  uJxJ)  mu  (H/LK//H)  _ 

i.-'.S)  —  — - -  - - -  5  «  1. 

H  1'  ( /  -Hi  U/l  U(/-H> 

From  the  expansion  o!  ud  m  the  inner  region  (3.7),  Q  can  be  written 
l 

(U>)  Q  -  |{  iu‘°'  -  cSu^1'  )  Uj°\x,  /  )  }  dl, 

0 

where  solutions  tor  ud01  and  ud‘;  are  given  by  (3.1  It. 

bn  mi  (5  n  1 5  X  i  and  1 5.0'  it  follow  s  that,  to  zero  order  in  In' 1  (/  z,j).  the  upward 

■lux  into  the  outer  region  is  not  affected  by  the  velocity  perturbations  near  the  surface. 
Furthermore,  since  to  leading  order  the  velocity  perturbation  udl°  is  not  affected  by  shear 

sttesses  in  the  inner  region,  to  first  order,  die  upward  flux  is  also  not  affected  by  the 
turbulence  in  die  inner  region.  Therefore,  even  to  0(ln'(/,z0),  the  perturbed  How  in  the 

outer  region  is  only  affected  by  the  shape  and  height  of  the  kill  and  the  form  of  the  upwind 
profile.  However  the  shear  stress  in  the  inner  region  does  have  an  effect  on  the  outer  flow 
at  order  5:  (i.e..  0(ln‘-(/  z0)).  when  the  displacement  by  the  first-order  perturbation 
velocity  tij,!l  is  significant.  (This  displacement  is  asymmetric  and  induces  a  small  change 
in  the  phase  of  the  external  pressure  of  0(ln'2(//z0),  typically  of  the  order  of  1°  for  /.  z0  of 
1  (H  (Newlev  1986)). 

However  in  a  laminar  boundary'  layer  flow  over  a  long  hill  where  L  ~  h  or  where 
Lh  ~  h  7  "1  (the  so-called  triple-deck  scale), 

(//Hi  (ud(x  ^)/U(/)]  ~  1. 

;ln  the  latter  case  u.t  ~  (l'-(U  1 1  ( / ) ) >  (II/L).  which  is  the  same  magnitude  as  for  the 
trubulent  flow  (Smith  et  til.  1981 )).  Therefore  the  displacement  of  die  upwind  profile  by 
the  hill  is  of  the  same  order  ax  the  displacement  by  the  perturbed  velocity  profile. 
Consequently,  for  laminar  boundary  layers  the  magnitude  of  the  inviscid  flow  over  a  hill  or 
hump  is  determined  bv  die  structure  of  the  inner  region  f  ow,  and  particularly  by  the 
velocity  reduction  in  the  wake  (Smith  et  a!.  1981).  This  means  that  even  in  the  outer 
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•  >t',.  v >!.-»«  'ns  using  a  constant  viscosity  (or  eddy  viscosity)  may  not  be  reliable  guides 

:•  ■  the  behaviour  of  turbulent  flows.  The  fact  that  for  turbulent  flows  the  outer  region  flow 
i'  largeh  independent  (except  in  tire  particular  circumstances  of  separated  flows)  of  the 


inner  region,  is  a  very  important  result  which  we  make  use  of  in  Part  II.  (For  hills  which 
re  steep  enough  to  produce  separated  flows  in  their  wakes,  this  assumption  is  not  valid; 
the  wakes  may  significantly  affect  the  outer  region  flow  (e.g.  Scorer  19SS).) 

5.4  l  nified  expressions 

If  the  layers  (U)  and  (A/)  within  the  outer  region  are  distinct,  and  if  the  u  -Tiditu  »ns 
2.4)  are  satisfied,  a  uniformly  valid  approximation  for  ud.  w  for  both  lasers  is 

(H  L)C7;\  LiG.tx  L.z  L)J(Z,7  ) 

:5.10a)  u  -  U(Z)  - — ~ - 

l  /) 

I  Ob)  w  -  (M.'LKdf  d(\'L)U(z.)GA(x  L.z  L)(  1  -  0(hm'L)) 
v- ;  ere  the  middle  layer  function  J ( Z  /  )  is  given  by  (2.1  lb).  For  a  power  law  velocity 
file  (5.10a)  is  the  same  as  the  result  of  Dawkin's  &  Davies  (1981 ).  For  logarithmic 
profiles,  these  expressions  are  the  same  (to  first  order  in  ( ln(L. Zq)] ' 1 )  as  those  given  by 

.LiG.son  ( 1976),  which  compared  well  with  wind-tunnel  experimental  data  (Britter.  Hunt  ik 
Pochards  (1981)).  It  the  layer  (A/)  becomes  negligibly  thin,  then  these  formulae  show  that 
■he  flow  becomes  simply  potential  flow  above  the  inner  region,  without  the  amplification  of 
u  that  occurs  in  (A/),  (the  case  is  treated  by  Sykes  (1980)).  For  an  approximate  correction 

to  if.  10a)  to  allow  for  nonlinear  effects.  (5.5)  can  be  used.  If  the  length  of  the  hill  is  small 
.  ■  evpared  to  the  boundary  layer  height,  h.  then  the  second-order  terms  in  appendix  B 
''lid  be  used,  (See  figure  4.) 

Conclusions. 

In  this  paper  we  have  developed  a  general  analytical  method  for  calculating  the 
mean  flow  and  the  shear  stress  near  the  surface  for  two-  and  three-dimensional  tur  bulent 
shear  flows  over  hills  with  /cm  slopes.  The  effects  of  buoyancy  forces  on  the  mean  flow 


over  the  hill  are  assumed  to  be  negligible  here,  though  these  forces  may  be  strong  enough 
to  affect  the  upwind  profile. 

The  main  conclusions  are: 

(i)  Flow  regions 

The  flow  can  be  analyzed  in  modular  form  by  dividing  up  the  space  over  the  hill 
into  two  flow  regions,  the  outer  and  inner  regions.  The  outer  region  has  to  be  further 
divided  into  an  upper  (U)  and  middle  layer  (A/).  The  inner  region  is  divided  into  a  shear- 
stress  layer  (SS)  and  an  inner  surface  layer  (IS). 

(ii)  Outer  regions 

In  the  middle  layer  the  shear  of  the  upwind  profile  is  dominant  and  the  vertical 
velocity  perturbation  w  (relative  to  a  horizontal  surface)  induced  by  the  hill  increases  with 
height  (in  proportion  to  U(z))  while  in  the  upper  layer  the  velocity  and  pressure 
perturbations  decay  in  a  potential  flow.  The  depth  of  the  middle  layer  (M)  depends  on  the 
wind  profile  and  the  length  of  the  hill  -  for  a  logarithmic  profile  h^  ~  L/ln1  2(L.z0).  If, 
however,  the  length  is  greater  than  the  boundary -layer  depth  <  h).  then  hm  -  h.  The  upwind 
velocity  at  hm.  L’0  determines  the  magnitude  of  the  pressure  perturbations  in  the  flow,  and 
thence  the  perturbations  near  the  surface.  Defining  hn,  is  particularly  important  when  the 

profile  changes  due  to  the  action  of  stable  stratification  (Hunt  &  Richards  1984).  The 
horizontal  velocity  perturbation  u  is.  to  second  order  in  ln  ;(/  z,,i.  in  phase  with  the  surface 

elevation  and  in  the  upper  layer  decreases  exponentiallv  over  a  [km  iodic  surface  like  u  ~ 
rc(H'2l.)U(hm)e  rz':l  while  over  a  single  hill  u  ~  (HI.)  l'(hn,)(L:. z-)O(x.'L). 

In  the  middle  layer,  the  horizontal  velocity  perturbation  (in  displaced  coordinates), 
ud.  decreases  with  height  more  rapidly 

U2(h,  ) 

u,  -  (H/L) - —  ofx/l.)  ( 1  -  Oih  L))  , 

d  U(Z)  in 

assuming  a  logarithmic  or  typical  power  law  profile  of  the  upwind  velocity.  (For  a  linear 
shear  profile  see  §4). 


I 

I 

By  introduction  of  a  middle  layer,  inconsistencies  in  the  JH  model  have  been  overcome: 
estimates  for  the  magnitude  of  the  horizontal  velocity  perturbation  near  the  surface  have 
j  only  been  slightly  changed.  The  form  of  the  vertical  perturbation  w,  however,  is 

,  significantly  changed  by  effects  occurring  in  the  middle  layer;  (w)  in  fact  increases  with 

i 

'  height  in  the  middle  layer  until  z  ~  hm,  before  decreasing  in  the  upper  layer. 

j  (nil  Inner  region  structure 

To  the  first  approximation  (i.e.  zeroth  order  in  lm^/Zzo),  the  horizontal  velocity 
perturbation  ud  is  not  affected  by  shear  stresses  in  the  shear  stress  layer.  In  the  next 

approximation,  however,  there  is  a  balance  between  the  gradients  of  perturbation  shear 
stresses  and  the  accelerations,  and  ud  reaches  a  maximum  at  a  height  of  about  13,  given  by 
(udW=  (H/L)[U2(hm)/U(/)]  (1  -  1.85) 

where  /  is  the  depth  of  the  inner  region  defined  in  terms  of  L,  the  quarter  length  of  the  hill. 

! 

In  the  lower  part  of  the  shear  stress  layer  and  the  surface  shear  stress  layer,  the 
perturbation  velocity  has  a  logarithmic  profile.  The  perturbation  shear  stress  layer  has  its 

maximum  positive  values  at  the  surface,  but  decreases  through  the  shear  stress  laver  to  a 

I 

negative  value  of  comparable  magnitude. 

The  significance  of  the  inner  surface  layer  of  (X^o//)1'2)  times  the  thickness  of  the 
inner  region,  is  that  across  it  the  vertical  gradient  of  the  perturbation  shear  stress  increases 
from  its  first-order  value  in  the  shear  stress  layer  to  a  zero-order  value  at  the  surface  where 
it  balances  the  perturbation  pressure  gradient. 

The  phase  of  the  surface  shear  stress  (and  of  the  velocity  in  the  inner  surface  layer) 
leads  the  phase  of  the  pressure  distribution  by  an  angle  that  depends  on  the  roughness 
length  (about  tan  - 1  ( 7C/1  n  ( //  z0 ) ) .  This  is  in  sharp  contraast  with  the  phase  lead  of  nearly  71/4 

for  laminar  flow's  over  an  undulating  surface. 

( i v)  Net  drag  on  topography 

The  displacement  caused  by  turbulent  flow  in  the  inner  region  of  the  flow  on  the 
outer  region  is  small  0(ln-2(//z0)H/L).  (By  contrast  in  laminar  flows  over  long  surface 
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humps  (L-h)  the  displacement  by  the  inner  region  is  comparable  with  that  produced  by  the 
hill.’)  However  the  significance  of  this  small  inner  region  displacement  is  that  it  is  slightly 
■.■ut  of  phase  with  the  elevation  of  the  hill,  by  Of  In  -V'Zq)).  This  gives  rise  to  a  net  drag  on 
the  hill  (or  water  surface  in  the  case  of  waves)  of  order  FFL'1U~(hm)ln'2(//z0).  For  hills  of 
low  slope  this  is  a  larger  effect  than  that  caused  by  distortion  of  the  approaching  turbulence, 
which  conflicts  somewhat  with  previous  suggestions  by  Townsend  ( 1980),  Svkes  ( 1980;; 
see  also  New  ley  ( 1986). 

(v)  Analysis  supercedes  Jackson  <£  Hunt 

The  analysis  here  has  been  developed  for  a  w  ider  range  of  conditions  than  in  the 
earlier  work  of  Jackson  &  Hunt.  The  depth  of  the  inner  region  /  mav  be  less  or  greater  than 
the  height  of  the  hill  H;  corrections  have  been  derived  for  w  eak  nonlinear  effects  of 
accelerations  for  small  but  finite  hill  slope  and  for  the  fact  that  the  length  of  the  hill  is  not 
very  large  compared  with  the  depth  of  the  middle  layer  (i.e.  correction  of  order  hm/L). 

tvi)  Comparison  with  numerical  experiments 

These  key  results  of  the  analysis  are  consistent  with  a  number  of  the  numerical 
computations  of  the  fuii  equations  including  those  with  slightly  different  models  for  the 
closure  relation  between  shear  stresses  and  velocity  gradients.  The  maximum  speed  up  in 
the  shear  stress  layer  may  be  slightly  dependent  on  the  closure.  (Newley  1986).  As  the 
slope  increases,  the  velocity  and  shear  stress  on  the  downwind  slopes  become  increasinglv 
sensitive  to  the  closure. 
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Appendix  A.  Solution  for  the  middle  layer  over  a  three-dirr.ensional  hill 

We  consider  flow  over  a  three-dimensional  hill  defined  by  z  =  Hf  (x/L,v/L)  where 
HT  «  1.  The  governing  equations  for  w  in  the  middle  layer  where  the  conditions  d-dz 
»d  dx,  d/dy  are  defined  to  hold  in  hm>  Z  »  eH,  is 


,  ^  U"  \ 

(A.n  (—  -  — )  w  =  o, 

dz" 


r- 

% 


[.*• 


ft 

k\. 


tor  a  hill  with  low  enough  slope. 

The  solution  for  w  has  the  same  form  as  (2.17),  namely 


(A. 2) 


dA  3B  f  dz' 

w  =  ‘dT(x’y)  U(z  +  aT x,y)  U(z)  J  1 ; —  ’ 


U‘(z) 


where  z0  «  z  «  /..  The  solutions  for  u  can  be  obtained  from  the  equations  (2.6a. b.d) 
which  leads  to 


,  ,  d  /  d‘  d~  \ 

A3)  arl—  +  — ~)n 


2  3 

U '  d"w  d'  w 


T  T  ?  0 

b  dy~  dzdx" 


=  0, 


dx“  dy* 

and  v  is  obtained  from  (2.6a)  and  (2.6b). 

The  solution  for  u  from  (A. 2)  and  (A. 3)  may  be  written  in  terms  of  a  function 
H;x,\ )  as 


( A. 4) 

where 
( A  5 1 


u  =  -p0{B(x,y)U'(z)  f  }  -  A(x,y)  U' 

J  U“(z) 


(z) 


H(x,y)  =  — . 
dx"  dy"  dx 


Substituting  (A. 4)  and  (A. 5)  into  (2.6a)  yields 
(A 6a)  p=  Pq  x  H(x,y)  =  p0a(x,y) 

so  that 
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(A6b)  ^- =  (-^7  + -^r)  a(x,y) 

dx~  3x“  5y~ 


(A. 7a) 


-  ur^-J  If  Cx'-y)  dx’ 


U(z)  J  dy 


where  a(x, y)  is  calculated  from  the  upper  layer: 


oo  ^ 

( A7b)  CT(x,y)  =  —  I  I  {—  •  (x-x  )/[ (x-x')""  +  (y-y’)“]3/‘}dx'dy' 

O-n ■  J  J  dx 


Thence  from  (A. 7),  as  in  the  two-dimensional  middle  layer,  u  and  v  can  be 
expressed  to  leading  order  (when  £  «  1)  as 
(A. 8)  u  =  (ct/U(z))(1+0(£)). 

Note  that  v  is  given  by  (A. 7c),  at  least  to  0(hm/L).  Second-order  terms  in  (hm'L)  in  the 
solution  for  w  and  u  can  be  calculated  from  Appendix  B.  If  the  height  of  the  hill  is 
comparable  with  /  or  larger  (as  is  usually  the  case),  then  (A. 7a)  and  (A.8i  can  be  adapted  to 
give  vd(x.y,Z)  and  ud(x,y.Z)  if  U(Z)  is  substituted  for  U(z)  as  shown  in  §2. 

The  result  (A. 8)  shows  how  there  is  an  amplification  of  u  and  v  in  the  lower  pan  of 
the  outer  region  in  a  three-dimensional  flow.  i.e.  the  middle  layer,  just  as  over  a  two- 
dimensional  hill.  This  justifies  the  extension  of  the  scaling  laws  of  Jackson  6c  Hunt  t  i  '>~5  i 
for  two-dimensional  hills  to  flow  over  three-dimensional  hills.  Mason  &  S>  kes  (  1  Vd  i 
calculated  the  inner  region  over  such  a  hill  using  the  same  approximate  equation  as  in  .11 1 
(i.e.  3.19)  and  found  in  fact  that  it  gave  a  useful  estimate  for  the  wind  field. 
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Appendix  B.  Asymptotic  analysis 

The  linear  results  obtained  in  this  paper  are  here  expressed  in  the  standard 
formalism  of  asymptotic  analysis,  which  facilitates  comparison  with  other  analyses 
developed  in  this  way  (e.g.  Sykes  1980;  Smith  et  al.  1981).  We  shall  merely  state  the  form 
of  the  leading  terms  of  the  asymptotic  sequences  and  the  results  of  the  governing  equations 
for  the  leading-order  terms.  It  is  assumed  here  that 
hm/L  »  IfL  ,  and  hm/L  »  H/L 

so  the  neglected  non-linear  terms  of  0(H/L)  are  of  the  same  order  as  the  small  linear  term  of 
0(//L).  Throughout  this  section,  X  =  x/L,  and  we  introduce  the  following  stretched  z 
variables  appropriate  to  the  various  regions:  in  the  outer  region,  we  set 
z  =  z/L, 

and  in  the  middle  region,  we  set 
H  =  z/hm. 

The  inner  region  has  already  been  treated  by  asymptotic  methods  in  §3.  In  the  outer 
region,  the  perturbation  expansion  is 

u  =  uW(X,z)  =  (H/L)  {  Uq(u  )  +  (hm/L)  UlW  +  (hffl/L)2u2M 
(B.l)  w  =  w(i/)(X,z)  =  (H/L){w0(£/)  +  (hm/L)  w/^  +  (hm/L)2w2(£/l +...}, 

p  =  PW(X,z)  =  (H/LHpo^)  +  (hm/L)Pl(tO  +  (hm/L)2p2W 

where 

(B.2)  w(0U)  ]  =  -  f  [(X  -  X'),z]  - f  (X  )  -  dX’  , 

(X-XT  +  2 


[u^,W\U))  =  IJ  [(X  -  X'),z  ] 


(M  ),Y,  ,  . 

W1  ^x»hm) 

2  2 

(X  -  X')  +  z 


dX'  , 
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(B.4) 


wi  (x>hm)  = 


da  f 

•  dX  u(h»>  1 


u2(n) 


Pj(tO  =  -  UjW,  p2^  =  *  U2(tf) 


PfT  )(X.O)  =  -  Uq  )(X,0)  =  -  o(X)  =  -  I  f 

7T  J 


1  f  f  ’(X’) 


X  -  X’ 


Pr<x,0)  -  -  o«)(X)  U(hm)  f 

*  Tr/,, 


o  U» 


where 


<Ta,(X)=-If 

TT  * 


-  _^£. 
1  f  dX’ 


X  -  X 


"  dx'  *  =  T 


(B.6) 


In  the  middle  layer,  the  perturbation  expansion  is 

u  =  (H/hm)  {  uq^  +  (hm/L)  UjW  +  (hm/L)2u2(~M^  +  0((//hm))}, 
w  =  (H/hm)  {  w</">  +  (hm/L)  wjW>  +  (hm/L)2w2W  +  0((//hJ)}, 
p  =  (H/hm)  {  p0<" )  +  (hm/L)Pl  W  +  (hm/L)2p2(M)  +  0((//hm))}, 


and  these  are  functions  of  X  and  p.  with 


Uo  =  -  f(X)U'Oi);  u^  = 


( M )  Cf(X)  (Af) 


+  a  U' 


uV) 


(B.7) 


=  0  ;  w™  =  f  ’(X)  U(n) ;  w^  =  -  UOD  J 


uV) 


(B.8) 


(M)  n  (AO  f),Ym 
Pq  -  0,  Pj  -  P0  (X,0)  =  -  O(X), 

1 

p?°  =  p(iy)(X,0)  +  Jf  "(X)  UOOdn*. 

The  term  in  0(//hm)  is  caused  by  shear  stresses  in  the  middle  layer.  Note  that 
pj(^)  are  typically  of  opposite  sign  to  p0(t/\  and  p0(^)  and  are  more  peaked  near  the  top 
of  the  hill,  but  the  hill  curvature  term  has  the  same  sign  as  P(/U)  and  is  larger. 

The  asymptotic  analysis  of  the  inner  region  in  §3  was  matched  with  the  expansion 
in  the  middle  layer  only  to  0(H/L);  but  (B.6)  and  (B.7)  show  that  the  correction  of  0(hm/L) 

can  easily  be  included  in  the  middle  layer  and  inner  region  results  by  correcting  the  pressure 
in  the  middle  layer  by  using  (B.8),  so  that  in  ( M) 

hm  1  h  1 

(B.9)  p  =  ^-{-o(X)+  T  g(1)(X)U(hm)f-  f-  +  X~f "(X)  f  UOOdp  }  . 

u cn)  ; 

This  is  equivalent  to  the  expression  discussed  in  §2.5  and  plotted  in  fig.  4. 


FIGURE  CAPTIONS 


Definition  sketch  of  flow  over  a  hill  showing  the  two  main  regions  of  the  flow  and 
their  subdivison.  The  height  of  the  middle  layer  defines  the  reference  velocity  U0 

used  in  the  analysis.Also  shown  is  the  range  of  upwind  velocity  profiles  that  are 
considered. 


2.  Profiles  of  velocity  ud  and  shear  stress  xd  perturbations  in  and  above  the  inner 
region. 

(a)  Sketch  showing  the  zero-order  solution  (ln^L/ZQ— >0) - 

first-order  corrections  of  Ofln^Z/zo))  - 

corrections  of  0(hm/L) - 

(in  this  case  a  reduction  -  it  may  be  an  increase  if  the  curvature  is 
large). 

(b)  Profile  of  the  new  solution  for  the  first-order  correction  0(ln'l(//z<)))  to  ud  in  the 

shear  stress  layer  of  the  inner  region  _ 

(the  approximate  solution  of  Jackson  &  Hunt  (1975)  ----). 

the  simple  form  proposed  by  Jensen  &  Peterson  (1978) - . 

(This  profile  is  found  over  the  crests  of  sinusoidal  hills  with  wave  length  4L  so  that 
k  =  tc/2) 

(c)  Profile  of  the  new  solution  for  the  zero-order  perturbation  shear  stress  xd  in  the 

inner  region,  compared  to  the  approximate  JH  solution. 

_  Real  part  of  x^1) 

-o  o-  o  Imaginary  part  of  x^1) 
x — x — x  approximate  solution  of  JH 

(d)  Profile  of  the  gradient  at  the  imaginary  part  of  xd(Z),  5xd/9Z,  in  the  inner  region 
showing  the  transition  between  the  (55)  and  (IS)  layers.  (ln(//z0)  =  7). 

3.  Magnitude  and  phase  of  the  maximum  surface  shear  stress  on  a  wavy  wall. 
Comparisons  between 
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rs 


I 


and 


4. 


5. 


6. 


(i)  computations  using  the  methods  of  Richards  (1980)  ( - )  and 

(ii)  the  asymptotic  limits  (kzQ— >  0)  of  Sykes  (1980)  (S)  ( - •); 

(iii)  the  inner  region  solution  for  ln(//zo)  »  1  (x — x — x  ),  and 

(iv)  the  approximate  asymptotic  solution  of  Jackson  &  Hunt  (1975)  (h - 1 — ). 

Note  k  =  litfk  where  X  is  the  wavelength;  Zq  is  the  roughness  length. 

Vertical  profile  of  the  perturbation  pressure  for  a  logarithmic  boundary  layer  profile 
over  the  crests  of  sinusoidal  hills  showing  the  0(hm/L)  corrections  to  pd  in  the 
middle  layer  for  different  (L/zq). 

Aspects  of  the  middle-layer  structure  and  its  matching  with  the  upper  layer. 

(a)  Typical  profiles  considered.  Note  the  dotted  line  represents  the  actual  form 
of  U(z)  near  the  ground  in  stable  conditions; 

The  velocity  perturbation  ud  at  the  same  displacement  Z  above  the  surface; 
The  velocity  perturbation  at  the  same  height  z  for  different  strengths  of  shear 
and  relative  scale  of  boundary  layer  depth  to  hill  length; 

Streamline  deflection  for  linear  velocity  profiles  in  the  same  two  situations. 
Various  calculations  of  the  increase  in  mean  wind  speed  at  the  top  of  a  bell-shaped 
hill  . 

f-— u 


(b) 

(c) 

(d) 


-(r) 


at  Z  =  /,  for  a  case  where  L/Zq  =  1.25  x  104,  1/zq  =  6.25.  [For  the  linear  calculations  it  is 
assumed  that  U(hm)/U(/)  =  U(L)/U(/)  =  ln(L/zo)/ln(//zo)]. 

linear  model  (5. 10a)  (also  equation  (2.4)  of  Britter,  Hunt  & 


H - h 


Richards  (1981)); 

computation  of  nonlinear  equation  using  same  closure  for  a 
hump  in  the  surface  layer  (Richards  &  Taylor  1980). 


-  Non-linear  corrections  using  (5.5). 
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(IS)  layer  solution 


Perturbation  Shear 

Stress  Gradient  (imaginary  components) 
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Summary 

In  this  paper  the  analysis  of  Part  I  is  applied  to  flow 
over  hills  with  low  slopes,  for  various  kinds  of  stable  and 
unstable  stratification  in  the  approach  flow.  (The  Froude 
number  F  based  on  the  height  is  always  greater  than  unity.) 
We  concentrate  on  the  flow  in  the  inviscid  outer  region  of 
the  flow.  It  is  shown  that  in  the  lower  part  of  the  outer 
region,  the  middle  layer,  where  the  shear  is  large,  the 
upwind  velocity  profile  and  the  shape  of  the  hill  largely 
determines  the  vertical  perturbation  velocity  rather  than 
the  upwind  density  profile.  In  the  'upper  layer’  the  struc¬ 
ture  of  the  flow  depends  largely  on  the  form  of  the  upwind 
density  profile.  Por  example,  this  largely  determines  the 


110 


location  of  maximum  surface  wind.  New  solutions  for  stable 
conditions  are  obtained  when  there  is  a  constant  density 
gradient,  when  (N/Ug)  ■  z  and  when  there  is  an  elevated 
inversion  layer.  In  the  first  and  third  of  these  cases,  we 
compare  the  results  with  the  hydrostatic  approximation,  and 
also  obtain  new  general  formulae  for  the  near-surface  winds. 
An  approximate  formula  is  developed  for  surface  winds  at 
arbitrary  values  of  F(  >  1  )  for  uniform  stable  stratifica¬ 
tion.  In  weakly  unstable  or  convective  conditions  over  a 
hill,  we  show  that  there  is  a  regular  perturbation  to  the 
approach  flow  and  find  that  the  mean  surface  wind  speeds  are 
slightly  increased. 

In  an  appendix  it  is  shown  how  the  new  solutions  for 
stable  flow  over  hills  when  F  >  1  can  be  applied  to  the  flow 
over  hills  of  arbitrary  slope  in  certain  specified  (but  fre¬ 
quent)  conditions  when  F  <  1. 

1.  Introduction 

Despite  the  extensive  computational  work  and  measure¬ 
ment  of  air  flow  over  hills,  a  number  of  the  main  qualita¬ 
tive  effects  of  upwind  temperature  and  velocity  gradients  on 
such  flows  have  yet  to  be  firmly  established,  at  least  in 
the  lowest  1  km  of  the  atmosphere.  Some  typical  questions 
that  might  reasonably  be  asked,  in  the  context  of  air  pollu¬ 
tion  dispersion,  or  the  siting  of  wind-energy  devices  on 
hills,  or  the  estimation  of  wind  loads,  are 

(i)  How  does  the  location  and  intensity  of  the  maximum  wind 
speed  vary  with  upwind  stable  or  unstable  stratifica¬ 


tion? 


(ii)  Does  the  shape  of  the  hill  have  a  similar  affect  on  the 
wind  speed  in  stratified  or  in  neutral  conditions? 

(iii) Where  do  streamlines  come  closest  to  the  hill  surface, 
and  where  is  there  the  greatest  lateral  deflection  of 
the  flow? 

These  are  a  few  of  the  general  questions  that  arise  in  prac¬ 
tical  problems  concerning  airflow  over  hills  and  this  paDer 
is  an  attempt  to  help  answer  them  for  flow  over  low  hills  by 
drawing  together  some  previous  research  and  developing  new 
solutions  where  appropriate. 

As  Scorer  (1949)  and  many  others  have  shown,  even  the 
qualitative  features  of  these  flows  differ  considerably  with 
different  profiles  of  the  upwind  temperature  and  velocity 
gradients.  Over  level  terrain  in  the  lowest  300m,  these  two 
gradients  depend  on  each  other.  So  we  first  consider  in 

§2.1  which  of  the  two  are  more  imDortant  for  the  air  flow 

•  *■ 

over  a  hill,  as  these  gradients  vary  relative  to  each  other, 
using  recent  measurements  of  temperature  and  velocity  from 
the  300m  tower  at  Boulder,  Colorado. 

We  show  theoretically  that  a  weak  temperature  gradient 
can  increase  the  upwind  velocity  gradient  sufficiently  to 
magnify  significantly  the  mean  velocity  over  the  hill,  while 
being  too  weak  to  affect  the  dynamics  of  the  flow.  (A 
phenomenon  observed  in  wind-tunnel  studies  by  Boumeester 
1978.  ) 

When  the  dynamics  of  the  flow  over  a  hill  are  affected 
by  sufficiently  stable  upwind  temperature  gradients,  we  show 
how  different  temperature  profiles  can  have  quite  different 


qualitative  effects  by  deriving  some  general  formulae  for 
the  mean  flow  over  hills  with  different  upwind  temperature 
and  velocity  profiles.  (Some  rather  general  mathematical 
properties  of  the  Scorer  equation  governing  the  outer  flow 
have  recently  been  derived  by  Bo  is,  (1984).) 

When  the  upwind  stratification  is  strong  or  is  confined 
to  a  shallow  layer  on  or  above  the  ground,  a  useful  approach 
is  to  assume  that  vertical  accelerations  are  negligible; 
this  is  called  the  'hydrostatic*  approximation  (e.g.  Hough¬ 
ton  &  Kasahara  1968;  Lamb  &  Britter  1983).  In  the  latter 
case,  the  flow  is  similar  to  that  of  a  shallow  layer  of 
water  over  surface  obstructions,  and  hydraulic  methods  of 
analysis  cam  be  appropriate. 

We  show  in  §2.3  how,  when  the  hydrostatic  approximation 
is  valid,  some  new  and  simple  formulae  can  be  derived  for 
flow  over  two-  and  three-dimensional  hills,  extending  the 
results  of  Drazin  &  Su  (1975)  and  R.B .  Smith  (1980).  We 
provide  some  estimates  and  calculations  for  the  errors, 
associated  with  the  hydrostatic  approximation.  When  a  deep 
layer  with  a  weak  stable  temperature  gradient  lies  above  an 
elevated  inversion  layer,  the  hydrostatic  approximation 
should  be  used  with  care,  as  is  shown  by  the  same  general 
analysis  developed  in  §2.3.1.  These  are  compared  with  the 
recent  computations  and  field  measurements  of  Carruthers  & 
Choularton  (1982). 

The  analysis  here  of  stable  flows  over  hills  is  mainly 
restricted  to  two-  and  three-dimensional  hills  of  low  slope, 
where  the  stratification  is  weak  enough  that  the  perturba¬ 
tions  to  the  velocity  are  small.  (Lilly  &  Klemp  (1979)  have 


shown  how  non-linear  effects  can  be  estimated.) 

This  means  that  the  Froude  number  P  based  on  the  hill 
height  H  must  be  somewhat  greater  than  1.0.  Dra2in 
(1961),  Brighton  (1978)  and  Hunt  &  Snyder  (1980),  and  recent 
field  experiments  reported  by  Egan  (1984)  have  shown  how, 
when  P  <  1  ,  around  three-dimensional  hills,  the  flow  moves 
in  nearly  horizontal  planes  below  the  summit  of  the  hill, 
but  that  near  the  summit  in  a  layer  of  thickness  (FH)  the 
flow  passes  over  the  top  of  the  hill.  This  is  a  region  of 
some  importance  because  of  the  high  surface  concentrations 
that  are  found  when  the  heights  of  the  upwind  sources  are, 
as  is  often  the  case,  nearly  equal  to  that  of  the  hill.  In 
an  appendix  we  use  the  analysis  for  the  low  hills  and  3how 
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that  the  flow  in  this  layer  can  be  calculated,  to  first 
order,  when  the  temperature  profile  decreases  near  the  hill 
top.  It  can  also  be  estimated  when  the  temperature  gradient 
is  uniform  (as  has  been  suggested  by  Egan  et  al.  (1981),  and 
by  Rowe  et  al.  (1982)).  (This  'summit  layer'  can  be 
analysed  exactly  when  the  obstacle  is  'porous',  which  is  a 
model  of  a  collection  of  hills  (Pearson,  Newley  &  Hunt 
1985)  . 

Most  previous  theoretical  papers  on  stratified  flow 
over  hills  have  been  concentrated  on  stable  conditions. 
However, the  results  of  field  experiments  on  flows  over  a 
hill  by  Bradley  (1980,1983)  as  well  as  previous  experiments 
by  Frenkiel  (1965)  have  shown  how  an  air  flow  across  a  hill 
is  also  affected  by  weakly  unstable  stratification.  In 
strong  convective  conditions,  cumulus  clouds  and  local  cir- 


dilation  over  hills  are  a  well-known  phenomena  (e.a.  Scorer 
(1972),  pp. 84-84).  We  are  concerned  here  with  a  different 
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situation,  where  all  the  convection  'cells'  and  turbulence 
are  advected  over  the  hill,  and  where  the  main  effects  are 
caused  by  the  mean  temperature  gradient  and  by  the  elevated 
inversion  at  the  top  of  the  mixed  layer. 

In  this  paper  we  concentrate  on  the  inviscid  flow  above 
the  linear  inner  region.  This  means  that  the  changes  in 
shear  stresses  can  be  neglected  in  these  analyses;  (see  Pt. 
I  by  Hunt,  Leibovich  &  Richards  (1985)).  The  inner  region 
has  been  discussed  in  detail  in  Pt.  I  and  in  the  general 
review  of  airflow  over  hills  by  Hunt  &  Richards  (1984). 
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2.1  Structure  of  the  middle  layer 

2.1.1  Shear -dominated  middle  lays, I 

The  linearised  governing  equation  for  a  weak  mean  verti¬ 
cal  velocity  Aw  in  the  inviscid  outer  region  in  a  upwind 
flow  over  a  hill  with  small  slope  is,  following  Scorer 
(1949) , 


$ 

_ii 

_2 
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ax2 

r  ■  °»  J 
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Aw  *  o 


(2.1a) 


where 


-  — —  +■  v2  v2  “ 
az2  H  '  H 


dx‘ 


ay 


-V 


2  2 
dze  /dzz 

the  buoyancy  frequency  N  (z)  -  -  g  ~z — is  defined  in 

Vg ( z-o ) 

terms  of  the  gradient  of  potential  temperature  9g  in  the 
upwind  boundary  layer,  and  Ug(z)  is  the  mean  velocity  of 
the  upwind  boundary  layer  which  extends  up  to  a  height  h 
(see  f  igur e  1) . 

The  middle  layer  M  extends  up  to  a  height  hm  and  is 
defined  as  the  lower  part  of  the  outer  region  where  the 
velocity  shear  has  a  dominant  effect  on  the  velocity  pertur¬ 
bations  and  therefore  is  the  dominant  term  in  (2.1a).  This 
imolies  that 


Ug1  dZUB/dz2  »  N2/U2 


(2.1b) 


and 
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(2.1c) 


°B  d2Vdl2  *  Li2 

But  the  (M)  layer  is  bounded  below  by  the  inner  region  of 
thickness  t  where  shear  stresses  s ignif icantly  affect  the 
flow.  Thus  in  (M)  over  a  hill  defined  by  2  -  Hf(x/L1)  the 
vertical  distance  of  a  point  from  the  hill  surface 
Az,  ■  z-Hf(x),  satisfies  the  inequality 

hm  >  Az  >  t  (2. Id) 


and  Aw  is  governed  by 


+  U. 


-1  d2“B 


B  .2 
dz 


Aw 


0 


( 2 . le ) 


If  the  height  of  the  hill  is  large  enough  that  H  i3  of 

the  order  of  hm#  (but  still  has  a  small  slope),  (2.1e)  can 

be  expressed  in  terms  of  the  vertical  distance  from  the  hill 
surface  Az, 


,2  d2U 

5 —  +  n  1  - S. 

2  B 


3  Az 


d  Az 


Aw 


(2.  If ) 


with  an  error  term  of  0(  h  /L  ) .  The  a33umocion  that  the 

ml 

hill  has  a  small  slope  lmolies  H/'L  <  l  The  thickness  h 

l  m 

of  (M)  13  estimated  by  assuming  that  the  conditions  (2.1b) 

and  (2.1c)  are  lust  satisfied  for  z  <  h  .  For  examDle,  if 
the  form  of  the  velocity  profile  Un(z)  is  aoprox imately 

O 

-1/2 

logarithmic,  h  -  L,  In  (L  /z  ).  Thus  h  depends  on  the 
length  of  the  hill  and  on  the  forms  of  the  upwind  profiles 
of  velocity  (for  (2.1c))  and  both  temperature  and  velocity 
for  (2.1b).  (Note  that  if  the  hill  has  a  range  of  scales 
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(kLx)  (where  k  varies  from  say  1  to  10),  because  the 
analysis  is  linear  each  component  scale  can  be  considered  as 
a  separate  hill,  with  its  own  length  scale  kl^  and  its  own 
value  of  hm<k).  This  technique  was  first  developed  by 
Walms ley  et  al.(1982).) 

In  turbulent  flows,  stable  stratification  generally 

2  2 

increases  the  shear  dUg/dz,  but  decreases  d  Ug/dz  ,  (rela¬ 
tive  to  Ug(z)  at  the  same  height).  Surface  layer  similarity 
arguments  and  field  experiments  (Monin  &  Yaglom  1971)  show 
that 

dUB  U* 

dz  -  kz  (1  +  a  2/LMo)  ' 


Here  LMq  is  the  Monin-Obukhov  length  and  the  constant  a 

is  found  to  be  about  5  ±  1  .  When  z/L^  >  1.  it  is  found 

that  LMq  -  5(ow/N),  where  N  is  the  local  Brunt-Vaisala 
2 

frequency  and  o w  is  the  variance  of  the  vertical  turbulence 

(Hunt  1982).  Thence,  since  a  »  1.3u., 

w  * 


, ,  _  4<  a  /N ) 

Ug/Ug  /  (N/Ug)2 - [I 

Thus  the  condition  (2.1b)  is 

ground  if  z  <  4(ow/N),  which  implies 
( M )  is  given  by 

hm  -  <ow/ N) 

In  the  most  stable  conditions. 


a 

+  tn  (zZ_)  (2’2a) 

o 

satisfied  over  level 
that  the  thickness  of 

(2.2b) 

when  a  /N  <  lorn,  or 
w' 


U.  <  5om,  thi3  imolies  that  h 
mo  -  m 


lorn.  (In  such  conditions 


the  thickness  of  the  whole  boundary  layer  h  -  50m  according 
to  the  Minnesota  measurements  of  Caughey  et  al.(1979.)  How¬ 
ever  in  such  stable  conditions  the  thickness  of  the  inner 
region  L  may  be  of  the  same  order  as  h^  ,  in  which  case 
the  intermediate  middle  layer,  as  defined  by  the  conditions 
(2.1b),  (2.1c),  does  not  exist. 

However,  the  value  for  h  which  satisfies  (2.1b)  often 

m 

exceeds  the  value  given  by  (2.2a),  especially  in  undulating 
or  rough  terrain.  In  recent  field  measurements  on  the  300m 
tower  over  rolling  terrain  at  Boulder,  Colorado,  it  was 
found  that  over  a  wide  range  of  stable  conditions,  with 
varying  from  30m  to  300m,  when  z  <  300m  that 


>  5(N/Uq)2  .  (2.2c) 

(See  figs.  2a,  b  for  typical  profiles  of  Ug,N  and  U3"/UN,  and 
(N/Uq)2  reported  by  Hunt,  Kaimal  &  Gaynor  (1985).)  The  data 
quoted  by  Foldvik  (1962)  also  showed  a  similar  result  for  z 
below  about  1km. 

Consequently  we  conclude  that  a  middle  layer  car.  and 
often  dees  exist  in  stable  atmospheric  f lcw3 .  In  this  layer 
the  solution  for  the  vertical  and  horizontal  velocity  per¬ 
turbations  and  pressure  perturbations  Aw  and  Au  and  Ap 
are  given  by  (2.9a)  and  (2.9b)  of  Part  I.  Normalising  the 

velocity  field  bv  the  ucwmd  mean  velocity  U  at  heiaht 

o 

h  .  so  that 
m 


d2(J 


B 


dz 


U_( z  )  -  U  .  Ur  z ) 
B  o 


1  1^» 


..in 


- flji  *■  f  .N  .  n  ,  -*»  .St  -VlA  A  - 


we  obtain 


z 

Aw(/W)  -  A'(x)U„(z)  +  ApQ  .  o(  x)  U(z  )  /  U~2(  z'  )dz'  (2.3a) 

Au(M)  -  A(  x )  U'( z  )  -  ApQ  .  o(x)  J(z)/U(z)  (2.3b) 

whet  e 

z 

J(z)  -  [1  +  UU’  /  U  z(  z‘  )dz'  ]  .  (2.3c) 

o 

To  first  order  in  h_/L, ,  -  Ad  .  o(x)  where  Ad  is 

the  characteristic  magnitude  of  the  normalised  pressure  per¬ 
turbation.  a(  x )  is  a  function  of  order  1  which  i3  a  func¬ 
tion  of  the  shape  (for  given  slope  or  ratio  H/l^ )  and  of  the 
stratification.  It  is  determined  by  the  solution  of  the 
upper  layer . 

Matching  the  flow  between  the  inner  and  outer  regions 
requires  that 

A<  x  )  »  Hf(x/Lx) 

which  implies  that  the  displacement  of  the  flow  in  the  outer 
region  is  produced  by  the  hLll  itself  and  not  by  the  pertur¬ 
bations  to  the  flow  in  the  inner  region. 

The  velocity  profile  function  J(z)  is  defined  by  (2.9c) 

of  Pt .  I.  The  correction  to  Ap  (M)/(x,z)  to  first  order  in 

h  /L,  is  given  in  Part  I  (Section  4  and  Acoendix  B). 
ml 

Essentially  m  the  middle  layer,  the  s t r eamw i se 
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perturbation  is  the  sum  of  the  displacement  term  -HfU'Q(z) 
and  the  pressure-driven  term  ApQ  o(  x)/UQ(  z  ) .  Over  the  top  of 
a  hill  in  near -neutral  conditions,  the  first  term  is  nega¬ 
tive  and  the  second  term  is  positive.  A  detailed  discussion 
of  these  two  terms  for  turbulent  and  laminar  boundary  layers 
is  given  in  Pt.I. 

Note  that  the  condition  (2.1b)  cam  be  satisfied  by  lam¬ 
inar  stratified  flow  if  UQ/(hN)  »  l.  Then  the  solutions  of 
the  form  of  (2.3)  are  also  applicable  (Syke3  1978;  Brighton 


2.1.2 


In  the  middle  Laver 


The  vertical  profiles  of  N(z)  and  9(z)  in  Pigs. 2  and  3 
show  that  the  temperature  gradient  or  N2  may  increase  by  a 
factor  of  20  or  more  in  the  50  metres  nearest  the  ground. 
Let  the  difference  between  the  temperature  in  this  surface 
layer  and  the  top  of  the  middle  layer  (extrapolated  down¬ 
wards)  be  ASg  (Fig. 3d).  This  situation  is  typically  found 
in  the  morning  or  the  evening  when  unstable  surface  layers 
or  surface  stable  layers  develop,  yet  the  main  outer  flow 

over  the  hill  is  largely  unaffected.  In  such  a  condition 
2  2 

N  /U  may  be  significant  but  still  smaller  than  U"/U  for  a 
depth  hgI  of  the  order  of  5  to  50m  over  typical  hills. 

2  2 

Then  if  N  /U  «  U"/U,  the  solution  in  the  shallow  stra¬ 
tified  layer  (lying  within  the  middle  layer)  is  obtained  by 
using  equations  (2.3a,b ,e)  as  the  first-order  solution  and 
then  correcting  for  the  stratification  effects  by  using 
(2.1a)  (Appendix  1).  Denoting  the  corrected  solutions  for 
this  stratified  middle  layer  by  (M,  S),  we  obtain  for 

L  <  Z  <  hgI, 


,<MS)  -  Au(M) _ Hfg_ _ 


-U  0(  Z-o  ) 


AS  (z)  z  AS  (z')dz 

-ufzT  ♦«■(*)/  -V - 

U(Z)  o  CT(z') 


(  2 . 3  e  ) 


In  other  words  the  correction  to  Au  is  similar  to  the  velo¬ 
city  in  a  high  Froude  number  shallow-water  flow  over  a  hump 
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in  that  it 


decreases  over  the  top  of  the  hill  in  a  stable 
surface  inversion  layer.  Note  too  that  the  change  in 
is  independent  of  the  thickness  of  the  layer,  provided  it  is 
shallow.  The  effects  of  stratification  in  the  upper  layer 
are  incorporated  in  the  expressions  for  ,  Au(M)  . 


2.2  Structure  a£  ihfi  upper  layer  LLL1 

In  the  upper  layer  (U)  of  the  inviscid  outer  region, 
the  shear  effects  are  assumed  to  be  negligible,  so  that 

[  Ug1  d2  Ug/dz2  ]  «  min  [  L~2  .  N2/u|  ] 


where  min.  denotes  whichever  is  the  smaller  of  the  terms. 
The  governing  equation,  following  from  (2.1a),  is 


two-dimensional  hills: 


three-dimensional  hills: 


+  S‘(Z) 


3x  3z 


Aw  -  0  (2.4a) 


v2  +  S2*2 
3x2  H 


Aw  -  o. 


(2.4b) 


where  S  -  N2/U2(z)  . 

To  match  with  the  middle  layer,  the  boundary  condition 
as  z/Lx  -  o,  is  that 


Aw  -  (H/Lx)  U0f'(x/Lx)  .  (2.5) 

The  term  neglected  is  0(  h  /Lj. )  and  is  given  in  Appendix  B  of 
Part  1. 

When  z/L^  -  «®  ,  the  usual  radiation  condition  (e.g. 
Smith  1980)  has  to  be  applied  to  ensure  the  energy  of  the 
gravity  waves  is  radiated  away  upwards.  The  profile  of 
S  -  (N/Ug)  in  or  above  the  upper  part  of  the  planetary  boun¬ 
dary  layer  typically  has  three  forms  (Fig. 3): 

(  i )  S  is  constant ; 
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(ii)  S  decreases  with  height  z  ,  either  exponentially  in 
the  form  examined  by  Foldvick  (1962), 


S 


S 


-z/hi 


(2.6a) 


or  algebraically: 


S  -  ( h  /z )  1 

o  in 

where  N  and  U  are  the  values  at  the  height  h  of  the  mid- 
o  o  ^  m 

die  layer,  and  hi  is  the  vertical  scale  of  the  stably  stra¬ 
tified  region; 

(iii)  (N/U_)  is  effectively  zero  below  a  height  h.  and  then 

O  1 

has  a  significant  value  for  a  finite  depth  h.  <  z  <  h. 

i2 

This  situation  occurs  when  there  are  high  winds  and  a 
strong  elevated  inversion  and,  for  example,  has  been  inves¬ 
tigated  over  mountains  in  Wyoming  by  Marwitz  et  al.  (and 
compared  with  wind-tunnel  observations  (see  Kitabavashi, 
Orgil  &  Cermak  1971),  and  in  northern  England  (Carruthers  & 
Choularton  1982).  In  some  cases,  as  Kitabaya3hi  et  al.  and 
Houghton  &  Kasahara  (1968)  have  noted,  it  is  appropriate  to 
approximate  the  elevated  inversion  layer  by  a  step  change  in 
density  or  potential  temperature  ,  i.e. 

g 

NZ  -  ~~  0(z  -  ht)  (2.7) 

where  5  (  )  is  a  Dirac  delta  function  (see  Fig. 3c).  This 

may  also  be  associated  with  a  step  change  in  strength  and 
direction  of  wind  velocity. 


& 


For  purposes  of  dispersion,  the  aspects  of  flow  of 
hills  that  are  important  to  know  are; 

(i)  where  the  streamlines  pass  closest  to  the  surface,  i.e. 
where  n  ,  the  distance  from  a  mean  streamline  to  the  sur¬ 
face,  is  minimum,  denoted  by  the  point  ( w , ymi  n  ),- 

(li)  how  close  the  streamlines  are  to  the  surface,  i.e. 
n  ,  as  a  function  of  the  aporoach  wind  soeed  and  stratifi- 
cation  and  slope  of  the  hill, 

(lii)  the  change  in  the  horizontal  wind  speed  Au  over  the 
hill. 

Over  two-dimensional  hills,  n  is  directly  related  to 
Au  by 


n 

J  (Au  +  U)  dz  •  constant  (2.8a) 

o 

whereas  over  three-dimensional  hills,  n  has  to  be  calcu¬ 
lated  from  the  vertical  velocity  perturbation  Aw 

z-z  -Hf+n-n  *  f  f  ~ ; ~  ]  dx  (2.8b) 

<*>  oo  J  l  U  +  Au  J 

—OB 

where  z  ,  »  n^,  13  the  upwind  height  of  a  fluid  element 


reaching  (x.z)  over  the  hill. 


2.3.1  Constant  N/Ug 

The  solutions  to  (2.4)  for  a  two-dimensional  hill  sub¬ 
ject  to  the  boundary  condition  (2.5)  and  the  radiation  con¬ 
dition,  can  be  expressed  most  generally  by  using  Fourier 
transforms , 


x  ®  i  <xx 

Aw  -  —  f  e  Aw  ( x  , z ) d«,  (2.8c) 

2TT  1  1 

where  Aw  satisfies  equation  (2.4a)  of  Section  2.2,  namely 

2  - 

+  (S2(Z)  —  x? )  Aw  »  o  ,  (2.9a) 

3z 

2  2 

where  we  have  shown  S(z)  -  N  /Ug  ,  and  Aw  is  subject  to 
the  boundary  condition 

Aw  •  i  Kj  H /Lj_  f(K1)  as  z/Lx  -  o  .  (2.9b) 

If  S( z )  in  (2.9)  is  a  constant,  then 

-Mz 

Aw  -  l  *c  H  f  (  k  )e 


where 


M 


2 

S  ) 


!  k  l  >  a 


i  (  son  k.  )  ✓(  S 


(  2 .  10  i 


2 

<  .  ) 


I  <  '  <  s 


4U  ■  H  f  («t)  E(/t1) 


where  E 

The 


(  <x)  -  Me"MZ  . 

inverse  transform  yields 

“  .  i*,x 

Au  -  (H/I^)  /  E(xrz)  i(K^)e 


When  z/Lx  “  Au(  x  )  •  (  H/L^ )  o  (  x/I^  ) 

•»  _  i  iCj  x 

where  a  •  J  E(<1(0)  f  (<x)e  dKx 


(2.11) 


(2.12a) 


(2.12b) 


Using  convolution  theorem  it  can  be  shown  that  at  the 

bottom  of  the  upper  layer  (z/L^  «  1),  in  limiting  cases  Au 

cam  be  expressed  in  terms  of  integrals  involving  only  the 

hill  shape  f(x/Lx).  The  limits  correspond  to  very  weak 

(neutral)  amd  very  strong  stratification  (  the  'hydrostatic' 

limit),  which  are  defined  by  the  inverse  Froude  number  based 

on  the  length  of  the  hill  FJ1  -  N  L./U  )  . 

L.  OXO 

When 

(N  L/U  )  *  1,  and  z/1  -  0,  4u  *  (H/L  ,IO  (x/L)  (  2  .  13  i 

o  1  o  1  1  o  1 

and  when 

z  N  N  L 

(N  L  /U  )  *  1  and  —  -  0,  Au  -  r—  — a  (  x/L  )  (2.14) 

OlO  U  L.  U  *  1 

O  1  O 


where 
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8 

\A 


Cao'  a-l  *  n  f 


(df/dfx'/I^)  ,  ffx'/I^JJdx 


X  -  X' 


(2.15) 


The  results  (2.13)  and  (2.14)  can  be  generalised  to 
three-dimensional  hills  with  low  slopes 


t°o(x/Lvy/t'l)'  °.<x/L1«y/L1)i  -  £-/  / 


Eg 


[f£  (}Lf 5  '  f  (i^)](x-x  )dx'  dy 
t(x  -  x')2  +  <y  -  y  )2]3/2 


(2.16) 


£y 


This  is  a  generalisation  of  Drazin  &  Su’s  (1975)  result  for 
two-dimensional  flows  quoted  in  (2.15).  Thus  m  the  middle 
layer  and  inner  region,  the  perturbation  velocity  can  be 
expressed  in  terms  of  straightforward  integrals  of  the  hill 
shape  and  in  terms  of  the  stratification. 

Por  the  particular  case  of  the  bell-shaped  hills, 


f<r>  - 1 — j 

1  i  ♦  (x/L.  r 


<a) 


f  |  2L  X. 

1  L  '  L 
1  1 


l  + 


2  2 
X  +  V 


3/2 


(b) 


(2.17) 


the  maximum  value  of  Au{ z  *  o),  ,  has  been  computed  and 

nvax 

compared  with  the  asymptotic  solutions  and  is  shown  in 
Fig. 4b.  The  variation  of  Au( z/L1  -  0)  is  shown  in  Fig. 4a. 
Streamlines  are  shown  in  Fig. 4c.  In  neutral  and  strong 
stratified  flows,  Au(x,z)  can  be  derived  explicitly  for  the 
bell-shaoed  hills  defined  bv  (2.17b).  For  two-dimensional 
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*.  \ " 

LVa'.n*!'. 


hills,  for  very  weak  stratification 


NL  (H/L)  [<z/L  +  l)  -  <x/L.)  ] 

“g-1  «  1  .  *u  “  - 1 - —2 - 77 -  (2.18a) 

o  ((z/Lj)  +  D  +  ( x/L^  y  y 


To  understand  how  surface  winds  change  with  a  small 
change  in  stratification,  it  is  interesting  to  expand  the 
integral  (2.12)  as  an  asymptotic  expansion  when  NqL, /U  «  1 
and  ixi/L^  «  l  .  The  near-surface  wind  perturbation  can  be 
derived  from 


2  2  1  N  ^1  f^l 

Au(  x/L  ,  z/Lx  -  0 )  -  ( H/Lx )  1  -  3x/Lt  ♦-  -5—  m  — 

o  o 


♦  0(N2lW,  ♦  i 

X  O  D 


(2.18b) 


So.  due  to  its  dynamical  effect  on  the  flow  over  the  hill,  a 

small  amount  of  stable  stratification  leads  to  a  r  educt  ion 

2  2  2 

in  Au  of  order  ( N  L  /U  )  ln(NL,/U  )  and  to  a  small  movement 

o  l  o 

of  the  maximum  to  the  leesiae.  This  sur  pr  is  mg  ly  large 
(logarithmic;  reduction  can  be  understood  ov  considering  the 
first-order  correction  to  du  due  to  stratification  wnic.n 


( g/'(  H  /  )  i  f  [flz(Z)  d9Q/d2  /  ; 'i ;  dr 


wr.ere  0,(2;  is  the  vertical  streamline  deflection.  Since 


ft  •  t  ;  *  riL.  z  for  L,  «  z  «  and  3  mce  ‘  c  r.a3  a  wave- 

=  ‘  ‘  No 


like  form  for  z  U0/Nq,  the  correction  has  the  form 

N2 

- = - -  (H/L  )  (in  N/U  -  inL,  ) 

(H/LX)U2  1 

in  agreement  with  (2.18b).  (Thus  if  there  is  a  non-uniform 

stratification  where  d8  /dz«  —  where  p  >  0,  or  if  the  hill 

o 

is  three-dimensional,  the  correction  to  Au  is  of  order  R 
wher  e 


9(VL1>  -  V‘»L1 

V1>Uo<Ll> 


(2.18c) 


For  strong  stratification 


NL. 


»  1 


Au  - 


U 


x/L, 


H/L, 


1  *  (x/Lx) 


NLX 

1  +  0(“) 
uo 


(2. 18d) 


For  three-dimensional  weak  str at  if ication 


N  L, 

— p--  «  1,  Au 
0 

o 


-(3(x/L  )2  -  c2  H/L^ ) 


5 

c 


a 

z 


1 

U 


X 

J*  Aw  dx 


(1  +  z/L^  H  /Lx 


(2 . 19a) 


and  the  vertical  and  horizontal  deflections  are  given  by 


For  at long 


l,  the  equivalent  results  were  first 


obtained  by  Smith  (1980),  (though  independently  by  U3) 

NL1/U0»1,  zN/U0  «  1  (note  NH/U0  «  1),  z/Lx  «  1, 

Au  =  (x/L^  (NLj/U,,)  (H/LjVc3 


flz  ’  IT  H/Ll 

o 


-(z/Lx) 
i  +  (y/l^)2 


x  l  + 


(x/L1)(i  -  <y/Lx)  ) 
(l  +  ( y/L^  )2  )  c 


2( y/L1 )  (x/Lx)  (H/L  ) 

-  +  -  +  3  X- 

1  +  ( Y/T^1 )  C  c 


(2.19b) 


y/L  NL 

- 2  ‘  IT  *  H/Ll  ' 

(y/L,  T  o 


l  +•  ( y/L1 ) 


where 


(2.19c) 


(x/Lx)2  +  (y/L^2  +  (l  +  z/Lx)2 


Eq .  (2.19)  is  used  in  the  appendix  for  stratified  flow  over 


three-dimensional  hills  when  NH/U  < 


Fio.4b  shows  t.nar 


when  NL  <  l  or  F.  >1,  the  deviation  from  the  solution  for 
1  L 

NL  /U  -  0  for  the  maximum  value  of  ia  or  minimum  value  of 
1  o  ' 


n  is  small,  but  Fig. 4a  shows  that  the 


of  Au 


or  n  varies  considerably.  However,  a  closer  inspection  of 
Fig. 4a  suggests  that  over  a  hill  the  variation  of  Au  and 


therefore  the  streamline  height  n  is  essentially  a 


weighted  mean  of  the  variations  when  F^  -  °»  and  F^  -  o 
This  means  that  we  can  use.  over  a  wide  var  letv  of  hills,  a 
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simple  form  for  Au  ,  namely 


a 


Au 

( H/L1 ) 


qo  <  ) 

(1  +  (NLj/U^2) 


+ 


(X/Lx) 


(2.20) 


where  aQ  and  a m  are  given  in  (2.15)  and  (2.16).  This 
interpolation  function  is  plotted  in  Fig. 4b;  it  is  accurate 
to  about  20%  at  the  places  where  (Au)  is  greatest.  and 

can  be  easily  calculated  for  arbitrary  hill  shapes  using 
(2.15)  and  (2.16).  We  have  not  tried  this  approximation  out 
for  three-dimensional  hills  using  (2.16),  but  it  might  also 
be  adequate. 

Formally,  (2.20)  does  not  have  the  correct  variation  of 

Au  with  N  L,  /U  when  N  L,  /U  «  1  ,  because  as  shown  in 

(2.18b),  the  variation  of  Au  is  proportional  to  (NL1/Uq)2 

ln(NL  /U  )  .  But  when  N  L,/U  •  1,  this  difference  is  not 
1  o  O  1  o 

be  significant. 
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2.3.2  (N/Ub) 


yl&h  height 


The  graphs  of  N  and  shown  in  Pig. 2  indicate  that 

for  hills  of  limited  length,  it  is  quite  possible  to  find 

(N/U_)  decreasing  with  height  when  z  -  h  .  To  investi- 

gate  this  possibility,  we  calculate  flow  in  the  upper  layer 

(U)  over  a  sinusoidal  range  of  hills.  This  brief  analysis 

shows  some  of  the  major  differences  between  uniform  and 

2  2 

decreasing  vertical  profiles  of  N  /(J  -  S(z)  . 

B 

A  2  A  2 
First  let  S(z)  -  S  /  z  ,  where  S  -  S  -  S  /h  at 

o  o  o  m 

z  “  h^  .  Then  from  (2.9a)  Aw  satisfies 


O  2 

2  “  *1 


(2.21) 


Secondly,  let  SQ  lie  between  0  and  1/4  ,  so  that  we 


can  write  S 


1/4  -  v  ,  where  i/2  >  v  >  o  (-  a  physically 


realistic  assumption  when  N  h  /U  4  1/2).  Then  the  solu- 

o  m  o 

tion  to  (2.21),  subject  to  (2.9b)  is 


i  H/Lx  f  (<x) 


<  h  /L  ) 
m  l 


-(l/2-v) 


nY2}'1  CZ/V172  Kv  <«12/L1 


(2.22 


If  at  the  interface  of  the  (U)  and  (M)  layers 
dN/dz  -  constant,  at  z  *  h 


(N/U) 


(  l/U) 


(2.23) 


If  U(z)  increases  with  z  in  proportion  to  z 


where  (i/z  -  v)  «  l,  it  follows  from  (2.22)  that 
Aw  «  z*1^  V  *  *  U(  z )  as  z/L  -  o 


V2  ~  V 


(2.24) 


Thus  in  this  special  case  Aw  matches  smoothly  with  the 
leading  term  for  Aw  at  the  top  of  the  middle  layer  (2.3a). 
In  general,  there  would  have  to  be  a  local  matching  solu¬ 
tion  ac  the  interface  of  the  ( M )  and  (U)  layers. 

Given  (2.22)  it  follows  that 


Au  *  -  H/Lx  f  ( «1) 


(hn/V 


-(1/2-  V) 


[UXp]-1 


d(  z/L^) 


[(Z/V*  Kv 


(2.25) 


and  when  <1  z/Lx  «  1 

Au  -  -  (H/L  )  f  (k  )(h  /L .)"(Vz"  V)  (z/L )_<V*  +  V)  . 

-*■  j.  m  i  l 

(2.26) 

In  F ig . 5a  the  forms  of  the  vertical  profiles  of  I  Aw  i 
and  lAui  are  shown,  and  in  F ig . 5b  the  form  of  the  stream- 

A  ** 

lines  over  a  range  of  hills  when  (h  /t,  )  <  S  .  Note 

m  i  o 

that  the  effect  of  stable  stratification  in  this  case  is  to 

locate  the  maximum  perturbation  velocity  and  minimum  n  in 

the  va 1 levs .  whereas  the  effect  of  a  uniform  profile  of  N/U 

is  to  locate  u  and  n  on  the  downwind  slooes.  We 

max  min  -  - 


should  also  expect  to  see  the  same  effect  on  a  single  hill. 
We  should  also  expect  to  see  the  same  effect  if  the  decrease 


of  (N/Ug)  with  z  is  so  abrupt  that  the  (N/Ug)  profile  can 
be  represented  as  a  step  change.  We  consider  that  possibil¬ 
ity  next. 
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2.3.3 


The  essential  features  of  the  effects  on  flow  over 
hills  of  abrupt  changes  in  potential  temperature  or  wind 


speed  can  be  studied  by  assuming  that  S  has  a  delta  func¬ 
tion  form.  In  the  case  of  an  elevated  inversion 


(N/Ub)2  =  U32  AS  0(2  -  hL) 


— i —  0<z  -  h  i  (2.27) 
1 


where  AS 


-g  Ap  g  A0 


,  and  A  ,  A9  are  the  discon- 

pi  1 


tinuities  in  density  p  or  temperature  9  across  the 
inversion.  It  is  also  convenient  mathematically,  and 
appropriate  physically,  to  assume 


h  <  h .  «  L,  and  H  «  h 

mil  l 


(2.28) 


This  would  be  aDDropriate  where  h  *  300m,  and  L  >  soom. 
If  the  length  o‘£  the  hill  is  less  than  the  inversion  height, 
i.e.  L  <  Iv  then  solutions  can  also  be  obtained  analyti¬ 
cally.  They  exhibit  behaviour  intermediate  between  that  of 
neutral  flow  and  that  of  quas  i-'nydtaulic  flow  found  here. 
By  assuming  that  H/h  is  small,  nonlinear  effects  such  as 
waves  on  the  inversion  layer  can  be  ignored  (Forbes  & 


Scnwartz  1982 ) . 


Given  (2.27)  and  (2. 


it  follows  that  the  solution 


to  (2.4a)  below  the  inversion  where  h  <  z  <  h  13 

m  l 


Aw  -  (H/L^f  (X/Ll)  +  ^  |d(x-/L^  -  (H/L^f  CX/L^ 


where  ^  =  z/ht  if  hi  »  hm,  but  in  many  circumstances  where 
inversions  are  within  the  middle  layer,  then 

z  ht 

^  =  U  ( z )  J  dz'/U2(Z')/Jdz*/U2(Z'), 

zo  zo 

Then  by  continuity 


Au 


-  J)  Ah/^x/L^ 


-l  _  iJL 

3  L. 


f"(x/Lx) 


<  2  .  29a  : 


Equation  (2.4)  can  be  integrated  vertically  across  the 
temperature  discontinuity  at  the  elevated  inversion  at 
z  *  h  .  We  obtain  at  z  «  h . 

l  l 


[  3  Aw 
L  a  z 


p-2  Aw 
Pi  h 

l 


(  2 


hl> 


F  2  d  Ah 
_ L_  _ i 

h  dx 
l 


which  from  continuity  and  by  integration  w.r.t.  x  becomes 
at  z  -  h 

l 


Aul  /U  “  F~2  Ah  /h  (2.29b) 

L  J  n  l  li 

l 

where  [  ]  denotes  tne  change  across  z  =  h^  . 

n  l 

To  calculate  Au  in  the  uniformly  stratified  layer 

2  2 

above  the  inversion  where  (N/U_)  ,  »  (N  /U  )  is  constant,  we 

B  o  o 

solve  (2.4a)  subject  to  the  condition 

at  z  »  h  ,  Aw  »  U  dh  /dx  .  (2.29c) 

1  o  1 

Hence  at  z  »  h^  Au  is  proportional  to  UnAh^n/L^  wnere 
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& 


»Ah^>  is  the  maximum  perturbation  of  the  inversion  layer, 
and  also  4u  depends  on  NQL  /UQ  '  In  particular  from 
(2.13),  (2.14)  and  (2.15),  we  can  express  Au  just  above 
the  inversion  as 


Au  ( x, z  -  h  ) 


f  —  1 
l^l 


u  E 


( 2 . 29d ) 


wnere,  by  analogy  with  (2.15),  £  can 

of  integrals  involving  the  deflection 
weak  and  strong  stratification  above 
viz  . 


be  expressed  in  terms 
of  the  inversion  for 
the  inversion  layer. 


Ah 


Ah 


(d<- 


i  r 

V  J 


■)/d(x7L  )),(N  L ,/U  )- 
1  o  1  o 


i  x'/L  )  | 


d(  x'/L1) 


( X/L^  -  x/L^) 


( 2 . 29e ) 


when  rT  1  -  N  L/U  «  1  and  F.  1  -  N  L  /U  >  l  resoectively. 
Loro  L  oxo  ■  1 

We  can  now  calculate  how  the  height  n^  of  the  inver¬ 
sion  layer  above  the  hill  surface  and  the  wind  fields  change 

with  variation  of  the  strengths  of  the  inversion  layer,  and 

—  1  -  1 

the  uooer  laver  stratification,  measured  bv  F  and  F. 

-  -  •  l  L 

respectively.  (We  are  still  assuming  Au/U  «  l  and 

H/L  «  1,  h  /L  «  1) . 

1  ll 


Bv  extress  ma 


in  terms  of  tr.e  c.oanae  of  the  inver  - 


s  ion  heignt  Ah,,  and  then  combining  (2.29a,b,d),  n^  is 


given  oy 


Hf 


F2  -  1 

l 


vl 

p!-x 


f-  Z  ( x/L )  -  h  /L 

^  i  !■  1. 


H  f "  1  l 

L1  6  3  L1 


(2.30) 
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S3 


8 


From  (2.30)  and  the  previous  discussion  of  Au‘ 


many  of 


the  qualitative  features  of  these  kind  of  flows  can  be 


deduced  by  considering  some  limiting  cases  of  (2.30)  for 


various  combinations  of  weak  and  strong  inversion  strengths 


and  upper-layer  stratification.  We  derive  explicit  expres¬ 


sions  for  the  case  of  a  two-dimensional  bell-shaped  hill 


defined  by  (2.17a). 


For  a  weak  elevated  inversion,  when  F  »  1,  (2.30) 


becomes 


h  - 
i 


~t~  E(x/v  -  nr  f<x/v  ♦  Hf 


h  H  h 

— —  r  -  — —  f 

L.  L  2L.  Z 


(2.31a) 


Then  if  the  upper  stratification  is  weak. 


-  df/d(x'/L  )  r  i 

PL  *  1  and  E  *  CTo  “  n  f  ~  x  -  x  "  dx  1  *  o(FL2inFL)  . 


(2.31b) 


For  a  bell-shaoed  hill,  where 


fL  »  1.  oq  -  (H/Ll)  (i  -  (x/L1)2)/(l  +  (  x/Lx)2)2  (2 . 3  lc) 


f  -  -2(1  -  3  (x/L1)2)/(l  +  (x/L,)2)3  .  (  2 . 3  Id ) 


For  a  weak  elevated  inversion  and  a  strong  upper-layer 


stratification,  wnere  F  *  i  and  F.  «  l,  n  is  still  given 

i  L  l  ’ 


'•V.V.y.V.V.V-V.V.V.V.V. 


by  (2.31a),  but  now 


E 


1 

ir 


r  ZJJL2 

x  -  x' 


dx'  (l  +  o(PL)) 


-  (2 . 31e) 


Por  a  bell-shaped  hill. 


f^l 

i  U  j 


(1  +•  (X/Lx)2) 


(2.31C) 


and  i"  is  given  by  (2. 3 id). 


Summarising  these  results,  shows  that  an  elevated  inver¬ 
sion  only  affects  the  flow  if  the  Froude  number  of  the 

inversion  is  small  enough  that 


F  2  >  (h./L  )  £  where  l  >  F  2 
ill  i 


(2.32) 


Since  £  is  a  function  of  upper-layer  stratification,  this 

means  that  if  the  upper  layer  stratification  13  weak 

(F^  »  l),  there  is  an  effect  of  the  weak  inversion  if 

2 

F  <  ("L  /h  ^  )j  and  if  the  upper  layer  stratification  is 

strong  ( Fr  «  1)  there  is  an  effect  of  the  inversion  if 

2 

F  <  ( L  /h  )F  ).  Thus  surprisingly  the  greater  the  upper- 

layer  stratification,  the  greater  the  effect  is  of  an 

elevated  inversion.  So  for  a  weak  elevated  inversion  in 

either  case  the  height  of  the  inversion  increases  over  the 

hill  top  (i.e.  an  increase  in  n  ),  the  well-known 

min 

supercritical  behaviour  of  a  water  surface.  If  the  inver¬ 
sion  is  just  strong  enough  for  (2.32)  to  be  satisfied,  it 
can  make  the  hill  top  a  position  of  maximum  n^  and  min imum 
velocity  rather  than  minimum  n  and  maximum  velocity. 


1 A 1 


.‘v/r. 


another  case  like  that  in  §  2.3.2.  Note  how  when  the  upper 
layer  is  stratified,  i.e.  <  <*»  ,  an  elevated  inversion 

does  not  affect  the  movement  of  the  position  of  velocity 
maximum  down  the  lee  slope. 

The  physical  explanation  for  these  results  is  that,  as 
the  strength  of  a  weak  elevated  inversion  or  uniform  stra¬ 
tification  increases,  the  increase  in  potential  energy  asso¬ 
ciated  with  the  raising  of  the  inversion  over  the  hill  has 
to  be  balanced  by  a  r  educt  ion  in  kinetic  energy  over  the 
hill  top,  so  Au  is  reduced.  An  alternative  explanation  is 
that  since  Ap  increases  at  a  given  height  z  as  the 
inversion  is  raised  over  the  hill,  Au  must  decrease. 

For  a  strong  elevated  inversion,  when  F2  «  l  ,  the 

streamline  deflection  n  can  be  exDressed  as 

1 


(Hf 


h  H 

_ i 


(2.33) 


Note  that  the  magnitude  of  tne  upper  layer  velocity  field 

4 

onlv  affects  h  at  0(  F  )  because  to  zero  order  Ah  »  o  ; 

l  i  l 

30  the  effect  of  tne  nil!  on  tne  upper-layer  velocity  is 

0(F2)  .  The  reason  for  tne  negative  sign  in  front  of  £  is 

because  when  F2  «  1  ,  the  inversion  height  is  deflected 

downwards  and  therefore  Au  13  negative  (see  Fig.5o)  (the 

familiar  subcritical  benaviour  of  a  water  surface) .  Thus  if 

tne  upper  layer  is  weakly  stratified,  (F  »  i),£  is  given 

13  strongly  stratified,  (F  «  1 ) .  £ 

Lj 


by  (2.31b),  and  if  it 


is  given  by  (2.31e)  and  the  values  of  £  and  t"  for 

bell-shaped  hills  are  given  by  (2.31c-f)  respectively.  Note 
that  the  neglect  of  the  upper-layer  motion  undereat jmates 

the  downwards  deflection  and  so  overestimates  .  For 

example,  if  F  -  o.s  ,  the  downward  deflection  Ah  is 

increased  by  a  factor  0.25  h  /t^  when  P  »  1  ,  and  by  more 

when  F  is  smaller. 

When  the  Froude  number  for  the  elevated  inversion  F 
is  of  the  order  of  unity,  then,  as  may  be  seen  from  (2.30), 
large  changes  occur  in  the  height  of  the  inversion.  •  It 
behaves  like  the  surface  of  a  stream  and  hydraulic  theory 
may  be  appropriate.  In  fact,  if  H  «  L(  and  h^  *  ,  a 

nonlinear  theory  can  be  developed  along  the  lines  of  the 
foregoing  linear  theory  to  allow  for  changes  in  h  wmch 
are  large  compared  with  h ^  .  Then  (2.29a)  becomes 


(U  +  Au)  +  ) 


(2.34a) 


and  (2.29b)  becomes 


-i-  [(u  +  Auf  -  IT]  =  F  “  Ah./h. 
2U  ni 


and  (2.30)  becomes 


n  -  h  , , ,  F 

_i - 1  +  HI  +  -1  - - - 

h  h  2  2 

i  i  ( n  ^/h  ) 


(2.34b) 


fAU,U'l 

l  u  J 


(2.34c) 


were  it  is  assumed  Au  /U  «  1  and  terms  of  oth^/L.^) 
negligible.  Note  that  when  (n  -  h  )/L  *  1  an|4  h  /L  *  11 


nx  ;r.ed  with  ( 2 . 2  9  d ,  e  ) 


shows  that  when  H.  by  <  <  1  and  n. 


.  r.e  upper  layer  motions 


inly  produce  a  pert  u  mat  :  :  n 


0  (H/L-  )  if  the 


upper  .ayer  is  wen.y  sMa'  i. 


. :  :,a t  ion  it  0  <  N  -H  •  ’1  ) 


it  is  st  rcr.q  Iv  strati:,  e. 


r.  on.ir.ear  r.  v  i  :u. 


r s  •  approx  ima  f  : 


and  (2.34:!  (with  (2  .  7  <  d) 


ran  re  us •• 


inert  : 


lur  e  r - . a  ye r 


j  f-t 


j.i  .  .er.:  z  e  3  ■:  ",  3 


this  theory  wren  ?  -  1  ,  tamt.v  tra"  if  1  >  F  .  the  flow 


becomes  locallv  sure:::  it .  ral  ovr 


roc  i  wr.er  e 


n  =  n 


3 


ana  n 


con  t  in  lies 


iecrease  on  t  n.  e 


downs loce  side  to  a  minimum  value  n  a iven  bv  the  smallest 
*  an  n  - 


root  of 


n  -  n 
man  l 


i  v  n  h 
^  min  i 


Hydraulic  (or  nydrostar 


;rv  has  been.  used  bv 


several  authors  to  stursv  at  rat  if  :eu  flow  over  hills,  nctaclv 


bv  Hougntun  4  Xasanara  19oo  :  .  Marwitb  et  al.  iwr.ose  ouc- 


isnea  wo r  x  was  aescr  men  bv  .<  i '  ar.av  me  i 


,nu.  *  e  r  man 


(  197  1)  )  ,  and  more  recenr.lv  r,v  l.i.nc  4  P,r  it  ter  (  19  3  4  •  in  the 


second  ot 


tivelv  with  iuDoratotv  and  fiel  i  experiments  and  m  the 


third  with  a  careful  lacoratorv  studv  in  a  water  channel  of 


stratified  flow  over  thr  ee -d  imen.3  icna  1  hills  with  an 


elevated  inversion  and  a  neutral  ucner  Laver 


Without  correcting  for  upper  laver  accelerations.  the 


mm 


hydrostatic  theory  agreed  well  with  observations,  as  our 
analysis  here  shows  should  be  the  case. 

The  effects  of  stable  stratification  above  a  relatively 
thin  layer  (thickness  8^)  of  strong  3table  stratification  m 
flow  over  a  hill  have  recently  been  computed  and  measured  by 
Carruthers  &  Choularton  (1932).  In  their  studies  the  length 
scales  were  8  ^  -  40cm,  h_  *  600m,  L  »  2000m  and  h  -  665m. 
The  stratification  across  the  inversion  was  such  that 

h  i  +  8  /  2  P  2 

J*  (N/U„)2dz  -  7-^-  lay  in  the  range  9X10  4m  1  to  2.25x10 
h  ,  -  8  .  /  2  1 

2 

so  that  ^  <  a 

For  the  upper  layer,  the  stratification  was  such  that 
0.4  <  <  0.7.  Therefore  we  would  expect  the  inversion  dis¬ 

placement  as  given  by  Carruthers  &  Choularton  (1982)  in 
their  rigs. 8, 9  to  be  described  by  Figs. 6b  (1)  and  (11),  and 
the  magnitude  of  h^  to  be  given  approximately  by 
(  2  .  3  1  a  ,  b  )  - 

We  present  here  a  numoer  of  calculations  from  our  formu¬ 
lae  wnicn  can  compare  with  Carruthers  &  Choularton' s  (C 
wr.ic.o  are  in  brackets. 

in  neutral  conditions  at.  x,L  »  3.  n  /L.  -  0.20:(  0. 24 )  . 


When 


F 

l 

-  2, 

PL  ’ 

0.4, 

x/Li 

-  1.0,  n-^/L 

-  0.28 

(0.23 ) 

P2 

1 

-  2, 

PL  ' 

0.7, 

X/K 

-  l.o,  ni/Li 

=■  0.36 

(0.27 ) 

F2 

1 

-  2, 

PL  ’ 

0.7, 

X/Li 

-  l.o,  n ^/L1 

»  0.44 

(0.42) 

p2 

1 

-  8, 

PL  " 

0.7, 

X/Li 

-  l.o,  ni/L1 

«  0.38 

(0.36)  (  inf  err 

From  the  approximate  agreement  with  the  computations, 
it  appears  that  useful  estimates  as  well  as  general  under¬ 
standing  of  the  effects  of  elevated  inversions  can  be 
obtained  from  the  idealised  theory  presented  here.  However 
where  large  wave  motions  occur  in  the  upper  layer,  they  may 
strongly  affect  the  inversion  layer,  and  then  an  analysis  is 
required  that  studies  strong  interactions  between  the  inver¬ 
sion  layer  and  the  upper  layer. 


2.3.4  Stable 


below  a  strong 


One  of  the  kinds  of  stable  stratification  that  has 
caused  much  interest  has  been  when  lee  waves  are  produced  by 
a  uniform  stratification  and  are  trapped  and  amplified  by  a 
strong  elevated  inversion.  Klemp  &  Lilly  (1975)  have  shown 
that  this  situation  can  give  rise  to  severe  wind  storms. 
Inviscid  computations  for  this  situation  are  presented  here 
which  have  been  compared  with  the  laboratory  experiments  by 
Brighton  (1977).  We  assume  that  the  strength  AS  of  the 
elevated  inversion  is  3uch  that 


Aw/(H/L1)  «  l  at  z  -  h^ 


and  that  tr  »  hm  ,  so  Aw  satisfies  (2.9),  subject  to 


Aw  -  o  at  z  -  h 


Aw  -  ik^  H/L1  f(k^)  as  z/Lx  -  0 


(2.35; 


The  solution  is 


Aw  -  ik^  (H/L  )  f 


sinh  ((hi  -  z  )M) 

s  i  nh  h  M 
i 


(2.36) 


where  M  is  given  by  (2.10);  then  when 


Z/Lx  «  1.  -Ap(U1  -  ^(U) 


Thi3  solution  has  pole3  at 


_  Li 

r  f  coth  (Mh  ) 

i  1 


(2.37) 


and  to  produce  no  upstream  influence,  the  contour  of 
integration  has  to  be  deformed  below  these  poles. 


Consider  the  first-wave  mode  m  -  1  ,  for  which 


77  >  Sh^  >2 n  or  77  y  Fr 1  (  h )  >  277 


(For  Sh^  <  77  no  wave  modes  exist  and  the  flow  is  said  to  be 


supercritical.)  There  are  then  two  poles  at  k  -  ±  k  ,  where 
2  2  2 

k  -  S  -  77  /  h  )  .  In  order  to  evaluate  the  integrals 

pi  * 

numerically,  we  split  the  pressure  into  its  wave  and  non- 
waw  comoonents .  i.e. 


-  Ad  +  Ad 
-  w  -  nw 


wr.er  e 


Ad 


D3  k 


f(kQ) 


k,  -  k 

1  D 


■  (  i ) 


f  <- v 

k.  -  k 
i  P 


The  inverse  transformation  d  is  then 

'  w 


AC  -  0 

-  w 


X  <  0 


-2*7 

- r  m 

D3  k 

D 


f  {  k  >  e 
o 


IK  X 
D 


X  >  0 


(2.38) 


(2.39: 


and  tr.e  inverse  transform  of  Ad  -  Ad(  ^  -  pf  ° '  13 

c  nw  -  w 

evaluated  numerically  us  .no  an  F  FT  aloorithm. 


1 18 


■v.V-.' 


A 


The  negative  perturbation  surface  pressure 


(U) 

-Ad 
( H/L1 ) 

(z/L^-O)  is  shown  in  Pigs.  7a  and  7b  as  a  function  of  x/L1 
with  h^/L^-3  for  supercritical  and  3ubcritical  (  m  -  1  ) 

flows,  respectively.  The  hill  shape  is  taken  to  be  Gau3- 
s ian,  i . e . 

-(  x/L1)2/2 

f (x/L1)  -  e  .  (2.40) 

Por  S  <  rr/h^  (supercritical),  the  pressure  distribu¬ 
tion  is  symmetrical  about  the  hill  crest  with  the  pressure 
minimum  at  the  crest  decreasing  for  increasing  S  .  For 
S  >  rr/h^  (  subcr  itical)  ,  the  wave  modes  are  allowed.  Due  to 
the  reflection  of  energy  from  the  upper  boundary,  the  ampli¬ 
tude  of  the  lee  waves  is  greatly  increased  over  that  of  the 
unbounded  crest.  The  wave  length  of  the  lee  waves  is  now 
given  by 


-V2 


'  ZTT  U 

t- 

_ O 

l  -  n 

N 

h  2S2 

l 

(2.41) 


Thus  an  upper  estimate  of  the  maximum  near-surface  velo¬ 
city  13 


&uf  J  ]  (  Z/L^  -  0  ) 


Aw  (Z/L^ 
h 


0) 


A 


H/L, 

s”h- 


2  TT 


1 


(  1- 


'/( h 


(2.42) 
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it  would  be 


In  the  example  given  in  Fig. 7b,  where  h.  »  3L  , 
expected  that  Au^U^  would  be  singular  when  S  -  tt/3  . 

The  calculations  show  the  increasing  value  of  Au  a3 

SLj  -  1  . 

When  S h^  -  n  large  deflections  of  the  elevated  inver¬ 
sions  are  generated  and  nonlinear  inertial  effects  below  hr 
become  significant.  If  lAu^Vui  *  l  ,  but  the  shear  flow 
amplification  in  (M)  is  large,  then  the  nonlinear  correc¬ 
tion  in  §6.2  of  Pt.I  is  applicable.  Both  effects  limit  the 
magnitude  of  Au  . 


3  .  Unstab  le  stratification 


Observations  (e.g.  Frer.kiel  1965  ;  Bradley  1980,  1983  ) 


indicates  that.  m  moderate  wmdsceeds  over  hills 


(U  >  4n a  ),  even  when  the  mean  temcerature  distribution  of 
o 


the  a: 


:ach  flew  is  unstable  (i.e.  d9_,/dz  >  0)  where  9„  is 

o  o 


mean  cctential  temcerature,  the  turbulence  and  the  mean 


velocitv  over  a  hill  do  not  exhibit  ar.v  smeuiar  benaviour 


casta,  ocservaticns  success  tr.a: 


the  flow  returns  to  it3  ucwmd  form. 


There  are  two  ma.r.  reasons  whv  there  miaht  be  a  large 


the  flew  with  a  small  degree  of  unstable  stratifi¬ 


cation: 


If  tne  hill  slope  is  great  enougn,  and  the  approach 


wma  sceec 


weak  enouen,  a  local  convective  cell 


could  be  formed.  An  aocroximate  criterion  for  signifi¬ 


cant  convection  motions  in  the  inner  reaion  is  that 


ai9.L,/!29,' 
L  1  3 


0  )  U3  (  l  )  <  1 


tne  cuter  recicr.  is  that 


^V  '2V:  =  U3 


cctential  temcerature  across  tne 


mer  iaver  thickness  Z  ).  So  if  ~  3Com,  (  Z  *•  2 Cm.  ) 


A  9  ~  i  ° C  .  the  wind  speed  should  be  greater  than  3m 


t.nermal  effects  m  the  inner  region.)  In  gen- 


un.3tacle  huovanev  force  effects  make  a  large 


tne  surface  ar.d  a  smaller  cne  in  the 


as  cual ’.native  ocservations  of  anacatio 


winds  show  (e.g.  Scoter  1972),  and  also  katabat ic 
downslope  wind  studies  make  clear  (e.g.  Manins  &  Saw- 
ford  1979). 


(ii)  A  stronger  unsteady  convective  turbulence  might  be 
triggered  by  the  presence  of  the  hill.  This  does  not 
appear  to  be  observed.  Since  turbulent  convection  has 
some  gross  features  in  common  with  the  predictions  of 
linear  stability  analysis,  linear  analysis  might  pro¬ 
vide  some  insight  into  the  problem.  Such  an  analysis 
shows  that  the  only  modes  which  are  travelling  relative 
to  the  flow  and  which  can  remain  stationary  relative  to 
the  hill  are  decaying  rather  than  growing  modes. 
Therefore  the  turbulence  over  a  hill  mainly  consists  of 
convective  turbulence  generated  upwind. 

We  surmise  therefore  that  in  convective  conditions,  the 
air  flow  over  a  hill  with  low  slope  can  be  considered  a3  a 
small  perturbation  to  a  flow  with  a  mean  velocity  profile 
UQ(z),  and  a  mean  potential  temperature  profile  0Q(z)  • 
The  outer  region  turbulence,  which  is  weak  compared  with 
UQ( z )  in  the  limit  considered  here,  consists  of  the  convec¬ 
tive  motions  travelling  with  the  mean  flow,  but  distorted  by 
the  mean  flow  over  the  hill  (as  for  examples  discussed  by 
Britter,  Hunt  &  Richards  1981).  In  the  inner  region,  the 
turbulence  is  in  part  generated  (mechanically  and  thermally) 
locally  over  the  hill,  but  the  flow  is  still  a  small  pertur¬ 
bation  to  the  incident  flow.  Consequently  the  same  boundary 
conditions  at  z  -  l  can  be  applied  in  this  case  as  in  the 
stable  and  neutral  flows. 


wen  these  assumptions,  the  governing  equation  for  the 


outer  region  follows  from  equation  (2.3),  Pt.I.  For  a  two- 
dimensional  hill 


-  Sc 


Aw  -  o 


(3.1) 


where 


Sc  “ 


■/  K(z 


f/UB 


In  slightly  unstable  conditions,  U  "  is  large  enough  for 
there  to  be  a  middle  layer.  The  solutions  for 
a..^)  a„(m)  have  the  same  form  as  for  stable  conditions 


Au'  Ap 


(2.3a),  (2.3b),  (2.3c). 


Thus  to  leading  order  Aw  in  the  upper  layer  must 
satisfy  (3.1)  subject  to  the  boundary- layer  condition 


Aw  -  (H/L  )  f '  ( x/L  )  U  (h  )  as  z/L  -  0 
l  1  d  m  1 

(or  z  -  h  ) 
m 


(3.2) 


In  most  unstable,  and  also  neutral  conditions,  Aw  is 

likely  to  be  limited  by  an  elevated  stable  inversion  at 

z  *  h  .  It  would  be  oos3ible  to  combine  an  analysis  of 
l 

unstable  conditions  below  z  -  h^  with  an  analysis  across 

the  inversion,  using  the  results  of  §2.  But  here  we  shall 

restrict  ourselves  to  the  case  where  the  deflection  A h 

to  h  caused  bv  the  hill  is  3mall.  We  assume 
l 


Aw/U 

o 

H/L”  * 


and  — «  l 


(3.3) 


this  requires  that 


On  some  occasions,  the  stratification  parameter 


decreases  from  its  maximum  value  at  z  «  0  to  a  small, 
nearly  constant  value  over  the  central  mixed  layer.  So  if 
the  hill  length  Lx  is  much  greater  than  (tv/io)  ,  say  100 
-  300m,  Aw  in  the  upper  region  may  be  estimated  by  assum¬ 
ing  that  in  (3.1)  Sc  is  a  positive  constant,  subject  to 

(3.2)  and  (3.3).  As  z/L^  -  0  and,  if  the  conditions  of 

(3.3)  and  (3.4)  are  valid,  subject  to 


Aw  -  o  at  z  -  h 


(3.5) 


Thence  the  Fourier  transform  solution  i3 


Aw  -  h  /  i  k1  f  ( kx ) 


L  X 

sinh  [  (hi~z)  ✓(k^+S^)  J  e  1 
sinh  (h  ✓(kSsS) 

1  1C 


dk. 


(3.6) 


if  the  hill’s  length  is  small  compared  with  the  inver¬ 


sion  height,  i.e.  z^  »  L  ,  then 


.  ,  2 

•  _  -zV{ k  +S  )  - 1  k  x 

Au  -  H  J  '/(k^+s|)  f  (kL)  e  1  c  e  1  dk,  .  f  3  . 7 ) 


l 


Thus  the  phas e  of  the  horizontal  velocity  variation  over  the 
hill  is  not  changed  by  unstable  stratification,  i.e.  the 
maximum  is  still  located  on  the  summit. 

The  effect  on  Au(z/L,  -  0)  of  small  values  of  S 

1  c 

from  asymptotic  analysis  of  the  integral  (3.7),  is  given  by 


as  S  -  o 


.,  .  ,  S  in  S  «• 

*»  -  £  i  /  /  «<«■**■  *  °<s2>  • 


Por  a  bell-shaped  hill,  f  -  (1  +  (x/L^)  ),  we  find  on  the 
hill  too 


Au  -  H/L^ 


Sctn|Scl 


(3.8) 


For  cases  where  L1  <  h^/10,  the  perturbed  flow  mainly 
occurs  in  the  lower  part  of  the  mixed  layer  where  we  can 


aooroximate 


sc  by 


SC(Z)  -  So  e 


-z/8 


Then  (3.1)  becomes 


.ll  *  -il  c2  -2  z/6  A 

2  2  “  So  Aw  -  0 

3x  3z 


(3.9) 


Adapting  Foldvik's  (1962)  analysis  for  a  nonuniform  stable 
flow  over  a  hill,  let 


Aw  -  Aw  (7j,k,  },  where  v  -  S  6  e 
1  o 


-z/6 


Aw  •  ik  H  U  (L,  )f(ic)  at  7)  »  S  5  (3.11a) 

o  I  o 

-Z  /5 

-o  17-Sfle  (3.  lib) 

o 

or  Aw  -  0  as  v  -  0  (3.11c) 


The  solution  subject  to  (3.11a,c)  is 
I  (OS  e'z/8) 

,  Jcg  itef  H  tI0(Lx)  ,  (3.12) 

kO  o 

where  I^(  )  is  the  modified  Bessel  function  of  order 

kO  . 

The  solution  to  (3.12)  has  the  correct  limiting  form  as 
the  stratification  vanishes,  i.e.  as 

S  6  -  0 ,  Aw  •  H  l  k  f  u  e  Z  (3.13) 

o  o 

s ince  as  z  -  o 

1^(2)  -  (z/2)w/r(v  +■  i) 


The  Fourier  transform  of  the  horizontal,  velocity  perturcu 


(V)  + 


OjJlL 


Au  ■  H  f  0  S  9 
o  o 


■z/3 


*0  +  1 


3  W1’ 


Ik0  <3  -  0) 


so  as  (z/3)  -  0  and  SQ  8  -  o 


Au  -  Hkf  U 


k 

|k| 


0  S 


2k  ( l  +  S  |k|  ) 


For  a  ball-shaped  hill  at  x  •  Q  ,  when  SQ  a  *  l 


1  + 


s2l  2 

Vi 


L./e 

e  1  E1(L1/a) 


(3.14) 


where  Ex  is  the  exponential  function.  So  if 


1^/a  «  x 


Au/Uq  -  H/Lx 


1  + 


2  2 
SoL 


-  ^  -In  (Lx/a  )  +  0.58 


(3.15a; 


L1/8 


»  l 


Au 

U 


-  H/L, 


s2l2 

o  l 


1  ^  2  (  1  + 


l  /a ) 


These  results  indicate  how  Au/CJ  Ap/LJ2  ,  and  au/U  *  m 

o ,  r  o 

the  inner  layer  vary  with  unstable  stratification.  i "  a 
similar  way  to  the  analysis  of  §3.1. 
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'-A  ~  '-A  '-A*. 


’-A  . 


X 


Lii  at  yie 


layer 


The  height,  ,  of  the  inversion  layer  above  the 
mixed  layer  is  usually  much  greater  than  the  layer  where  the 
temperature  changes  rapidly.  Typically 


0  »  z^/io,  so  that  z  »  6  . 


Also  in  many  convective  situations  the  length  scale  of 
hills  is  comparable  with  the  inversion  depth  (z^  -  ,  ) 

so,  as  Bradley  (1980)  suggested,  the  effects  of  the  inver¬ 
sion  ought  to  be  considered.  Over  most  of  the  mixed  layer, 
0  <  z  <  zi  ,  the  F.T.  of  the  vertical  velocity  is,  if 

S  «  l  , 
o 


*5  -  net-  a0  h  i  - 


if  the  boundary  condition  that  Aw  -  o  on  z  -  is 

ignored.  Note  that  Aw  is  less  than  it  would  be  in  neutral 

flow!  To  rectify  this  omission,  the  above  expression  has  to 

be  corrected  so  that,  if  S  6  «  1,  z  >s>6. 

o  1 


2  2 
SO 

Aw  »  l  :<  f  U  H  1-  — — -- 
o  i  i  6  |  k  i 


- 1  ki  z 

e  -  e 


-  I  k|  /(  2z  -z  ) 


;ki  f  u  H 
o 


s2o2 

_ O _ 

1  ~  1  +  6  I  k| 


-  I ki /( 2z  -z  ) 
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(3.16) 


hus,  when  z/0  i3  0(1) 


4u  -  |  k|  f'  U  H 
o 


I8k  +  1!7,)  +  l0k(V) 


W*  * 

0 

■ 

A2-2 

0  3 

O  . 

-1  ki(  22  t~z  ) 

1  +  5  1  k  | 

as 

z/l*1 

-  0 

H  f 

Ik’, 

6  32 

<-  °  4- 

02S2 
.  .  o 

-2Z  L  |*l 

- m 

u 

o 

1(1  +  6  [  k  |  ) 

1  +  6  |  k  | 

e 

(3.17) 


or  a  bell-shaped  hill  we  find  the  inverse  transfrom  on  x  =  0  to  be 


L./5 


E  ,  (  L .  /  6  ) 


(L/22  )/& 

L  1 

e 


(  3  .  3  a 


In  the  usual  limit  where 


*  5  ,  (3.18a)  reduces  to 


hu 

U 


H/L, 

i. 
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■*• 


_ 1 

l  +  2  h ,/L 


(3 . 18b) 


Thus  if  hi  -  Lx  .  the  correction  of  the  term  proportional 
.  _2  2 

to  SoLx  due  to  unstable  stratification  i3  slightly 
reduced.  There  is,  of  course,  a  significant  increase  by  30% 
m  Au/U  when  a  strong  elevated  inversion  exists,  irrespec¬ 
tive  of  the  unstable  stratification  below  the  inversion. 

The  physical  reason  for  the  slight  increase  in  the 
upper  layer  with  unstable  stratification  is  the 


following 

The 

upward 

deflection  over 

the 

hill  locally 

increases 

0  and 

dp/dz . 

This  reduces  p 

and 

increases  Au 

at  the  bottom 

of  the 

upper  layer  . 

Of 

course  with 

unstable 

st  rat i f icat ion 

,  the  shear  in 

the 

middle  layer 

is  reduced,  so  the  net  effect  of  unstable  stratification 


on  Au  in  the  inner  region  can  be  reduced  to  Au/U(l) . 


In  this  section  we  summarise  the 


results  of  the 


4  . 


analysis  in  Parts  I  and  II  for  the  general  effect  of  stra¬ 
tification  on  flow  over  low  hills,  when  effects  of  buoyancy 
forces  are  weak  within  the  inner  region.  The  effects  of 
upwind  temperature  and  velocity  gradients  on  changes  in  the 
flew  over  a  given  hill  are  character  ised  by  the  way  wind 

A 

speed  m  the  middle  layer  Au  changes  at  a  given  displace¬ 
ment  At  aoove  the  surface  just  above  the  inner  layer.  In 
this  section  all  variables  are  d imens lonal  .  Note  that 

A 

u  »  U_;  Az  )  +  Au  *  U_(z)  +  Au  .  From  the  results  of  this 

O  D 

paper  and  Part  I,  the  d  imens lona 1  value  of  Au  can  be  writ¬ 
ten  schematically  in  terms  of  the  hill  slope,  two  amplifica¬ 
tion  factors,  and  the  velocity  of  the  upwind  flow  at  height 
h 

m 


A 

AU 


U_;hi  H/L, 
3  m  I 


*VP 


h  N 
m 


*D  <V 


upwind  x 
ve  lac  ity 


effects  of 

3lape  x  stratification  on  the  x 
upwind  velocity  profile 


dyp.am  ic 
effects  of 
stratif ica 


A 

The  1  LP.eu  analysis  oleaclv  snows  r.hat  Ac  or  Aw 

or  An  et:.  )  is  ocooor t icnai  to  the  s  loco  of  the  hi.  11.  The 
i 

A  ^ 

nex*:  factor  shows  hew,  s  mce  A  a  (  Az  )  *  [U*L  (  h  > /TJQ  (  Ac  )  \z  > 

where  J.'Az'  is  defined  by  l  P  .3  c).  the  surface  wind  amp  1  i  f  - 

nr  i  or.  mav  ce  strongly  affected  hv  the  dcoendence  of  the 

unwind  velocity  arad lent  or  snear  on  stratif ication.  The 

3 near  also  affects  the  death  h  of  the  middle  liver  if  the 

m 
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hill's  length  scale  is  less  than  the  boundary  layer  depth. 
(The  dependence  of  the  shear  on  stratification  is  a  function 
of  the  ratio  of  buoyancy  to  inertia’  forces  affecting  the 
turbulence  in  the  upwind  flow  and  not  those  affecting  the 
mean  flow,  e.g.  h_N(hi  )/u„  or  h  /!«,_  ,  where  h  is  the 
scale  of  the  middle  layer,  and  N(hm^  i-3  t^ie  buoyancy  fre¬ 
quency  in  the  middle  layer.)  (For  a  short  hill  where  L  <  h 

,  the  oarameter  is  h  N( h  )/u, .  )  The  third  factor  deter- 
"  mm* 

t  u  \ 

mines  iu'  '  or  Ap(  x  )  and  indicates  the  dependence  or  the 
flow  on  the  ratio  of  the  buoyancy  forces  over  the  hill  to 
the  inertial  forces  of  the  mean  flow.  Consequently  a  strong 
stratification  i3  required  for  this  effect  to  become  impor¬ 
tant,  as  can  be  seen  in  the  wind-tunnel  studies  of  Bouwmees- 
ter  (1978),  and  the  atmospheric  measurements  of  Bradley 
(1983),  reviewed  by  Hunt  &  Richards  (1984).  These  showed 

A 

how  Au  over  an  escarpment  increased  rapidly  as  the  stra¬ 
tification  increased  from  neutral,  but  with  a  further 
increase  did  not  change  much,  as  buoyancy  forces  reduced  the 
amplif ication. 

A  suitable  parameter.  which  includes  the  buoyancy 
effects  of  both  uniform  stratification  and  elevated  inver¬ 
sions,  13  an  overall  Froude  number  FQ  where 


Ft  - - 


Llv/2 

— 9—  r 

eB<0)  Jo 


9z 


dz 


If  hz  «  Lr  Fo2  ’  «>  for 

uniform  stratification  above  the 
uniform  stratification. 


an  elevated  inversion 

,  „2  2 

inversion  and  F  ^  »  F. 

0  i. 


with 

for 
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Note  how 

the  ve 

locity  profile  factor 

:  s 

a  measure 

of 

the 

buoyancy 

act ing 

on  the  turbulence  over 

a 

long  distance 

of 

the  upwind 

f  low , 

while  tne  third  factor 

13 

a  measure 

of 

the  buoyancy  acting  over  the  hill. 


Other 

f  actors 

of  the  same 

order 

are  the  shape 

of 

hill  (see 

Table  1 

in  Part  I  ) 

,  and 

also  the  form 

of 

upwind  temperature  and  "elocity  profiles  which  determine 

-j  -y 

N“  rJl  ■  z  '  m  the  ucoer  Laver  . 

B  -  ■ 

It  is  useful  to  identify  four  mam  classes  of  strati¬ 
fied  flow  m  the  outer  region  over  a  hill.  The  stratifica¬ 
tion  in  the  inner  region  (briefly  discussed  by  Hunt  i 
Richards  1984),  can  be  quite  different,  e.g.  neutral  or 
slightly  convective  conditions  may  be  found  m  the  inner 
regions  with  a  stable  outer  region,  or  conversely  a  neutral 
cuter  region  and  a  local  ground-level  inversion  in  the  inner 
region.  That  is  why  it  is  important  to  consider  the  regions 
differently,  if  possible.  (We  shall  mainly  cons  ider  hills 
which  are  Iona  comoared  with  the  heiaht  of  the  middle  Laver 


(L,  >  h  )  in  the  criteria  for  the  different  classes.' 


Neutral  LIqv  ( u,  ('hmN(  *m>  >  *  1-  hm/LM0  *  ’1) 

Any  stratification  is  too  weak  to  affect  the  incident 
velocity  profile  and  certainly  too  weak  to  affect  the  dynam¬ 
ics  of  the  flow  over  the  hill.  A  unique  feature  of  neutral 
flow  over  the  hill  is  that  the  displacement,  5^  ,  of  the 

streamline  and  the  proportional  changes  in  the  wind  speed 
Au  are  independent  of  the  upwind  windspeed. 

Lis w  with,  weak  sttat  if  icat  :cn 

(u*/hmN(!V  <  1;hm/|LM0'  >  o-11 

In  this  case  the  stratification  (stable  or  unstable)  is 
strong  enough  to  affect  the  turbulence  and  thence  the  velo¬ 
city  profile  in  the  middle  layer.  (It  may  also  be  strong 
enough  to  affect  the  wake  of  the  hill  over  a  long  distance 

downwind.)  6  and  Au  are  deoendent  on  windsDeed  in  this 
2 

case.  But  the  stratification  is  too  weak  to  affect  the 
dynamics  of  the  mean  flow  over  the  hill. 


A  typical  situation  where  this  might  occur  would  be 

when 

N(  2  -  loom',  -  .0035  s  L,  -  300m.  -  300m,  u  „  -  o.i  ms-* 


z  -  3ccm - 

3 

3m  s  Then 

h  -  loom 
m 

and  1  -  20m. 

O 

f 

1 

KjJ 

bar.  tire 

r  t  w 
"3 

L1)/U3:A2' 

^ust  above  the 

r.r.e  r  r  rr:  irr  , 

wrer®  r  -  i 

:  3 

■  no  r 

nv  abou’-  4  O’;  cv 

es-  .mat  .no  t  ~e  f  -  ■>"»  -urfice  s  imi  lar  itv  -  an  unreal- 


acie 

es  C. 

imate 

i  .  e  dv 

J  •  r  ' 

m 

j  Further  exam- 

1  ~M0  ln 

(  h  /  2  ) 

m  o 

! 

plea 

ot 

f  low 

in  able 

and  un: 

stable 

stratification  were 

a  :ven 

by 

Hunt  f 

198  1  and 

Hunt  &  R 

icnards 

i  1984  i  . 

When  the  temperature  gradient  in  the  approach  flow  13 
large  enough  and  extends  at  least  over  a  depth  of  the  order 
of  (which  may  take  the  form  of  an  elevated  inversion  at 


the  height 

of  the  order  of  L  ) , 

such 

that 

Fg  <  3  or  for 

convective 

conditions  S  L,  >  3  , 

c  1 

then 

the 

buoyancy  forces 

significantly  affect  the  mean  flow  over  the  hill.  The 
analysis  shows  that,  if  1.0  <  F  ,  the  changes  m  max  mum 
wmdspeed  are  less  than  20%. 

However,  in  stable  conditions  the  forms  of  the  flow  pat¬ 
terns  change  quite  markedly,  even  when  ?Q  is  about  2,  witn 
the  flow  speeding  up,  the  streamlines  approaching  the  sur¬ 
face  on  the  lee  slopes  and ,  in  three  dimensions,  spreading 
laterally,  while  the  flow  begins  to  stagnate  on  the  upwind 
side.  In  unstable  conditions  there  does  not  appear  to  be 
any  major  change  m  the  pattern  of  the  perturbation  flow. 

When  a  stable  stratification  is  strong  enough  that 

F_  <  1.0  ,  the  maximum  flow  speed  up  near  the  surface  car.  be 

rather  accurately  estimated  by  the  hydrostatic  approx. ma- 

tion.  provided  the  stratification  is  net  so  strong  that  tr.e 

Froude  numcer  based  on  the  hill  heiant  F  *  U_  NH  Decomes 

3 

less  than  1.0.  The  proportional  change  in  surface  wmdspeed 


for  a 

uniform  stratification  .3 

0 1  M  H  .  "  h  ■ 
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w ~  r 
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cond  1 1 10ns . 

We 
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:  r.ar.ae 

1  n 

wmdspeed  or  streamline  deflection 
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rN  v2 
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if  the  3 1  r  a  1 1  f 

.  ~  3L  C  :  0  n 

’  3 

V 


confined  to  an  elevated  inversion  wnere 

U  2/(h  g  i3./8_)  >  1  ,  then  the  maximum  velocity  occurs 
downwind  of  the  hill,  not  over  the  point  of  maximum  lees ;de 
slope,  as  in  uniform  stratification.  The  effect.3  of  an 
elevated  inversion  and  a  uniform  stratification  below  it 

chanoea  the  position  of  Au  yet  aaain,  and  also  provides 
a  mechanism  for  even  greater  horizontal  and  vertical  pertur¬ 
bation  to  t.oe  flew. 

Serene  strati:  i  :  a  t  i  o  n 

When  the  upwind  flow  below  or  near  the  height  of  the 
hill  is  sufficiently  stable  that  F  •  U  /(NH)  <  l  ,  then 
irrespective  of  whether  the  hill  is  two-  or  three- 
dimensional,  there  is  effectively  a  region  of  blocked  or 
horizontally-confined  flow  below  the  hill  top  for  which  z  < 
H  (  1  -  F  )  (Brighton  1978;  Hunt  &  Snyder  1980).  Above  this 
height,  i.e.  z  >  H  (  1  -  F  )  the  flow  approximately  behaves 
as  if  it  is  travelling  over  a  hill  of  height  FH  ,  (as  dis¬ 
cussed  in  the  Appendix.)  Then  the  analysis  of  the  flew  for 
moderate  stratification  provides  an  approximate  model. 
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Append  lx  1  Solution  LSI.  £iis  vertical  perturbation  velocity 
in  tils  middle  layers  With  a  correction  caused  by 
surface  stratif ication 


2  2 

In  the  middle  layer,  where  - y  >  - y  ,  if 

3z  ax 

Lx  »  hm  *  H  ,  and  if  buoyancy  forces  cannot  be  ignored,  the 
governing  equation  for  Aw  is 


v 

V 


■_ai 

U' 

f  N  )  2 

az2 

'  u  + 

t  u  1 

Aw 


(If  h  •  H  ,  we  substitute  Az  for  z  .) 
m 


Then,  if  we  assume  that  (N/u)  «  (U"/U)  ,  and  denote 

( M ) 


given  in 
(1) 


the  solution  ignoring  buoyancy  forces  as  Aw 
(2.3)),  then  the  first-order  correction  to  Aw  ,  Aw'"'  must 
sat  isf v 


|4W<«> 

u2 


2  2 

where  (AN  )  is  the  increas  in  N  within  the  middle 
layer . 

Since  satisfies  the  lower  boundary  condition. 


Aw 


( 1  ) 


-  “  f  (  x/L, 


f  -  d-  r  I  N*’  I  r  AN" 

!>  I  -  u  /  -  J  I  “  u  .  Udz  *  U  /  S-  u 

l  U  o  l  U  J  U“ 


Thence  integrating  by  part3  and  using  the  definition 

,  dAS  /dz 

AN'  -  g  - - - - , 

^  Sg(Z'O) 


awfi>  -  -y  f -«x/Lt,  u ; 

1  A  o  Ur  z  i 
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f-t 
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P.-r, 

P:>:: 

y* « 


V.? 

c* ' 


9n(z)  and  velocity  profile  (J0;z)  wnic.n 


H 


When  inertial 


perature  profile  -0, 

impinges  on  a  single  hill  of  height 
forces  are  generally  much  less  than  buoyancy  forces,  but 
much  greater  than  viscous  effects,  except  in  thin  boundary 
lavers  on  the  hill,  then  the  rroude  numoer 


u 

f  a  d  9  „  d  z  1 

j 

F  -  -2  <  i 

H  NH 

,  where 

v.  _ 3  1 

N  d  1 

wr.  e  r  e 


He 


u  '  H  i  H  /  v  >)u  .  where 

o 


is  the  kinematic 


v : s cos : tv .  ar.d  IJ  -  u_  H 

o 


ana-voes  or  Dr  az  m  :  :  <r,  .  ,  ar.u  or  ignr  m  i  -- 
w  tne  f  lews  ar  cur.d  a  three-dimensional  h  .  1 1  diviie 
e  i  :  ;ns  as  m  wr-  m  r  .  i  A  1  1  i )  . 


li.: 


a  r 


:wo  r  ei  :  ms 


n ,  }  and  ; n , ;  wr  ere  the  :  _  iw 
i  a  liry'.v  horizontal.  [  H ,  ;  lies  oe- ween  tne  top  or  summit 
region  [7 ;  ,  straddling  the  top  of  the  hill  and  a  th  in 

red  ion  [3  ;  at  tne  base  of  the  hill.  In  t.oia  t  eg  :  on  tne 

w  ^ ,  r->  -j  ^  hi  i.  L  1  3 «i  r  i  r  *•*  ir.  i  *i  1  i  r  7  ^  k  v  nor  i  '  7  n  t  >1 1 

r  °r:  ;::  j  Lac  :na  wake  £  Low  deve  Lora  or.  tne  lowr.w  1  p,d  aide.  [  H  , 


1  *  J 


!■  a  - 


»’  V*  A'mI.  «’  j 


lies  above  the  hill.  In  the  region  [T]  the  flow  ha3  just 

2 

enough  kinetic  energy  ( Yi  pq  Uq  )  to  develop  the  potential 
2  2 

enemy  VipN  S  to  rise  bv  an  amount  0  over  the  too 

z  z 

Consequently  at  a  height  0  -  U  /N  from  the  hilitoo  or 
H  -  (1  -  ?  ;H  acove  the  ground,  there  is  a  critical  stream¬ 
line  y  dividma  the  flow  over  the  hill,  aocrox  imatelv  hor- 
c  ... 

mortal.  The  vertical  displacements  in  [T-  produce  weak 


,ee  waves  w  d  1 3  c  of  t.he  order 


U  /N  1  r. 
o 


t ;  s  o r  o e r  - o :  i  r  uc e  * r. a  .  y 3  :  3  r.  a 3 

.  rrr.ed  cv  T.ar.v  lacoratorv  tesrs  ;e.o.  Sr.vde:  , 


:  r.vd  e  r  er  al.  19  3  5)/  ap.d 


>0  ca  r->  *• 


f.e.u  test  ir  iinised  by  Environmental  Researc.o  and  Tscr.no  1- 
coy  for  the  Environmental  Protection  Agency  (Egan  1934,.  In 
region.  [3]  the  streamlines  move  up  the  hill  a  snort  dis¬ 
tance  i  k  'J  N’  before  travellir.c:  round  horizontally, 

o 

;  Since  ”  is  small  and  N  is  lamest  m  this  reoicn.  r  3  ' 


•  he  .arte.v  norizonta.  f  _cw  art 


was  ana. veer  cv  Hurt .  Puttock  S,  Sn.vc 


.accratorv  :  or.vuer  et  a. 


.  19 ’9!  ar.d  has 


!?"■?:  S.tvder  i 


* i  “  o  a  r. 


n cwpver  .  ti  p  0  r  0 


descend  close  to  the  hill  surface  on  the  lee  side  and 
develop  waves  downwind  (Hunt  &  Snyder  1980).  Nor  do  they 


account  for  the  fact  that  the  dividing  streamline  f  is 

c 

not  horizontal;  its  vertical  displacements  are  smaller  than, 

« 

but  of  the  same  order  as,  the  height  H  of  the  'cut-off' 
hill. 

The  first  of  these  limitations  can  be  overcome  by  model¬ 
ling  the  flow  in  region  [T)  as  stratified  flew  over  a 
cut-off  hill  wirh  low  slope.  The  rounded  sr.ace  of  most 
hills  means  that  the  semi-length  is  greater  than  acout 

*  f 

twice  the  height  H  of  the  cut-off  hill  L  >  2H  .  Since 

c 

* 

(see  rig.  A  1(b))  H  -  H  -  H  “  FH  ,  the  Froude  number  based 
on  H  -  (H  -  H  )  ,  the  height  of  the  'cut-off'  hill  is 
un  1 1  v 


H  N  H 

(If  the  stratification  weakens  at  the  hill  top.  which 

f 

is  quite  common.  then  U/H  N)  may  be  greater  than  1 
i  F  i  ,r  .  A  1(c)).)  Cor.aeauentiv,  the  Froude  number  based  or.  L_ 


r.  -  r -n  s  Vi  .  Therefore  the  linearised  analvsis  of 
•  l.  N 

£ 

mvLscid  s  t  ac  1  v  -  s  c  r  a t  i  f  i  ed  f  Low  over  a  hill  with  Low  slope 
wren  ? .  «  :  car.  oe  applied. 

S  .  ■ '  '  upward  s  r.  e  i :  :  an  ce  r.eo  Looted  over  t  n  e  d  e  p  t  r  or 
'.rr  rut -of:  hills.  tne  problem  is  to  solve  the  following 
s  r .  •*  %  r  -  f  r  e  e  equation  for  the  vertical  velocity.  Aw  .  (nor¬ 


ma.  .30  : 


);i  tne  aocr  oach  velocity  U  ,  at  tne  hil.  toe:. 

o 


n  !  ^ 


Ax"  !  3  x  °  >3  v  ‘  3  z  2 


“7 


--  i  Aw  -  0  f  A 1  a  ' 


ax  a  v 


where  x,y,z  are  normalised  on  Lc  ,  the  hill's  semi-length, 
and  subject  to 


Aw  -  (x,v)  on  z-Hf,  for  (x,y)  within  the  region  H , 


or  Aw 


3  A  f 

^-(x.y) 


defined  by  f(x,y)  >  and  denoted  by  (  x  ,  y  ;  o  h 


*  * 

on  (z-H  )■  H  Af  '  wnere  the  cut-off  hill 


■  n  ,  (x,y:  : 


and  Aw  -  o 


on  z-K  for  (x,y)  outside  h 


(  ;  Alb 


(  3  ee  ■  ia.A  Ala') )  . 


We  need  to  calculate  the  streamline  vertical  and  her- 

^  V 

lzortal  deflections  J  — jj1 )dz,  and  the  velocity  u  over 

xs 


hill, 
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The  streamline  heion.t  over  the  surface  13  o.ven  bv 
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Chapter  E 


Temperature  field  in  turbulent 
flow  over  hills 

Prepared  by 
J.C.R.  Hunt 
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Summary 

A  brief  review  is  given  in  the  first  two  sections  of  the  general  physical  processes 
governing  the  temperature  field  in  the  earth's  boundary  layer  and  the  way  it  changes  over 
hills,  with  particular  emphasis  on  the  time  scales  and  length  scales  that  determine  these 
changes.  The  changes  over  the  surface  are  quite  different  to  those  in  the  bulk  of  the 
boundary  layer. 

Next,  different  models  are  developed  for  these  two  regions  of  the  flow.  Near  the 
surface,  the  turbulence  is  close  to  equilibrium  and  an  eddy  diffusivity  model  enables  the 
temperature  field  to  be  computed  in  terms  of  the  upwind  temperature,  the  mean  and 
turbulent  wind  field  and  the  changes  in  surface  fluxes  over  the  hill.  Some  surprising 
results  emerge  about  the  different  trends  of  these  processes.  From  the  calculated 
distribution  of  temperature  fluxes  and  mean  temperature  gradients  over  the  hill,  it  is 

possible  to  estimate  the  change  in  the  dissipation  and  structure  function  of  temperature  and 
humidity  fluctuations,  £q  and  Cj2,  Eq  and  Cq2. 

In  the  flow  above  the  inner  region,  we  provide  an  estimate  for  the  changes  in 
temperature  spectra  which  should  be  of  practical  value  for  the  propagation  of  electro¬ 
magnetic  waves. 


1.  Introduction 

To  analyse  the  problem  of  how  the  temperature  field  changes  over  hills,  it  is  first 
necessary  to  describe  the  broad  features  of  the  atmospheric  boundary  layer  over  level 
ground.  The  temperature  field  in  the  atmospheric  boundary  layer  is  closely  linked  to  the 
velocity  field.  Both  are  strongly  affected  by  the  local  diurnal  heating  and  cooling  of  the 
ground  by  radiaton  to  the  ground  by  day  and  from  the  ground  by  night.  But  also  they  are 
affected  by  the  advection  from  elsewhere  of  air  with  different  temperature  and  velocity 
field;  for  example  by  large-scale  frontal  systems,  sea  breezes,  or  localized  thunderstorm 
outflows.  Because  these  individual  temperature  and  velocity  fields  are  less  frequent  and 
have  special  characteristics,  we  concentration  on  slowly-varying  conditions  driven  largely 
by  the  diurnal  cycle.  (For  a  general  review  see  Nieuwstadt  &  Van  Dop  1982). 

The  atmosphere  is  largely  heated  and  cooled  by  the  turbulent  transport  of  heat  from 
and  to  the  ground.  This  transfer  of  heat  to  the  atmosphere  Fe(Wnr2),  then  determines  the 

temperature  difference  between  the  ground  ©  (0)  and  the  and  ©  (z)  above  it.  The 
temperature  of  the  ground  ©g  depends  on  the  balance  between  the  radiant  heat  from  or  to 
the  sky  R,,,  the  heat  flux  upwards  from  the  soil  Fg+R,,.  In  the  presence  of  vegetation,  the 
heat  flux  to  or  from  the  air  flow  above  the  vegetation  Fe  can  be  significantly  different  from 
(F0+Rn)  because  of  latent  heat  being  absorbed  or  released  by  the  wet  vegetation.  Clearly 
the  water  vapour  flux  Fq  is  therefore  intimately  linked  to  Fc  (see  Thom  1975  and  the 
discussion  in  §2). 

When  there  is  a  net  upwards  heat  flux,  F0(>O),  buoyancy  forces  drive  large 

eddying  motions  whose  vertical  extent  is  limited  by  the  stably  stratified  air  above  the 
boundary  layer.  (The  lower  atmosphere  in  the  absence  of  motion  tends  to  be  isothermal 
because  of  radiative  heat  transfer  between  different  layers,  and  is  therefore  slightly 
hydrostatically  stable).  The  convective  boundary  layer  thickness  h  typically  grows  during 
the  day  to  its  maximum  (say  l-2km)  in  mid-afternoon.  The  structure  (from  Kaimal  et  al. 
1976  -  see  fig.  1 ),  shows  a  uniform  potential  temperature  0,,,*  through  the  bulk  of  the  layer 


(0  kz/h|^_  1),  and  only  a  thin  surface  layer  (z/h^  0.1)  where  there  is  unstable  temperature 
gradient,  and  the  temperature  may  rise  to  its  surface  value  as  much  as  30  °C  above  the 
mid-alyer  value.  The  mean  wind  velocity  UB(z)  is  usually  approximately  constant  within 

the  mixed  layer,  but  also  has  a  large  gradient  in  the  surface  layer. 

In  this  surface  layer,  the  turbulence  is  generated  both  by  the  buoyancy  forces  which 
depend  on  the  surface  flux  Fe,  and  by  the  mean  velocity  gradient  which  depends  on  the 

shear  stress  (t*  =  pU*2).  So  the  structure  of  the  mean  temperature  ©  and  velocity  UB 
fields  are  determined  by  the  height  (L  -  the  Monin-Obukhov  length)  at  which  the  buoyancy 
forces  dominate  over  the  shear  stresses.  Its  definition  is 


lmo=  -  u*3pCp©o/(gkF0) , 


where  p  is  the  density,  Cp  the  specific  heat,  k  the  van-Karman  constant,  ©0  is  the  mean 

temperature  at  a  reference  height  (typically  10m  above  the  ground). 

Dimensional  arguments  (substantiated  by  experiment  and  computation)  show  that  © 

and  UB  can  be  expressed  in  terms  of  Fe  and  ux 

„  d©  T.  dUB  u, 

(1'2a)  dz(Z)=kTf0(Z/LMO)  ’  ~=k7fu(z/LMO>  ’ 

where  fH(z/LMO)  and  fu  (z/Lmo)  — >  1  when  z/LMO  — >0-  When  these  are  integrated,  special 
constants  appear.  When  z/LM0— >0, 

(1.2b)  (©(z)  -  ©(0))/k  =  T«{  h^z/zg)  +  B_1  },  and  UB  =  (u./k)  ln(z/zo) 

where  B-1  is  a  thermal  parameter  dependent  on  u.,  and  z0  is  the  roughness  length.  Over 
rough  surfaces  B  has  been  found  empirically  to  be  given  by  B1  =  8u.1/3,  where  u.  is 
measured  in  ms*1. 


When  LMO  <  0, 


(1.3a) 

(1.3b) 


f©(  z/Lmo)  =  (1-1 6z/LM0)- 1  /2 
fu(z/LMO)  =  (l-16z/LMO)'1/4. 


WSS5 


These  formulae  are  approximately  valid  for  z/h^O.l. 

The  key  features  of  the  turbulence  structure  are  these.  When  z  ^  LM0  the  vertical 
turbulence,  cw,  scales  on  u*,  and  when  z  >  LM0.  it  scales  on  the  buoyancy  velocity  scale 
(1.4a)  w.  =  {  (gFeh)/(pCp©0)  , 

and  increases  to  a  maximum  value  in  the  mixed  layer.  In  fact, 

(1.4b)  Gw  =  1.4(z/h)1/3w*  for  z/h  ^0.2  , 

(1.4c)  ow  =  0.6w»  for  z/h  >  0.2  . 

The  horizontal  turbulence  scales  on  w*  throughout  the  layer.  The  scale  of  vertical 

turbulence  increases  in  proportion  to  z  for  z/h  ^  0.1  and  is  about  0.2h  for  z/h  >  0.1.  The 
energy  dissipation  e  is  approximately  constant  through  the  mixed  layer.  But  in  the  surface 
layer,  where  the  rate  of  production  of  turbulent  kinetic  energy  (u«2dU/dz)  by  shear  plus  the 

rate  of  production  by  buoyancy  forces 

Feg/(pCp@0)  =  u*3/kL 

is  approximately  balanced  by  the  rate  of  dissipation  of  kinetic  energy,  so 
3 

<!•«  • 

The  variance  of  the  temperature  fluctuations  o02  in  the  convective  boundary  layer 
decreases  from  its  maximum  value  near  the  surface 
(1.6)  o2=1T2(zl)'2/3  . 

o  2  * 

The  integral  scale  of  these  fluctuations  Lg  are  about  5  times  that  of  the  vertical  fluctuations 
Lx(w)  at  all  heights.  The  distribution  of  the  rate  of  dissipation  of  temperature  fluctuations, 
ee  in  the  surface  layer  is  determined  by  an  approximate  blance  between  the  production  of 
temperature  fluctuations  -  (Fe/pCp)  d0/dz  and  e^,  so  e^g  =  -  (T*2u*/kz)  fe(z/L). 

In  a  stably  stratified  boundary  layer  the  heat  is  transferred  to  the  ground,  so  all  the 
turbulence  energy  comes  from  the  shear  near  the  surface.  The  thickness  h  of  these  layers  is 
much  less  --  as  low  as  30m.  in  some  extreme  cases.  In  the  surface  layer  ©  and  U  are  given 
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by  equations  (1.2)  and  (1.3a),  (1.3b).  The  profiles  throughout  the  layer  are  given  in  figure 
2.  Note  that  the  temperature  gradient  d©/dz  remains  positive  right  through  the  layer.  In 
fact,  the  Richardson  number  Ri  =  (N/dU/dz)2  is  often  found  to  be  constant  through  the 
main  part  of  the  layer,  (N2  =  g[d©/dz]/0(O))  showing  how  the  turbulence  exists  in  a  form 
of  local  equilibrium  (Brest  &  Wyngaard  1978). 

The  vertical  turbulence  decreases  to  near  zero  at  the  top  of  the  stratified  boundary 
layer,  but  g0  remains  large,  due  partly  to  wave-like  motions.  In  the  surface  layer,  cr0  *  T*. 
The  scale  of  temperature  fluctuations  L0  is  larger  than  that  of  the  velocity  fluctuations  -  the 

latter  being  controlled  by  the  large  shear,  so 
(1.7a)  e«aw2dU/dz  , 

(Caughey  et  al  (1979)  Hunt,  Kaimal  &  Gaynor  (1985).  It  is  more  usual,  though  arguably 
less  physically  correct,  to  suggest 
(1.7b)  e«aw2N. 

When  the  heat  flux  from  or  to  the  ground  becomes  small,  or  the  wind  speed  (driven 
by  horizontal  pressure  gradients)  is  large  enough  that  LMO/h->°°,  the  buoyancy  forces  are 

negligible  throughout  the  layer.  In  rare  cases  the  thickness  and  the  structure  is  determined 
by  Coriolis  forces,  (so  that  h  =  l/2u./f);  more  usually,  h  is  determined  by  the  period  over 
which  the  boundary  layer  has  been  developing  by  u*,  and  by  the  value  of  N  above  the 
layer.  There  is  usually  some  weak  temperature  field  B(z),  and  therefore  the  temperature 
fluctuates  even  in  this  situation.  Typically  in  the  surface  layer 


Og  ~  T* 


eeB  kz  ; 


£b  kz 


For  the  transmission  of  electromagnetic  radiation  through  the  atmosphere,  it  is 
important  to  know  the  correlation  and  spectrum  of  the  small  scales  of  temperature  and 
humidity  fluctuations  (i.e.  in  the  inertial  subrange).  This  was  recently  reviewed  by 
Wyngaaid  &  Lemone  1980.  It  is  customary  to  express  this  small  scale  structure  using  the 
structure  function 

(1.9)  (0(x+r)  -  0(x))2  =  C^r2/3 

where  Cj2  =  3  £q  e-1 1 3.  In  this  report  we  discuss  how  Cj2  is  changed  in  air  flow  over  hills 

on  the  basis  of  calculations  of  the  temperature  field.  It  is  found  that  for  z/h  £_  0.5,  in  the 
convective  boundary  layer  (LMO  <  0), 

4  9T2 

(1.10)  4=  —  [1-7^“  . 


and  in  the  stable  boundary  layer 

CT=-4rl1+2'4(j/LMO>M]  ■ 
z 

The  refractive  index  fluctuations  are  also  affected  by  water  vapor  fluctuation  and  correlation 
between  the  water  vapor  and  temperature  fluctuations,  (see  Wyngaard  &  Lemone  1980). 


2.  Overall  structure  of  the  mean  and  fluctuating  temperature  field  over  hills 

The  mean  and  fluctuating  velocity  field  over  a  hill  say  z  =  Hf(x/L[)  naturally  divides 

itself  into  two  regions  (figure  3).  In  the  inner  region  within  a  disktance  of  order  /  from  the 
surface  (typically  1/10  of  the  hill  length),  the  changes  of  the  mean  flow  U0  are  strongly 

affected  by  the  shear  stress  generated  over  the  surface  of  the  hill  and  therefore  by  the 
changes  in  the  shear  stresses.  Also  the  turbulence  increases  and  decreases  in  proportion  to 
the  local  surface  shear  stress,  defined  in  terms  of  the  upwind  shear  stress  as  u*2(  1  +t), 

where  t(x,y)  is  the  local  dimensionless  perturbation.  The  reason  is  that  the  timescale  for 
the  turbulence  TL  (  =  Lx(wVaw)  is  less  than  the  time  to  travel  over  the  hill  (~  L/U(/ ))  within 

this  layer.,  and  so  the  turbulence  adjusts  to  the  local  conditions  for  z  <^l .  (Britter,  Hunt  & 
Richards,  1981). 

Above  this  layer  the  airflow  travels  too  fast  over  the  hill  for  the  effects  of  the 
surface  to  diffuse  upwards.  So  the  changes  in  the  mean  flow  are  caused  by  the  air  flow 
having  to  pass  over  the  hill  and  the  internal  adjustments  within  the  flow  are  controlled  by 
the  inertial  forces  (of  which  the  pressure  gradient  is  an  important  manifestation;  Hunt  & 
Richards  1984;  Hunt,  Leibovich  &  Richards  (1986)). 

The  maximum  mean  vertical  velocity  w  in  this  outer  region  occurs  at  a  height  hm 
which  is  typically  about  1/3  L  (hm  =  L //  n1/2(L/zo)),  where  L  is  a  characteristic  hill  length  . 
This  height  defines  the  mean  velocity  scales  U0  =  UB(z  =  hm),  and  the  mean  horizontal  and 
vertical  perturbation  velocity  components  uU0  and  wU0  are  scaled  on  this  value.  The 
perturbation  pressure  Ap  is  of  order  of  p(H/L)U02,  where  H/L  is  the  slope.  This  is  the 
pressure  that  controls  the  flow  near  the  surface.  (Hunt,  Leibovich  &  Richards  1986). 

A  similar  division  into  regions  is  appropriate  for  determining  the  measured 
fluctuating  temperature  field.  Within  the  inner  region,  where  the  flow  and  turbulence 

adjusts  to  the  local  condition,  the  mean  temperature  is  controlled  by  the  local  surface  heat 
flux  Fe(  1  -ng(x))  and  the  local  shear  stress  pu*2(l+x),  and  the  changes  in  the  local  mean 

wind  speed  uU0  and  the  changes  in  the  turbulent  diffusion  coefficient  Kz  to  Kz  +  AKZ). 


The  time  scale  for  temperature  fluctuations  in  the  surface  layer  is  T0  ~  82/£q  ~  kz/u. 
while  the  travel  time  T  is  LAJ(z)  =  Lk/(u«/  n(z/z0)).  Consequently,  T0  is  less  than  T  when 
z  <  /  8  where  /  e  ~  L/ln(/  q/ Zq)  (so  /  0  has  about  the  same  thickness  as  that  of  the  inner 

region).  In  the  inner  region,  the  temperature  spectrum  can  adjust  to  the  local  flow  and 
surface  conditions  for  wavelengths  less  than  about  X/ 

X;  ~  e1/2T3/2  =  l  ln3/2(/  /zq) 

(since  time  scale  for  adjustment  of  a  wavelength  X  is  of  order  e-1/'3(27t/X),-2/3,  Panofsky 
et  al  1982).  Typically  /  =  10-30m;  so  the  small-scale  spectrum  of  practical  interest  (of 

scales  much  less  than  l )  is  expected  to  have  a  local  structure  and  be  determined  by  the  local 
values  of  ee  and  e. 

Above  the  inner  region  the  large-scale  temperature  flucutations  are  not  determined 
by  the  local  conditions  because  their  time  scale  T0  is  larger  than  the  travel  time  over  the  hill. 

They  have  been  generated  in  the  air  flow  upwind  of  the  hill  and  are  distorted  by  the  change 
in  the  mean  flow,  the  turbulence  and  the  mean  temperature  gradient  over  the  hill.  The  small 
scales  of  temperature  are  likely  to  be  affected  by  changes  in  local  small-scale  turbulence, 
rather  than  by  changes  in  the  whole  turbulence  field,  since  only  the  small  scales  can  adjust 
fast  enough.  There  is  some  evidence  from  wind-tunnel  studies  that  the  temperature 
spectrum  may  be  significandy  distorted. 


3.  The  temperature  structure  in  the  inner  region 

3. 1  Changes  in  surface  heat  and  water  vapor  fluxes  over  a  hill 

In  this  region  the  temperature,  0,  and  humidity,  q,  are  determined  by  the  local  heat 
tlux  Fe  or  water  vapor  flux  Fq  from  or  to  the  ground,  the  vertical  diffusion  of  heat  and 

water  vapor,  and  by  the  advection  of  heat  and  water  vapor  from  upwind.  Over  uniform  flat 
terrain  the  advection  has  a  negligible  affect  on  the  distribution  of  9  and  q.  But  over  non- 
uniform  terrain  such  as  a  hill,  where  the  surface  fluxes  vary  with  downwind  distance,  and 
advection  of  0  and  q  affects  the  vertical  distribution  of  0  and  q.  Furthermore,  the 
convergence  and  divergence  of  streamlines  and  the  change  in  the  turbulence  over  the  hill 
can  have  comparable  effects  on  0(z)  and  q(z). 

A  widely  accepted  model  for  the  'sensible'  heat  flux  and  the  water  fluxes  at  the 
ground,  when  covered  with  vegetation,  is  that  developed  by  Monteith.  Its  mathematical 
derivation  and  implications  were  nicely  discussed  by  Thom  (1975);  its  use  in  dispersion 
modelling  was  developed  by  Smith  &  Blackall  (1979).  It  is  convenient  to  express  Fe  and 


F  in  terms  of  net  in-coming  radiation  heat  flux  Rn  and  the  net  heat  flux  arriving  at  the 


surface  from  the  soil  G,  the  Bowen-ratio  P,  and  the  latent  heat  of  water  X,  as 

RP 


(3.1a,b) 


F  = 

0  1+P 


v— 

"  X(l+|3) 


where  the  net  heat  flux  from  the  radiation  and  soil  is  R  =  R„  +  G.  Thus,  the  relation 
between  Fe  and  Fq  is 

(3.2)  Fq/F0  =  1/(PX) 

The  ratio  P  depends  on  the  shear  stress  at  the  ground  t*,  the  roughness  zq,  the  local 
mean  temperature  0  and  water  vapor  concentration  q,  and  also  the  nature  of  the  vegetation. 
The  lowest  value  of  this  ratio  is  zero,  when  the  winds  are  moderate,  the  air  is  dry  and  all 
the  energy  is  used  to  evaporate  water  from  the  vegetation.  There  is  no  upper  limit  of  this 
ratio,  if  there  are  few  plants  or  they  have  a  high  'stomata!'  resistance. 


The  changes  in  F0  and  Fq,  denoted  by  AF0,  AFq,  can  be  expressed  in  terms  of  the 
upwind  value  of  F0  and  Fq,  and  in  terms  of  the  changes  in  (3  and  R  thus 

(3.3)  AF^o  =  AR/R  +  8p/[P(l  +  p)] 
and 

(3.4)  AFq/Fq0  =  AR/R  -  8(3/(l  +  (5) . 

This  result  reveals  the  sensitivity  of  the  changes  in  F0  and  Fq  to  the  value  of  (3. 

On  more  or  less  sunny  days  any  changes  in  (R„  +  G)  are  mainly  caused  by  changes 
in  the  direct  solar  radiation  Rs  reaching  the  surface.  Then  we  can  assume  that  the  net 
radiation  and  ground  heat  flux  is  related  to  the  changes  Rs  by  a  relation  like 

(3-5)  tt-XrARA 

where  the  coefficient  xR  is  not  equal  to  1.0  as  supposed  by  Smith  &  Blackall  (1979), 
because  R^  the  net  radiation,  is  only  about  1/3  of  the  solar  radiation  reaching  a  surface.  Of 
course  the  diffused  radiation  tends  to  be  concentrated  at  angles  near  to  the  solar  elevation  0. 
(Fig.  3)  From  data  quoted  by  Geiger  (1965,  p.  376)  it  appears  that  Xr  *  0.7. 

For  a  slope  equal  to  (H/L)  f(x/L),  the  proportional  change 
(3.6)  ARS/RS  =  (cot  0  )(H/L)f ' 

Note  that  cot  0  is  smaller  in  summer  than  winter.  Geiger's  data  shows  that  on  a  south 
facing  slope  of  10°,  AR/R  =  0. 13  averaged  over  the  whole  year,  but  0.4  in  winter  and  0.06 
in  summer.  At  48°N,  cot  0  =  2.9  in  winter  and  .47  in  summer,  so  the  predicted  variation 
in  AR/R  from  (2.6)  would  be  .5  in  winter  and  .04  in  winter.  At  night  or  in  foggy  or 
overcast  conditions  R  does  not  depend  on  the  slope  (for  small  slopes). 

From  Monteith's  formula  in  the  appendix  we  can  derive  the  changes  in  P  caused  by 
changes  in  0,  q,  and  v.  p  is  also  changed  by  variations  in  the  surface  vegetation  or 
roughness.  We  are  assuming  here  that  the  form  of  the  vegetation  remains  fixed  over  the 
hill.  These  expressions  are 


AFe/Feo  =  AR/R  +  Xz  |At|/t  +  XeAe/0o  +  XqAq/q0 


/.V, 
!«*  V 

kv 

’aV 


(3.7) 

(3.8)  AFq/Fq0  =  +  ¥t  |Atj/x  +  yeA0/0o  +  yqAq/q0 

In  sunny  conditions  (3.5)  and  (3.6)  can  be  used  for  the  first  terms. 

As  is  shown  in  the  appendix  Xz  and  \J/T  can  range  between  about  -1/2  and  1/2  in 

most  kinds  of  condition,  when  the  heat  flux  is  radiation  controlled.  This  is  consistent  with 
recent  data  that  gives  Xz  equal  to  about  -1/2  in  stable  conditions,  when  the  heat  flux  is 

downwards  and  the  heat  transfer  is  controlled  by  forced  advection  over  the  ground.  This  is 
based  on  a  correlation  of  measurements  by  Venkatram,  (1980).  In  the  former  case 
generally  Xz  depends  on  the  nature  and  state  of  the  vegetation  and  the  humidity  of  the  air. 

A  range  of  examples  is  given  in  the  Appendix. 

The  parameters  Xe  and  Xq  depend  on  the  humidity,  i.e.  the  ratio  of  q  to  its  saturated 
value  at  the  temperature  0.  If  the  air  is  saturated,  Xe  =  Xq  =  0-  But  for  typical  air  flow  over 

vegetation  in  mid- latitudes,  a  change  of  -1°C  for  given  q  or  a  doubling  of  q  for  given  0 
produces  a  similar  order  of  magnitude  of  increase  in  F0  as  1  ms*1  change  in  wind  speed,  i.e. 
IXel  =  (1/3)10-2,  xq~l- 

This  provides  some  framework  for  considering  how  the  surface  heat  and  water 
fluxes  can  change  over  a  hill.  Some  results  were  reported  by  Hunt  &  Richards  (1984). 

There  is  some  laboratory  evidence  for  the  validity  of  (3.8),  when  the  upwind  flow 
is  unsaturated.  Dawkins  &  Davis  (1981)  measured  the  change  in  flux  of  vapors  from  a 
small  region  on  a  surface  located  on  a  model  hill  in  a  wind  tunnel.  They  found  that  the  flux 
increased  by  about  50%  of  the  increase  in  At/t.  (That  is  not  how  they  expressed  their 
result  -  that  is  our  interpretation.)  A  similar  result  was  found  by  Verma  &  Cermak  (1974) 


in  their  study  of  mass  transfer  over  wavy  surfaces. 
3.2  Analysis  of  the  mean  temperature  field 
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In  the  inner  region  the  vertical  gradients  of  temperature  and  velocity  are  large 
compared  with  horizontal  gradients,  and  the  relevant  small  scales  of  turbulence  are  close  to 

local  equilibrium.  Consequently,  the  change  in  perturbation  temperature  (which  we  scale 
with  the  upwind  parameter  T«),  0  T*,  can  be  calculated  by  assuming  that  the  perturbation  in 

vertical  heat  flux  AF0  can  be  estimated  with  an  eddy  diffusivity  (K2  +  AKZ),  which  is 

perturbed  by  the  change  in  turbulence.  (We  assume  that  its  distribution  with  height  is  not 
changed;  this  is  probably  not  a  good  approximation  over  steeper  hills  because  appears  to 

be  a  function  of  the  local  mean  shear  (Newley  1986)). 

The  conservation  equation  for  heat  leads  to  the  usual  'advective-diffusive'  equation 


for  temperature  over  hilly  surface  (which  we  take  to  be  two  dimensional  for  simplicity) 
(3.9)  pc  [a.*  221  +  w-  2Sl]  =  . 

p  ‘a«  *  3Z  az 


The  vertical  displacement  co-ordinate  Z  is  defmed  in  terms  of  the  height  Hf(x/L)  of  the  hill 


(3.10) 


Z  =  z  -  Hf(x/L)  , 


where  it  is  assumed  that  H/L  is  small.  Terms  of  0((H/L)2)  are  neglected.  The  velocity 
components  ud*  and  wd*  are  defined  in  terms  of  x  and  Z.  Equations  (3.9)  is  now  written  in 
terms  of  perturbation  quantities  and  normalized  in  terms  of  U0  (=UB(hm))  and  T* 

u*  =  U0[U(Z)  +  ud(x,Z)] 


(3.11a,b,c) 


Wd  =  U0  Wd<X’Z) 


e*  =  e(Z)  +  --e(x,z)  , 

k 


so  that  using  (1.3) 
(3.12) 


where  fe  (Z/L^q)  is  the  local  Monin-Obukhov  function  over  the  hill  surface.  Using  the 
eddy  diffusivity  hypothesis,  the  heat  flux  is  given  by 


- i  ■.<  WmjCd  .  V*.  JV  J*a.  ++  A. 


rtv 


(3.13) 


F8  +  AFe  r,  ,  ^l250* 


=ku-[l  +  ?"^r/fe(Z/LMo)  * 


where  pxu*2  is  the  perturbation  Reynolds  stress.  Thence,  using  (3. 12)  the  calculations  for 


/  /Lmo  is  small  (say  less  than  0.1), 


(3.14) 


AF  r 

—  =  U-T»  1  f  +  7 

pc„  2  f, 


ae/az  m 


where  f0  =  f0  +  Af,  and  Af  is  the  change  in  the  Monin-Obukhov  function.  The  flow  is  near 

neutral  in  the  inner  layer  if  its  thickness  /  is  less  than  about  1/20  of  the  Monin-Obukhov 
length  Lmo  (or  the  Richardson  number  is  less  than  about  0.1).  Then  f0  *  1  and  Af  =  0. 

The  boundary  conditions  on  the  temperature  in  the  inner  region  are 
(i)  that  the  heat  flux  is  equal  to  the  mean  surface  heat  F0*  at  the  ground,  where  F0*  - 
F0  +  AF0.  From  (1.3)  this  means  that 

ae*  (F0  +  af0)/pcp 

dZ  kV(T/p) 

where  X*  is  the  local  shear  stress.  Since  X*  =  pu.2(l+x),  the  non-dimensional 

perturbation  temperature  satisfies 

(3.15a)  —  =  G(x)  AF  /F 

dz  00 


where 


G(x)  =  AF0F0  -  x/2  ; 


that  very  close  to  the  surface  the  temperature  should  have  the  same  relations  to  the 
local  heat  flux  F0*  and  shear  stress  x*  as  over  level  ground,  so  from  (1.2), 

F*  7 

(3.15b)  6*(z)-  8*(0)  =  — §-[  In  —  +  B'1] 

kpC  zo 

where  B'1  =  B0'*  +  AB'1.  For  typical  vegetation,  B1  =  8  (x./p)1/6)  so 
B  *  =  Suj73  and  AB  1  =  — x(x)ul  3;  (u,  is  in  ms  ');  therefore  from  (3.5b) 


(3.15c) 


1 


z 

0(Z)  -  0(0)  =  G(x)  [  In  —  +  B'1]  +AB  1  . 


(iii)  Upwind  and  downwind  the  perturbation  temperature  tends  to  zero.  We  now  derive 
the  normalized  governing  equation  for  0.  Substituting  (3.12)  and  (3.14)  into  (3.9), 
and  scaling  x  in  terms  of  L,  and  Z  in  terms  of  / ,  we  obtain 

U(/)a(X)  j;  1  a;  a ;  1  a;  / in— 

*0 


'a;  ac 


a;  /ln- 

Zn 


But  from  the  definition  of  /  for  the  mean  flow 
In  (//zq)  =  2k2L  . 

and  the  use  of  the  continuity  equation  simplifies  this  to 


At  this  stage  it  is  convenient  to  separate  the  factors  that  determine  0,  the 

perturbation  temperature,  corresponding  to  the  ’source’  terms  on  the  right  and  to  the  change 
in  surface  flux  AF0(O). 

We  let 

(3.17a)  0  =  0(a)  +  0(b)  +  0(c) 

where 


(3.17b)  L(0(a)) 


-;f 


; J  ax 


d^’  subject  to  C, 


M 


(a) 


a; 


•  0  as  £->0  , 


(3.17c)  L(0(b))  =  —  subject  to  —  — >  0  as  ^—>0 

2  a;  ac 


and 


ao 


(c) 


( 3 . 1 7 d )  L(0a  =  0,  subject  to  0  C  -»O  as  C,— — —  — >G(x)  as  >0  . 

ac 
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Using  Fourier  transforms  and  the  results  of  the  analysis  of  the  mean  flow  by  Hunt, 
Leibovich  &  Richards  (1986),  the  perturbations  0<a)  are  expressed  as  asymptotic 
expansions  in  ln(/  /zq).  Thus 

(3.18)  8w  =  -^[e<*’°>  +  — L-e'n...]  . 
u  (/)  h(— ) 


We  only  need  to  consider  the  bulk  of  the  inner  region  where  In  ln(/  /z0)  »  1  because 
there  is  no  discontinuity  in  0  or  5  d0/d£  across  the  inner  stress  layer  where  this 
approximation  is  not  valid.  Then  the  equation  (3.17b)  reduces  to 

(3.19a)  itc  0(a,o)  - — ]  =  iK  cr 
1  2  dq  dq  1 

(3.19b)  itc.0(a,o)-  =Ch(0-iK  / n^0(a,o) 

1  2  d£  3C  1 


where 


-if  I 


Kn(p-)d;-+  In  5-2] 


where  p' 


Since  5^  1  in  the  inner  region,  we  approximate  h(Q  (to  within  10%)  by  the 
expression 

(3.19c)  h(5)»-[4K0(p)- In  5]  . 

The  solution  to  (3.19a)  is  obtained  by  noting  from  HRL  that 

d(,  dC, 


L(KQ(p))  =  -iK1K0(p)  . 

and  that  the  complementary  function  to  (3. 19)  is  KQ(q)  where  q=  2^J \k{C, 


Therefore 
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(H/L)o(k  )  .  5  ,, 

(3.20a)  e(1) - ; - -  [  1 - *j-  [8K0(P)  -  4K„(q)  -  -  +  2  In?]  ] 

U<'>  2 

zo 


At 

the  surface  (as 

(3.20b) 

0(a)  -  H/L 

^i[.- 

IT(0 

Note  that 

ao(a) 

(H/L)o(ki) 

r2 ,4V^ 

ac 

U2(/)  ln(— ) 

L?  v? 

ln(—) 


(3.21a) 
As  ^  — >  0, 


-  [ker'Q(q)f  i  kci'Q(q))]] 


(3.21b)  00<a>/0(;  «  -  O/agtp2  In  pj  -  -  In  ;  =  0[  (H/L)oU-2(/)  ln‘(//zo)  In  5  ]  . 

For  the  effect  of  the  perturbation  in  shear  stress,  (3.19c)  leads  to 
(3.22a)  iKj0(b,O)  -  ^  U^<b,0>]  =  1^0  -4“  • 

1  2  a;  a;  L  2u  (/ ) 

where 

^0  =  ^U*^r[4K0(P)  +  InC- 0]  • 

dC,  dC, 

The  integral  which  satisfies  (3.17c)  (or  3.22a)  is 
(3.22b)  0(b'O)  =  -o.4[Ko(p)-Ko(q)]  . 

Thus  as  £  — »  0,  since 


(3.22c) 

and 


Kn(p)  ~  -  4  h  £  -In  2  -  In  i,  K0(q)  ®(b'  =  “  ‘r^- ?  2  In  2 

0  2  0  2  2  L  U  (/ ) 


'»  ■  4  .  .  _  ft  -  ♦  .  *  a£  k  Sk  F  .  "  •  L*  ^  >  kT  k  Ak 


(3.23a) 


x 


ae(b) 

ac 


H 

4, 


£ 


u2(0  Jl 

[ker,(p)  -  Jl  kert(q))(l-i)  +  (kei,(p)  -  Jl  kei(q))(l+i)]  . 


Again,  99 (b>/9£  «  ln£  as  £  — »  0,  but  the  order  of  magnitude  is  greats; 
H 


ac 


=  o 


u-(/ 


l  nC 


The  solution  for  the  third  component  0(c)  is  given  by 
(3.24a)  0(c)(k  ,C)  =  -2G(k)Ko(P)  . 

This  satisfies  the  surface  flux  condition  (3.19d),  because  as  C,—. >0, 

(3.24b)  0(c)  =  -2G(k).  [-i- ln^-y-^  mi] 

wherer  y  is  Euler's  constant,  and  therefore 

-Wc) 

ra0_  =  G(K) 

a;  1 

but  (3.24)  must  also  satisfy  the  condition  for  9<c)  at  the  surface  specified  by  (3.15c).  By 
expressing  (3  15c)  in  terms  of  £  and  substituting  the  limiting  form  of  0<c)  given  by  (3.24b) 
into  (3.1 5c ),  it  follows  that 

(3.25a)  .  0<c,(k  0)  =  G(k  )  [bq1  -2y-in+  In  (— )]  +  AB  1  , 
i  i  zQ 

where 

1 

G(K1)  =  g(«c,)  -  t(x-,.0)  . 


where  AB  1  depends  on  the  distribution  of  t  over  the  surface.  An  approximate  form  is 
AB  u  4  3  t  ( K|  )u« 1  1  where  u.  is  in  ms  1 

The  vertical  gradient  of  0<cl  obtained  by  differentiating  (3.24a)  is 


(3.25b) 


W  ", 


Ui 

v> 


»5 


v 


& 

1 

tea 


ae(c) 


zTir 

=  -  G(k  )  — W-  [kerj(p)(l-i)  +  keij(p)(l+i)] 


Near  the  surface  90(CV9^  -  G(Kj)  [l/£  +  i4iq  InQ  . 
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3.3  Discussion  of  analysis  of  inner  region  mean  temperature  distribution 


The  order  of  magnitude  and  phase  of  the  different  components  at  the  mean 
temperature  perturbation  on  the  surface  can  be  compared  using  solutions  (3.20a),  (3.22b) 
and  (3.24a). 

The  perturbation  0<a)  caused  by  the  convergence  and  divergence  of  the  streamlines 
brings  warm  air  near  the  ground  when  the  streamlines  converge.  Therefore  8<a)  is  in  phase 
with  the  surface  mean  speed  and  mean  elevation  at  the  surface  (when  the  hill  is  large 
enough  or  the  surface  smooth  enough  that  In  /  /z 0  »  1).  From  (3.20)  it  follows  that 

5 


(3.26a)  0(a)»(il)!iiy.[l 

L.  T  / 


T  U  (/  ) 


H 


In  (— ) 


(In  this  expression  the  second-order  term  has  been  retained  because  typically  it  is  of  the 
same  order  as  the  First-order  term.)  Since  the  greater  the  shear  in  the  upwind  flow  (i.e.  the 
ratio  of  U(hm)  to  U(/ )),  the  greater  is  the  speed  up  and  rate  of  convergence  of  streamlines 
over  the  hill,  so  it  is  not  surprising  that  0<a)  is  also  proportional  to  the  upwind  shear. 

The  vertical  profile  of  0(a)  in  figure  (a)  shows  that  the  perturbation  is  maximum 
above  the  surface  and  just  below  the  height  where  the  horizontal  velocity  perturbation  of  ud 
is  maximum.  Therefore  the  gradient  of  8<a),  90(aV9£,  is  positive  below  about  l  /4  and 
negative  above  /  /4.  We  note  that  to  first  order  0<a)  is  constant  with  height  in  the  inner 
region.  This  is  because  the  rate  of  convergence  (or  vertical  velocity)  to  the  first  order 
increases  with  z  and  the  mean  velocity  gradient  30/9 z  decreases  in  proportion  to  1/z  and  the 
product  of  these  two  effects  is  constant  with  height.  Thus  the  gradient  of  0<al  is  determined 
by  the  second-order  term  in  (3. 1  la),  and  its  magnitude  from  (3. 10b)  is 
(3.26b)  90<a)/9£  =  (H/L)  U2(hm)/(U2(/ )  In  (/  /Zq))  . 


The  perturbation  component  0O>)  caused  by  the  change  in  the  vertical  diffusivity, 
which  is  proportional  to  t,  leads  to  a  change  in  vertical  heat  flux  gradient  proportional  to 
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..Am  ft  *-A  t  , 


''  -\ 

— *■  *-»  ' 


3x/3Z  Since  8t/3Z  increases  rapidly  toward  the  bottom  of  the  inner  region  (in  proportion  to 
-  /ln(/  /Z))  the  change  in  dF^/dZ  is  greatest  close  to  the  surface,  where 


The  rapid  variation  in  dr/d£  near  the  surface  leads,  however,  to  a  rapid  decrease  in  0(b) 


over  a  scale  /  and  therefore  its  vertical  gradient  has  magnitude 


(3.27b) 


d8(b|  H  U2(h„) 

'K  L  U2(/> 


which  is  0(ln  (/  /z0)  greater  than  d0<aVd£.  (This  would  be  a  factor  of  five  or  six  in 


practice.) 

Graphs  of  0(bKQ  and  d0<bVd^  are  shown  in  Figure  00. 

The  perturbation  component  0^  caused  by  the  changes  in  surface  heat  flux  and 


shear  stress  is  such  that  its  gradient  is  in  phase  with  these  components  at  the  surface,  the 
surface  temperature  itself  (given  by  (3.15a)  slightly  lags  the  phase  of  the  combined  surface 
flux  G  by  (3.15a))  7t/ln(/  Izq).  HLR  showed  that  the  surface  shear  stress  is  in  phase  with 
the  surface  elevation  but  slightly  leads  its  phase  by  7t/( In  (/  / z0)).  Therefore,  to  first  order, 


the  pase  of  the  surface  temperature  depends  on  the  relative  magnitude  of  the  surface  heat 
flux  and  shear  stress,  which  depend  on  the  kind  of  heating  occurring  over  the  terrain. 


The  order  of  magnitude  of  this  surface  component  follows  from  (3.15a).  If  the 
normalized  change  in  heat  flux  is  proportional  to  the  slope  (e.g.  by  the  effects  of  solar 
radiation), 

(3.28)  6<c)(0)  =  H/L  ln(/  /z0)  . 

This  is  greater  than  the  other  components  0<a)  and  0^),  but  the  numerical  factor  may  not  be 
very  large  (e.g.  21n2  U2(hm)/U2(/ )  is  typically  about  three,  while  ln(//zo)  is  about  five  or 

six). 

If  the  change  in  heat  flux  is  proportional  to  the  changes  in  surface  shear  stress  (so 
that  there  is  a  net  change  in  F0/Vt),  then  the  relative  change  in  0hh  is  greater  than  (3.28). 


We  can  now  calculate  the  changes  in  temperature  caused  by  different  changes  in 


surface  heat  flux  g(x)  over  a  hill,  using  the  approximate  formula  developed  in  §3. 1 


(3.29) 


g(x)  = 


AF  (0)  Ax  ARq  Aq 
F0(O)  ~Xr~T  +  X R  R  +xq  q 


Case  (i) 

=  °’  XT  =  y,  Aq/q  =  0 


Here  is  no  change  in  radiant  heat  to  the  ground  (e.g.  cloudy  conditions),  and  any  heat  flux 
is  being  caused  by  the  heat  flux  to  the  surface  from  below  the  surface.  There  is  no  change 
in  humidity.  The  change  in  g(x)  is  just  caused  by  the  change  in  shear  stress.  In  this  case 
the  change  in  the  combined  flux  term  G(x)  is  zero,  so  that  effectively  T*  is  constant  over 
the  hill.  Therefore  the  changes  to  0(c)  are  at  the  surface  where  0(c)  is  changed  by  the 
constant  term  AB1  =  4/3xu»1/3.  The  perturbation  contributions  to  0(a>  and  0(b>  are 

independent  of  these  changes  in  surface  conditions. 

Case  (iil 

Here  ARn/R  =  H/L  f(x/L),  Xt  =  1/2,  A  =  0. 

The  primary  change  is  caused  by  changes  in  incident  radiation  which  are  proportional  to  the 
slope.  We  have  chosen  the  constant  for  multiplying  the  slope  to  be  unity,  corresponding  to 
a  latitude  of  about  50°N. 


3.5  Estimation  of  the  changes  in  turbulence  structures 


* 

I 


■ 

% 


The  turbulence  is  close  to  equilibrium  at  the  bottom  of  the  inner  region  because  its 
time  scale  TL  is  small  compared  with  the  travel  time  T.  We  have  made  the  assumption  that 

the  turbulence  is  local  equilibrium  right  through  the  layer  in  order  to  be  able  to  use  the 
simplification  of  the  'mixing  length'  model  for  the  heat  flux. 

In  the  same  vein  is  the  assumption  that  in  the  inner  region  the  temperature 
fluctuation  and  their  dissipations  are  determined  by  the  local  heat  flux  Fe(z)  based  on  the 

local  mean  temperature  gradients  and  the  local  sheart  stress.  From  (1.8d),  this  implies  that 
if 

/  /|Lmo|  «  1,  the  variance  over  the  hill  is  given  by 


2  2 

0g  +  A0 


(Fe  +  AFe/pCp)2 

uid  +  t(z)) 


Therefore  the  fractional  change  is 
(3.30)  A02/0g  =  [2AF  (z)/F  (z)  - 1  ]  =  2^0/9;  . 

In  local  equilibrium  the  rate  of  generation  of  temperature  fluctuations  is  equal  to  its  rate  of 
dissipation.  Therefore  the  fractal  change  in  dissipation  is 


e  -F  90/9Z 

e  e 


<3-31)  ^!e  =  [2?aa+T]  , 

ee  *  2 

where 


(H/L)  U  (h  ) 

t  - - r - -  [l 

U2(/ ) 


ln(/  /zn) 


1 


and 

0  =  0(a)  +  Q(b)  +  0(c) 
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We  note  that  (3.30)  and  (3.31)  are  consistent  with  the  usual  similarity  hypothesis  of 
turbulence  that 

Since  w  =*  u«  in  the  inner  regions  where  /  /|LMO|  <<  1,  and  since  is  proportional  to 
distance  above  the  surface  Z,  it  follows  that 

(3.32)  e  «u,(l  +  i)e2,  and  — &  =  4§r-  +  %  ■ 

0  2  e  02  2 

eB  d 

The  change  in  the  rate  of  energy  dissipation  e  in  the  inner  region  is  given 
approximately  by 

(3.33)  ^-  =  |t  . 

eB 

Therefore 

ao  3  H  U2(h J  r  au(l), 

2fa(x)— ]  , 
eB  1  L  U  (/ ) 

where  the  Fourier  transform  of  uO)  is  given  by 
-  (4K0(p)  +  lnC~  1)  and  p  =  2,yitT;  . 

Therefore  the  relative  change  in  the  structure  function  parameter  Cj2  over  hills  for 
temperature  fluctuations  is  given  in  terms  of  its  value  in  the  upwind  boundary  layer  (CT2)B 


Cr  r  ^ir  AoV1/3 

(3.24)  -_2_=[l+_e][l  + 

(Ci  e  e 

^rs  eB 

where  Ae0  is  given  by  (3.22)  and  Ae  by  (3.23).  If  the  changes  in  ee  and  e  are  small 
enough,  (3.24)  reduces  to 


4--[i*2s£4-t]-[1**£]- 

(CpB  dy  2  2  3y 


Thus  it  is  only  the  change  in  temperature  (when  mormalized  on  the  upwind  values  of  T .) 
that  determines  the  first-order  change  in  C72  near  the  surface.  Of  course,  as  we  saw  in 


In  the  outer  region  the  mean  temperature  gradient  is  changed  by  the  convergence 
and  divergence  of  the  mean  streamlines.  The  changes  in  the  velocity  and  temperature 
fluctuations,  however,  are  not  just  determined  by  the  local  changes  in  the  mean  velocity  and 
temperature  fields,  because,  unlike  in  the  inner  region,  the  memory  time  or  turnover  or 
Lagrangian  time-scale  TL  is  longer  than  the  travel  time  T.  Thus  the  changes  in  the 

fluctuations  are  determined  by  the  nature  of  the  upwind  fluctuations  and  by  the  changes  in 
the  mean  field  along  the  whole  trajectory  from  upwind  to  the  measuring  point. 

There  is  a  well-established  theory  for  the  changes  of  the  velocity  fluctuations  in  the 
outer  region,  based  on  a  linear  theory  for  the  distortion  of  the  vorticity  of  the  upwind 
turbulence  by  the  convergence  and  divergence  of  the  streamlines.  This  rapid  distortion 
theory  enables  the  changes  in  the  velocity  spectra  to  be  predicted,  with  the  results  for  the 
changes  that  are  correct  to  within  about  25%  (Britter,  Hunt  &  Richards  1981;  Panofsky  et 
al.  1982).  There  has  been  no  corresponding  theory  for  the  changes  in  the  temperature 
spectra. 

Warhaft  (1980)  has  measured  the  changes  in  spectra  of  temperature  fluctuations  in  a 
wind-tunnel  contraction.  These  measurements  have  not  previously  been  analyzed;  they 
provide  a  valuable  set  of  data  for  beginning  to  construct  a  model  for  these  temperature 
fluctuations. 

In  this  section  we  consider  three  effects: 

(i)  The  effect  of  the  change  in  the  mean  velocity  and  the  turbulence  on  the  change  in  the 
mean  temperature  field,  A0.  We  show  that  in  the  outer  region  (unlike  the  inner  region)  the 
turbulence  has  little  effect  on  A0. 

(ii)  The  effect  of  A0  on  the  fluctuating  temperature  0'.  For  most  purposes  it  is  a  small 


(iii)  The  direct  effect  on  9'  of  the  convergence  and  divergence  of  the  streamlines  and  the 
changes  in  the  turbulence.  We  look  particularly  at  how  the  spectrum  of  9'  changes,  as  the 
wave  numbers  change.  The  leading-order  effect  is  that  caused  by  the  mean  flow. 
However  the  distortions  to  the  spectra  caused  by  non-linear  pressures  associated  with  the 
changes  in  u  are  unexpected  and  possibly  important.  The  theoretical  suggestions  are 
largely  in  agreement  with  Warhaft's  measurements.  Fig.  5. 

We  first  derive  the  equations  for  the  mean  and  fluctuating  temperature  field  9*,  9’ 
in  terms  of  the  mean  and  fluctuating  velocity  Field  U,  u'.  (We  shall  only  be  concerned  with 
length  scales  larger  than  the  Kolmogorov  microscales  so  that  molecular  diffusion  can  be 
neglected.) 

From  the  full  equations 

(4.1)  (£-+(U  +u’).V)  (9*+  9')  =  0 

3t 

it  follows  that  9*  satisfies: 

(4.2)  i&l  +  (u.  V)9*  =  -  V(u\0-)  . 

at 

In  the  outer  region  the  right-hand  side  can  be  neglected.  For  a  two-dimensional  steady 
flow  the  mean  velocity  and  temperature  can  be  expressed  in  terms  of  the  displaced 
coordinates  as 

(4.3a)  U(x,z)  =  (UB(x,Z),0)  +  (ud*.  wd*)  (x,Z) 

9*(x,z)  =  @(x,Z)  +  A9  (x,Z) 

where 

(4.3b)  Z  =  z  -  Hf(x/L)  and  aud*/ax  +  dv/^/dZ  -  0. 

The  mean  temperature  can  also  be  expressed  in  terms  of  the  upwind  mean  temperature 
profile  plus  a  mean  perturbation  A9.  Then  (4.2)  reduces  to 


whence,  from  (4.3b)  and  using  the  fact  that  UB  varies  slowly  with  height. 


* 


The  equation  for  the  fluctuating  velocity  0’  is  given  by 

36 1  - 

(4.6)  - +  (U.V)0*  =  -  V.(u'0' -  U0') 

at 


The  left-hand  side  of  (4.6)  shows  the  effects  of  linear  distortions  on  the  fluctuating 
temperature  and  the  right-hand  side  the  effects  of  non-linear  distortions.  The  change  in  the 
term  (U.V)0'  in  the  accelerating  flow  is  O(ud*07Le)  or  0(H/L  U0  0'/Le).  The  change  in 

the  term  (u'.V)0*  is  O(uo3A0/aZ)  or  0(Au7Uq  a©/9Z),  whichever  is  the  larger,  where 

Au'  is  the  order  of  magnitude  of  the  change  in  u'  over  the  hill. 

* 

Since  — —  ~  |u,|  UR  ~  H/L  and  since  -  =  0(-r^-)dQ/dZ  it  follows  that  u,.^— ®  is  of  the 

u  az  ub  °az 

/\\y 

same  order  as  — —  dQ/d  Z. 

For  typical  boundary-layer  flows  Uo07Le  ~  U0T./z,  while 

uoM  -  H  U>T* 

az  l  z 


in  near  neutral  flows.  Consequenctly  the  change  in  (U.V)0'  is  much  greater  (by  0(Uo/u.)) 
than  the  change  in  (u'.V)0*  in  the  outer  region,  and  is  the  most  significant  linear  term. 

In  stably  stratified  flows,  using  the  theory  of  Pearson,  Puttock  &  Hunt  ( 1983).  and 
the  measurements  of  Hunt,  Kaimal  and  Gaynor  (1985),  the  estimates  for  these  terms  are: 


aw  H  9  ’  H 

L0  -  aj N  and  0'  ~  (_)  a  ^  so  (r)U0  IT  '  “  U° 


a© 

az 


Then  uoaA0/az  -  Gw  H/L  d@/dZ. 

Thus  stable  conditions  are  similar  to  neutral  ones  in  that  the  change  in  r)6 '<)'/.  also  has  a 
smaller  effect  on  0'  than  the  change  in  U. 


The  order  of  magnitude  of  the  non-linear  term  on  the  right-hand  side  of  (4.6)  for 
eddies  of  scale  is  uo07I^.  Thus  the  ratio  of  the  right-hand  side  to  the  largest  term  on 

the  left-hand  side  is  u07U0.  Since  u07U0«l  (typically  less  than  0.1  in  the  outer  region), 
this  suggests  that  to  first  order  the  non-linear  terms  can  be  neglected.  However  a  better 
understanding  of  how  the  non-linear  term  distorts  the  spectrum  is  obtained  by  analyzing 
how  the  wavenumbers  of  the  temperature  fluctuations  are  distorted.  This  also  leads  us  to 
our  desired  result  for  the  change  in  the  spectra. 

4.2  Fourier  analysis  and  estimates  of  non-linear  corrections 

In  the  outer  region  the  length  scales  of  the  temperature  and  velocity  fluctuations  of 
interest  are  small  compared  with  the  depth  of  the  boundary  layer  (h)  or  the  length  of  the  hill 
uf  L  '  h).  Therefore  9'  and  u  can  be  expressed  in  terms  of  a  local  co-ordinate  frame  at  a 
position  x0( t )  =  }l_’dt  moving  with  the  mean  flow,  viz:  X  =  x  -  jlJdt;  and  thence  taking 
l  oaner  transforms  S0.  S,  with  a  local  wavenumber  x(t)  (see  Fig.  6) 

(4.7)  (0  (x,t).  u^x.t)  j"JJ  (S0<  X,t),  S^X.Dexp  i  (XX)  dX 


The  equation  0  in  local  co-ordinates  is 


as«  v  aL’,  aa  00'  „  auk  ae' 

,4  8)  — 2-  «■  X  — ! - =  -  u. ix  > - X— - 

1  O  J 


at 


J  ax  ax 

j  ' 


0x,  1  dx  dx. 

k  j  k 


Substituting  (4.7)  into  (4  8)  leads  to  an  equation  for  Se: 

as 

4  ,S  (i  X  - 

dt 


as  <a„  au  f 

-f  *  \ 11  TT»  * '  x,  ~r  x , s,  -  -  VV  ^se +  Jx,  We1*'  W*' 

dt  ax 


)dX ' 


These  equations  are  only  satisfied  by  matching  coefficients  of  Se  and  XjSq  , 

as 

(4.9) 


at 


"uk  *k  S0 


and 


(4  10) 


XjXkSo(X  ’>Sk<X  X’)dX 


.-v  Ajtr^ ojy.v..  /.y.y, 


f  •* 


Thus  the  error  in  the  magnitude  of  SM  caused  by  neglecting  the  non-linear  terms  in 
(4.8)  increases  with  the  travel  time  T;  its  order  of  magnitude  is  apparently  of  O(Au0xT) 
where  Aug  is  the  change  in  the  turbulence  over  the  hill. 

The  error  in  the  magnitude  of  the  wavenumber  x  is  also  apparently 
0(Au0  XT).  These  naive  estimates  are  far  too  large  if  they  are  used  to  estimate  the  errors  in 

the  spectra  because  they  do  not  allow  for  the  fact  that  the  error  terms  are  random  and 
contain  products  that  have  weak  correlation  (e.g.  ukSe).  One  way  to  estimate  the  error 


term,  analytically,  is  to  divide  the  velocity  and  temperature  spectra  into  two  halves,  and 
assume  that  the  fluctuations  in  the  two  halves  are  approximately  uncorrelated,  and  to  use 
the  fact  that  small  scale  fluctuations  (x)  have  a  correlation  time  scale  of  order  e1/3  x_2/3 

If  X  >  L*1,  where  Lx  is  the  scale  of  the  velocity  fluctuations,  then  the  rate  of 
change  of  the  temperature  spectrum  d>e(x)  (oc|Sel2)  depends  on  the  amplification  A(x;  of 


the  small-scale  velocity  fluctuations.  A  two  scale  analysis  suggests 

d<J>  2 r\  i  r\ 

(4.11a)  — 1(X)~<|>  (k)X  e  A(X). 

at  0 


(4.11b) 


for  2  nL  1  (-%1/4 

v3 


where  X  =  Ixl- 

Over  a  hill  of  slope  H/L  the  amplification  A  of  the  turbulent  energy  by  linear  rapid 
distortion  process  is  of  the  order  of  H/L.  But  for  scales  much  smaller  than  a  critical  scale 
non-linear  processes  reduce  this  amplification  where  e_1/3/  2/3  ~  T  -  Uq/L.  For  L  - 
103m,  /.  ~  lm.  Thus,  the  typical  proportional  change  in  4>6over  a  hill  of  100m  for  an  eddy 

scale  of  the  order  of  about  1  meter  would  be  (from  4. 1  la)  about 
J _ H_  L  .01  .  100  1 

tl'3  L^/3  L  Uo  l.(100)1/3  4 


This  would  be  negligible.  But  for  higher  hills  the  change  might  be  significant.  For  smaller 
scales  non-linear  processes  would  reduce  any  amplification. 


The  most  significant  feature  of  (4, 1 1 )  is  that  it  indicates  that  the  term  of  the  inertial 
range  ot  the  spectrum  changes  in  an  accelerating  flow,  and  most  surprisingly  that  the 
departure  ot  the  spectrum  from  the  (-53)  menial  subrange  spectrum  increases  as  the  wave 
number  increases  In  his  wind-tunnel  expenments.  Warhaft  (  1980)  found  that  the  high 
wasenumber  spectrum  was  indeed  amplified,  by  an  increasing  amount  as  x  increased.  The 

estimate  (411)  agrees  qualitatively  with  his  observations,  including  the  criteria  for  its 
applicability  As  (4. 1  lb),  implies  he  found  that  when  L^T,  decreased  a  larger  range  of  the 

temperature  spectra  was  amplified.  (In  his  case  he  compared  1  H  I  X  '  -  to  I-y  L,  '  1  ) 

Since  there  is  no  significant  effect  of  mean  temperature  gradient,  there  is  no  net 
increase  of  •  0->,  so  the  increase  in  small-scale  temperature  fluctuations  indicated  by 

(411)  has  to  be  compensated  by  a  reduction  in  the  intensity  of  large  scale  temperature 
fluctuations,  (as  Warhaft  observed).  This  effect  is  only  significant  if  1^  is  less  than. 

approximately.  l.v  So  in  the  atmosphere  where  Lg>L„,  there  is  likely  to  be  little  reduction 
in  oH  when  Xo  <  L,  1 

4  3  Change  m  temperature  spectra  by  linear  spraining 

We  have  shown  that,  for  length  scales  of  temperature  fluctuations  of  interest,  in  the 
outer  region  of  flow  over  hills,  the  change  in  the  Fourier  transform  and  thence  the  spec  trum 
of  temperature  fluctuations  are  not  affected,  to  first  order,  bv  the  changes  in  the  non  linear 
terms  in  (4  9)  and  (4. 10) 

From  (4  9  it  follows  that  on  the  trajectory  of  a  fluid  element  on  a  mean  stiealme.  for 
a  given  local  wavenumber  X.  Se(2k)  does  not  change,  and  therefom  die  duee  dimensional 

spectrum  at  a  three  dimensional  wavenumber  X  at  a  position  \  mot  the  hid  is  equal  to  the 
upw  md  spec  trum  with  wavenumber  i.e 

'-111)  Hw  (,X<A>)  r  <k> 


Fq nations  (4  10)  gives  the  change  in  wavenumber  alone  the  same  u.oov  torv  Thus 


dx  , 

au. 

au3 

-  1  m 

dt  ~  X 

l^T 

3  ax3 

au, 

au, 

■  X 

dt  : 

ax3 

3  ax3 

(4.13a) 


(4.13b) 


In  general  the  solution  of  these  coupled  equations  (4.13)  require  integration  along 
the  mean  streamlines  over  the  hill.  But  for  hills  with  low  slope,  an  analytical  integration 
becomes  possible,  since 

ax,  dx,  ax 

dx 


dt 


dXi  dX  l  /  H  \ 

_L=U  '(,,0^,) 


Fhen  (4.13)  becomes 

,  au3  2  a  x  an 

f  St-1:  uir-<Tr)-‘.Ti- 

ax  ax,  ax,  ax, 

Note  that  in  the  outer  region  au,/3x3  -  aUi/dX),  to  leading  order  in  u./Uo,  and  by 
continuity  3l\  3x,  =  -  dLydxp 

Thus  at  a  given  distance  x  in  the  flow  direction  and  given  height  z 

K.L’oU)  U, 

X  .  (X.Z)  --  ‘  --  -  K 

L  3  U, 


w  hile 


U. 


L\ 


V'.*> 


l  smg  the  previous  notation  for  the  perturbations  of  the  mean  velocity 
l  I  1 1  •  u.  0,  w  )  (x.z) 

'he  ■.  nmpi  >nents  "I  /can  be  expressed  as 


■>  ■? 


(4.14) 


K  K  w 

'■■-T-uw’1.-* 
1  +  u 


Therefore  the  local  three-dimension 


spectrum  6g(X)  over  two-dimensional 


hills  at  high  wavenumber  can  be  derived  from  the  upwind  spectrum  by: 

£ 

(4.15)  O  (X)=  0>  (i^oc-2-2. 

8  6  kU/3 

where  k  =  icand  Kj  is  expressed  in  terms  of  Xi  by  (4.14). 

For  example  at  the  top  of  a  hill  where  w  =  0,  (4. 14)  reduces  to 
u  X, 

K  =  X,  (1  +  77).  K  =Y  ,K  = - - - 

1  a-!  \  y'’  2  k2  3  U 

(1  +  u 

So  from  (4.15) 

(4. 1 6)  <D  (X)  ~  - 2 - 

1x2(i+tt)2+x2+ — ^ — ]11/3 

LA1V  U'  k2  /  U\2 

(*+u) 

Thence  the  one -dimensional  spectrum  can  be  derived  by  integrating  (4.10):  4>e(Xi) 
=  JJ'l’eXdXrdXj.  So 


W 


[x‘j/3(i  +-Jj)2'3] 


Another  way  of  expressing  this  result  is  in  terms  of  the  temperature  structure 
function  which  is  not  now  isotropic:  For  a  displacement  rx  in  the  x  direction 


(4.17a)  (8(x,y,z)  -  0(x+r,y,z)f  «  ( 1  +  77)  7  £  1/3 


U'  ‘x  V 
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Also  the  integral  scale  of  the  temperature  fluctuations  in  the  direction  of  flow,  Le,  is 


similarly  distorted: 


Since 


L 


e 


*v0)  n  ff 

—  =  p 


(4.18) 


0  _  1  U 
L  +  U 
0B 


Warhaft  (1980)  expressed  his  measurements  of  the  distortion  of  the  spectrum  in 
terms  of  the  change  in  the  wavenumber,  Xmx>  at  the  maximum  of  the  function  X^etX)-  For 
typical  spectral  it  is  generally  found  that  Xmx0*  He  found  that  the  proportional  change 
in  Xmx-1  from  upwind,  Xmx(B)/Xmx>  was  approximately  equal  to  the  amplification  of  the 
mean  speed  in  the  contraction  of  the  wind  tunnel,  when  Lg  =  Lx.  (When  Le  <LX,  the 

amplification  was  less.) 

Thus,  we  conclude  that  the  major  effect  on  the  temperature  spectrum  over  hills  even 
for  scales  as  small  as  0.  lm  is  the  linear  distortion  of  the  wave  numbers.  The  non-linear 


effects  lead  to  distortion  of  the  form  of  the  specttrum. 

These  effects  summarized  in  the  schematic  diagram  Fig.  6.). 


Appendix 


Variation  of  heat  and  water  flux  over  a  surface 

From  Monteith's  formula,  as  explained  by  Thom  (1975)  and  Smith  &  Blackall 
(1979),  Fe  and  Fq  are  given  by: 

Fe(z)  =  pR/(l+(J),  Fq(z)  =  R/((1+P)X) 

where  the  Bowen-ratio  P(z)  =  (ra+rst-ri)/((A/Y)ra  +  r  4),  R  is  the  n£i  surface  heat  flux.  X  is 
the  latent  heat  of  vaporization  of  liquid  water,  and  the  resistances  ra,rst,  r,  have  the 
following  values: 

The  aerodynamic  resistance  ra(z)  =  [l/(ku*)]ln((z-d)/z0/5)),  where  d  is  the 
displacement  height,  which  is  at  the  order  of  the  vegetation  height  ra(z)  is  usually  defined 

in  terms  of  the  velocity  at  a  particular  value  of  (z-d),  eg 

ra(z)  =  6.25/U(z)  /  n((z-d)/zo)  /  n(5(z-d)/z0) 

=  2x1  QP-l\J{z)  for  Zq  ~  10-2m. 

For  a  typical  wind  speed  at  Sms-1,  ra  *  40  sm1.  the  stomata!  resistance  rst  is  the  resistance 
by  the  vegetation  to  evaporation  and  transpiration.  When  the  plant  surfaces  are  wet  rs[-»0, 
but  when  the  plants  transpire  very  slowly  rst— »<».  In  most  typical  air  flows  over  crops,  rst 
~  ra  =  40  sm1.  Monteith  called  q  the  'isothermal  resistance’  because  if  ra  +  rsl  =  r,,  there 
can  be  isothermal  flow,  r,  is  defined  as: 

r;  =  (pCp/(RY))(pIV-Pv). 

where  y  is  the  psychometric  constant  y  =  pCp/(Xe)  -  usually  in  mb°Ol,  and  C,  cp,  e,  p  are 
the  density,  specific  heat,  ratio  of  molecular  weights  of  water  to  air  (=5/8),  pressure.  psv, 
pv  are  the  saturated  and  local  vapor  pressure:  Psv  is  a  function  of  the  temperature  0,  pv/p  - 

8/5  q,  where  q  is  the  water  vapor  concentration. 

The  parameter  A  in  the  expression  tor  the  Bowen  ratio  is  related  to  r,: 

a  =  i/2  (Opsv/ae)  (z)  +  (dpsv/ae)(e  =  o) 

A/y(9)  is  plotted  in  Fig.  A.l  from  Thom  (1973). 


In  order  to  understand  how  J3  varies  with  perturbation  of  x,  8  and  q,  we  have  to 
consider  various  conditions  of  humidity  and  plant  type. 

(i)  In  conditions  at  about  50%  humidity  over  field  crops  in  mid  latitudes  (Thom,  p. 
103,  1973)  ra  =  rst  =  q,  y  =  0.66  mb/°C,  R  -  100W/m2.  So  8(3  =  0(-8ra/ra  -  5rj/re). 
Note  that  since  3(3/3rj<0  <  A/y  <6  in  these  conditions  3(3/5ra  <  0, 

Thence,  since  3ra/3x  «  -  5x/x,  Sr^Bq  «  -  8q,  3(3/drj<0  and  3(3/dr;<0 
5Fe/F9  ~  -  SFq/Fq  =  0(l/28x/t,  (-pCp/R)  (A/(ra)  56,  5q/q) 

depending  which  term  is  most  significant 

Since  1  ^  A  £,6  mb/°C  for  0  <  0  <  40°C,  pcpA/(Rra)  is  of  the  order  lsnr^C'1 
Then  an  increase  in  wind  speed  reduces  the  evaporation,  and  increases  the  heat  flux 
from  the  ground. 

(ii)  In  conditions,  where  there  is  a  strong,  dry  air  flow  over  irrigated  vegetation, 

Tj  »  ra,rj  »  rst,  then  (3— >  -1 

so  that  Fq/R  and  Fq/R  become  indeterminate;  but  Fe  =  -  Fq. 

In  other  words  there  is  a  downward  flux  of  sensible  heat. 

(iii)  Where  there  is  a  strong  dry  air  flow  over  vegetation  which  is  wet  on  the  surface, 
then  there  is  no  stomatal  resistance  to  transpiration  so  r;  »  ra  »rst.  Then  Fq  >  0 
and  F0  <  0  because  of  the  evaporation. 

In  that  case 

(3->  -  1  +(A/y  +  1  )ra/r: 

So  F0  =  -[R/((A/y)  +  l)]r;/ra,  Fq  =  [R/(A/y  +  l)r/ra,  then  8Fq/Fq  =  -  5FeFe  = 
AR/R  +  ( 1/2)| Ax|/x  -  Sq/q. 

In  the  case,  an  increase  in  surface  shear  decreases  the  magnitude  of  Fe. 

(iv)  When  the  wind  is  strong,  there  is  some  humidity  and  some  transpiration.  So  that 

ra  »  rst>  ra  »  ri- 

and  P — >l/(A/y)  =  1/2  at  20°C. 
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Then  Fq  is  about  twice  F0;  both  are  positive  if  R  >  0  and  both  are  independent  of 


wind  speed. 

When  the  (stomatal)  resistance  is  high,  and  the  wind  speed  is  moderate  so  that 

>>  Tj, 

Then  (3— >rsl/((A/y)ra  +  r^  »  1 . 

so  that  F0  =  R  and  Fq  =  (R/rsl)  ((A/y)ra  +  tj)  «  R. 

In  this  case  the  heat  flux  is  approximately  independent  of  wind  speed,  but  note  that 
F  increases  with  ra,  or  decreases  with  wind  speed. 
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Tvpical  profiles  of  mean  potential  temperature  and  mean 
velocity  in  the  stable  boundary  layer.  Figure  2 a  includ 
a  profile  of  Richardson  number.  Its  value  at  the  top  of 
the  boundary  laver  tends  to  be  indeterminate  or  very  var 


Figure  4.  Different  components  of  the  perturbation  to  the  mean  temperature 
over  the  top  of  a  hill.  -  convergence  of  mean  streamlines. 

n(b)  _  increased  diffusivitv  caused  by  excess  turbulence 

-  increased  in  heat  flux  from  surface  associated  with  increase 
in  stream. 

(The  sign  of  these  components  differ  over  the  parts  of  the 
hill)  . 


Converging  streamlines 
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(P )  -  diverging 
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(Contracting  streamlines) 
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(Upwind) 


Figure  6 


(a)  schem  atic  diagram  to  show  how  diverging  and  converging 
streamlines  of  the  mean  flow  affect  the  wave  number. 


(b)  change  in  the  spectra  of  temperature  caused  by  the  mean 

streamlines'  copo'e  rgened  divergence.  - convectron  caused 

bv  non-linear  processes  (stronger  when  L  ) . 

(c)  Measurements  of  before  and  after  a  contraction  in 

wind  tunnel  bv  Warhaft  ( 1980)  -  in  agreement  with  (b • 
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Modelling  of  turbulent  heat  and  moisture 
transport  in  atmospheric  flows 
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Modelling  of  l urhulcnt  }L\il  M  'lsuu <  ho n\;\  >i  ;r,  Amiosphcni  /  Low 
C  \  mstructn  >n  >  >(  the  rtu  ><. lei 

The  general  construction  ot  the  nun  lei  .s  ties,  t ;  r-etl  fails  :n  1  unties  Ac  Mansfield 
i  l‘)84).  tii  which  the  reader  is  referred  t»>r  details  HueiS  ,  1:  is  a  fulls  three  dimensional 
second  order  rruxiel  for  the  transport  of  latent  and  sensible  .heat  in  'die  atmospheric  su:t.ue 
laser  The  variables  used  are  density  anomals  and  wait"  •  ap<  r  nustare  fraction  .:sj*c:fic 
humidity  ).  An  algebraic  form  for  the  third  moments  de;i  -d  from  fust  print  ipies  is  used 
(as  opposed  to  an  ad  hoc  model)  l.sers  attempt  has  hceit  made  to  make  the  model  as 
realizable  as  possible.  compatible  with  computational  effK.encs  1  hat  is  the  modeled 
equations  are  constructed  in  such  a  was  that  all  variances  aie  auiomatii alls  maintained  non 
negative,  and  all  fluxes  automatically  satisfy  Schwartz  >  inequality  at  all  times  This  is  at 
least  true  in  the  continuum  limit;  the  satisfaction  of  these  various  inequalities  bs  the 
differenced  forms  of  the  equations  is  more  deln  a  e.  ami  w  ill  r>e  disi  ussed  later 

At  the  time  of  the  Interim  Teehnu  ai  Report,  although  the  full  model  had  been 
presented,  it  had  been  exercised  only  in  a  windless  situation  This  had  the  advantage  of 
being  vertically  axisymmetric,  and  consequently  having  onls  five  independent  non  zero 
third  moments.  As  will  be  discussed  in  greater  detail  niter  the  algebraic  expressions  for  the 
third  moments  are  cross-coupled,  and  the  linear  expressions  tor  the  moments  must  be 
solved  at  each  grid  point  to  obtain  the  required  values  Solution  of  a  5  *5  system  does  not 
present  problems  either  by  hand  or  by  machine  or  by  symbolic  algebra  program,  such  as 
MAKCYMA.  Our  first  goal  following  the  Interim  1  < .  htm  al  Rep •  >rt  w  as  the  exercise  of  the 
program  with  wind.  Unfortunately,  when  the  wind  is  introduced,  the  system  is  no  longer 
vertically  axisymmetric.  and  there  are  now  twelve  independent  third  momen's  Solution  of 
this  system  at  each  grid  point  is  roughly  six  times  as  comp.  m  machine  time  I  bus. 
exercise  of  the  model  to  resolve  difficulties  became  t  man  r  undcuiking 

When  the  wind  was  first  intr< .(laced,  we  exp.-rien.  ed  serious  instahil ily  at  the 
inversion  base.  This  mstabilifx  did  :■■■•  appear  net;!  several  hundred  time  steps  had  been 


calculated  It  was  clear  that  it  was  not  a  customary  numerical  instability,  but  a  non-linear 
instability  introduced  by  the  model.  The  instability  appeared  in  the  region  near  the 
inversion  base  where  all  the  variables  were  tending  to  zero.  Their  values  in  this  region 
were  essentially  negligible  physically,  but  the  way  in  which  they  all  approached  zero 
together  was  critical.  The  better  part  of  a  year  was  spent  in  seeking  the  source  of  this 
problem  (Recall  that  our  effort  during  this  year  had  been  reduced  to  approximately  one- 
third  of  that  during  the  initial  years  of  the  contract). 

'Hie  problem  was  caused  by  realizability  violations  near  the  inversion  base,  and  by 
the  way  in  which  we  tried  to  avoid  them.  The  general  technique  of  making  the  continuum 
version  of  the  model  fully  realizable  is  not  adequate  in  this  region,  where  differencing 
errors  can  cause  realizability  violations  even  if  the  continuum  model  is  fully  realizable:  it 
should  be  recalled  that  our  model  is  not,  in  fact  fully  realizable.  We  find  it  essential  at  each 
time  step  to  examine  the  values  of  all  the  fluxes  and  variances  in  this  region  for  violations 
ot  Schwartz  s  inequality  and  negativity.  Violations  that  are  discovered  are  corrected  by 
adjustment  of  the  variables.  The  way  in  which  the  variables  are  adjusted  is  critical;  it  must 
be  done  smoothly ,  so  that  when  the  curves  are  differenced  to  determine  the  right  hand  side 
of  the  equations  for  the  next  time  step,  no  unphysical  terms  are  introduced.  It  must  be  done 
in  the  proper  sequence  The  correct  variables  must  be  adjusted.  The  problem  usually  arose 
near  a  zero  of  a  flux,  which  usually  did  not  occur  at  a  grid  point.  Schwartz's  inequality 
would  be  violated  on  one  side  or  the  other  of  the  zero.  There  is  a  choice  of  three  variables 
to  adjust  to  correct  the  violation,  the  flux  or  one  of  the  variances.  The  correction  must  be 
earned  to  at  least  two  neighboring  grid  points  on  each  side  with  a  smooth  weighting 
function,  gradually  reducing.  If  it  is  the  flux  that  is  adjusted,  there  is  a  problem.  Suppose 
that  the  flux  were  positive  at  the  point  of  violation,  but  negative  at  the  neighbonng  point, 
and  that  the  required  adjustment  at  the  point  of  violation  were  negative,  should  the 
adjustment  at  the  neighboring  point  be  positive  or  negative?  Our  inability  to  resolve  this 
problem  in  any  consistent  manner  lead  us  finally  to  adjust  the  variances,  which  did  not 


present  this  difficulty  Note,  however,  that  we  have  to  deal  with  •  p  a  •.  -  p'u,  •  and 
■  ,u  i  with  variances  op'2.-,  sup^  and  <u_*2>;  each  vanance  appears  in  two  ot  the 

tiiixes.  The  required  adjustment  (possibly  /.eio)  in  each  ot  the  products  ot  standard 
deviations  goes  three  equations  in  three  unknowns,  the  adjustments  required  in  each  ot  the 
s'and.ird  deviations.  These  are  then  smoothly  distributed  on  each  side  ot  the  point  in 
question.  Now  ,  however,  the  values  of' the  variances  have  been  changed  at  points  at  which 
Vhw.irus  inequality  had  not  previously  been  violated;  it  is  necessary  to  make  another 
sweep  to  check  again  for  violations,  and  go  through  the  same  procedure  again, 
boitun.iteh .  tins  process  converges.  We  monitored  the  number  ot  violations  and  the 
number  ot  iterations  required  as  the  run  progressed;  a  rapid  increase  in  the  number  of  either 
lequired  usually  indicated  the  presence  of  an  instability  Our  final  technique  (combined 
with  explicit  calculation  of  the  pressure  transport,  which  improved  the  stability)  proved 
satisfactory. 

This  phase  of  the  work  was  completed  by  September  30.  1985.  A  one-dimensional 
tape  with  programmable  boundary  conditions  and  synoptic  conditions  was  prepared, 
together  with  a  user's  manual,  and  forwarded  to  the  contract  manager.  We  include  in  this 
report  figures  (1  -  13)  from  the  test  calculation  we  carried  out.  This  is  the  same  physical 
situation  we  examined  in  the  windless  case:  a  dry  boundary  layer  arrives  over  water;  the 
radiant  input  remains  the  same,  and  the  water  temperature  is  the  same  as  the  air  temperature; 
the  input  changes  from  sensible  heat  to  latent  heat,  resulting  in  a  sharp  drop  in  the  surface 
density  anomaly  flux;  a  stable  region  develops  near  the  surface,  and  is  gradually 
transported  upward;  finally  the  region  is  again  fully  mixed,  w  ith  the  new  lower  value  ot  the 
surface  density  anomaly  flux. 

In  Figures  1-13,  the  computer-generated  call -'Hits  are  transparent  acronyms:  KPS. 
for  example,  is  R ho  /'rime  .Squared,  while  ORB  is  /derivative  ot  A’iui  /tar,  or  -  p  >  ,  1  he 

notation  is  the  same  as  that  in  I.umley  &  Mansfield  ( 1 VX4 )  F  ami  f  arc  the  mean  and 
fluctuating  water  vapor  mixture  fraction,  •  ef.*  is  the  dissipation  ot  flue  eating  water  vapor 


mixture  fraction  variance.  Cf,  Cj  and  Cp  are  the  relaxation  coefficients  (which  multiply  the 
pressure  correlations)  in  respectively  :  the  water  vapor  mixture  fraction  flux  equation,  the 
Key  nolds  stress  equation,  and  the  density  anomaly  flux  equation. 

During  the  final  year  of  the  contract  we  have  concentrated  on  installing  our  program 
on  Cornell's  production  supercomputer  facility.  This  has  involved  writing  a  new  code  to 
handle  our  massive  equation  set,  a  new  treatment  of  the  boundary  conditions,  modifications 
to  the  way  we  handle  the  third  moments,  motivated  by  time  considerations,  a  new  treatment 
of  the  pressure,  and  testing  of  the  new  algorithms.  Each  of  these  is  described  in  detail 
below.  It  should  be  bome  in  mind  that  we  are  hoping  to  solve  21  equations  over  an 
irregular  boundary  in  three  dimensions.  The  solution  of  four  such  equations  in  these 
circumstances  (the  "simple”  test  we  use  for  our  algorithms)  is  equivalent  to  ordinary 
computational  fluid  dynamics,  i.e.-  the  solution  of  the  Navier-Stokes  equations.  This  is 
not  generally  regarded  as  an  off-the-shelf  item  in  three  dimensions.  Only  in  this  way  can 
one  appreciate  the  magnitude  of  the  problem  we  are  attacking. 

Compulation  of  the  pressure 

In  a  three-dimensional  computation  it  is  necessary  to  determine  the  mean  pressure 
from  an  equation;  this  was  not  necessary  in  our  one-dimensional  computations,  in  which 
the  homogeneity  assumption  combined  with  the  Boussinesq  approximation  made  the 
pressure  (anomaly)  uniform. 

The  usual  method  for  determining  the  pressure  is  to  use  the  incompressibility 

assumption 

U|.i  =  0 

We  take  the  divergence  of  the  equation  for  the  mean  velocity,  using  the  incompressibility 
assumption,  to  obtain  a  Poisson  equation  for  the  mean  pressure: 

-P.n'P  =  U.jUj.,  -  <u1JuJ1>  +  g<p’>, 3/P0 

This  may  now  be  solved  by  standard  Poisson  equation  solvers,  using  the  values  of  the 
mean  velocity  and  the  Reynolds  stress  determined  at  the  last  time  step.  On  a  regular  grid, 


s  >  s 


in  a  box,  the  pseudo-spectral  method  is  very  fast:  the  products  on  the  right  hand  side  of  the 
Poisson  equation  are  calculated,  and  the  Fast  Founer  Transform  is  applied  to  both  sides. 
The  transform  of  the  pressure  is  calculated  in  Founer  space,  and  the  FFT  used  to  return  it 
to  real  space. 

Unfortunately,  solution  of  the  Poisson  equation  in  three  dimensions  on  an  irregular 
grid,  in  an  irregular  geometry  (as  required  by  terrain)  is  expensive  in  computational  time. 
The  FFT  can  no  longer  be  used  conveniently,  and  over-relaxation,  or  a  similar  technique 
must  be  used,  requiring  many  iterations. 

In  order  to  avoid  this  difficulty,  we  have  used  an  alternate  scheme.  The  atmosphere 
is,  after  all,  not  an  incompressible  medium.  It  is  a  compressible  gas,  with  a  finite  velocity 
of  sound.  It  is  therefore  more  realistic  to  use  the  equations  for  a  compressible  gas. 
Experimentally,  it  is  known  that  the  effects  of  compressibility  on  mean  streamlines  are 
negligible  if  the  mean  flow  Mach  number  is  below  about  0.3.  Of  course,  mean  flow  Mach 
numbers  in  typical  flows  in  the  atmospheric  surface  layer  are  more  nearly  of  the  order  of 
0.03,  but  between  0.3  and  0.03  we  would  expect  to  see  negligible  change  in  the  mean 
flow.  The  use  of  the  equations  for  a  compressible  gas  has  the  advantage  that  the  equations 
are  predictive  equations  that  can  be  solved  by  time  stepping,  like  all  the  other  equations  that 
we  are  solving. 

We  begin  with  the  equation  for  the  instantaneous  density  and  velocity: 

dfl  +  p  iUj  +  puy  =  0 

Using  the  isentropic  relation  between  the  pressure  and  density  dp/dp  =  a2,  where  a  is  the 
isentropic  speed  of  sound,  a2  =  yRT,  and  the  equation  of  state  P  =  pRT,  we  have 

dtp  +  PjUj  +  ypu, ,  =  0 

For  a  diatomic  gas,  y  =  1.4.  This  can  be  placed  in  conservative  form  as 

<*tP  +  +  (Y-  Upuy  =  0 

We  may  now  introduce  the  Reynolds  decomposition  p  =  P  +p'  and  average,  to  obtain 

9tP  +  (PUp ,  +  <p'ui>  j  +  (y  -  l)PUj  i  =  0 
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We  have  neglected  a  term  <p'ui  l>,  on  the  grounds  that  the  Mach  number  of  the  fluctuating 

velocity  is  (in  the  atmospheric  boundary  layer)  only  about  4 %  of  the  mean  flow  Mach 
number;  for  this  reason  uy  for  the  fluctuating  velocity  will  be  negligible,  even  if  Uy  is  not. 
The  term  <p'u;>  is  one  of  those  modeled,  as  -0.2<q2Uj>,  and  this  quantity  is  calculated. 
Note  that  all  terms  but  the  first  (3tP)  are  known  at  each  time  step. 

In  effect,  setting  the  level  of  the  absolute  pressure,  which  appears  nowhere  else  in 
the  system  of  equations,  determines  the  mean  flow  Mach  number,  and  determines  the 
strength  of  the  feedback  in  the  pressure  equation.  Note  that  M2  =  a2/U2  =  yP/pU2-  At  each 
time  step,  Uy  is  calculated.  If  it  is  not  zero,  it  is  multiplied  by  a  fairly  large  number  (P), 
and  from  this  a  new  pressure  field  is  determined  which  will  tend  to  reduce  the  value  of  Uj  fi. 

As  an  aside,  since  the  pressure  always  appears  in  the  momentum  equations  divided 
by  p0,  it  would  be  reasonable  to  work  in  terms  of  the  kinematic  pressure  P/p0  =  PI,  say. 
Since  our  pressure  equation  is  homogeneous  in  the  pressure,  we  can  divide  by  p0  and  write 
a  similar  equation  for  IT 

Three  dimensional  test  of  numerical  algorithm  and  pressure  equation. 

In  order  to  test  our  general  numerical  algorithm,  and  to  test  our  method  of 
calculating  the  pressure,  we  have  carried  out  a  fully  three  dimensional  laminar  calculation, 
choosing  as  our  problem  one  for  which  an  exact  solution  of  the  Navier  Stokes  equations  is 
known  to  exist.  Our  numerical  algorithm  is  set  up  to  handle  an  essentially  arbitrary  number 
of  equations  of  the  form 

0tf=  (Df ;) ,  +  (E,f) ,  +  Ff  +  G 

We  selected  a  laminar  problem  because  the  laminar  Navier-Stokes  equations  are  three 
equations  of  this  form.  In  addition,  it  will  be  seen  that  the  pressure  equation  is  also  of  this 
form.  Hence,  by  solving  the  laminar  Navier-Stokes  equations  with  the  pressure 
determined  by  our  compressible  algorithm,  we  are  effectively  testing  our  algorithm  on  a 
four  equation  system,  instead  of  the  twenty-one  equation  system  that  we  ultimately  have  in 
mind.  In  addition,  the  determination  of  the  pressure  using  our  compressible  alghorithm 


can  be  done  as  well  in  a  laminar  situation.  Finally,  we  have  the  advantage  that  exact 
solutions  to  the  Navter  Stokes  equations  exist  for  several  problems,  and  we  can  hence 
determine  the  accuracy  of  our  computation. 

We  took  as  our  problem  the  impingement  of  an  axisymmetric  jet  on  a  flat  plate. 
This  was  studied  by  Homann  ( Zeitschrift  fur  Angewandte  Mathematik  und  Mechanik  16 

(1936)  153-164).  If  the  plate  lies  in  the  1-2  plane,  and  the  jet  approaches  along  the  3-axis, 
the  velocity  field  is  given  by 

UL  =  (S/2)x,f(Ti) 

U2  =  (S/2)x2f(ri) 

U3  =  -2(Sv/2)1/2f(ri) 
ti  =  (S/2v)i/2x3 

FI  =  n0  -  ( l/2)[(S/2)2(x t2  +  x22)  +  u32]  +  vu33 

where  S  is  the  strain  rate  of  the  approaching  inviscid  flow.  The  function  F  has  been 
tabulated  by  Homann.  We  carry  out  the  computation  in  a  cubic  box  of  side  L,  including 
one-quarter  of  the  jet.  That  is,  the  sides  of  the  box  are  the  planes  Xj  =  0,  x,  =  L,  x2  =  0,  x2 
=  L,  x3  =  0,  x  3  =  L.  The  maximum  velocity  is  roughly  SL.  We  choose  to  normalize  all 
velocities  by  SL,  lengths  by  L,  time  by  1/S.  We  indicate  nondimensionalized  quantities  by 
italics.  Thus, 

Uj/SL  =  (7, 
x,/L  =  x, 

St  =  t 

v/SL2  =  1/Re 

(lie  inverse  of  the  Reynolds  number.  The  pressure  normalization  is 

n/s2L2  =  n 

Our  equations  of  motion  now  read 

3^  +  = -H*  +  RcWtJJ 

d,n+  (/7(A),  =  n(\  -y )UU 


To  set  the  level  of  pressure,  we  take  SL/a  =  M0  =  0.3.  Hence, 

n0  =  (yMo2)-1 

The  box  is  now  a  unit  cube,  and  the  exact  solution  becomes 

U  i  =  xtf/2 
U2  =  x2m 
U3  =  -(2/Re)1/2f 

n  =  (Re/2)>^3 

11  =  77„  -  (l/2)l(x,2  +  jc22)/4  +  U32}  +  T/jj/Re 
To  select  a  value  for  the  Reynolds  number  we  note  that  the  boundary  layer  thickness  is 
roughly  (2/Re) 1/2  in  dimensionless  form.  To  have  an  interesting  calculation,  i.e.,  one  in 
which  the  effect  of  viscosity  can  be  seen,  we  want  the  boundary  layer  thickness  to  be 
roughly  1/2.  Hence,  we  take  Re  =  8. 

So  far  as  the  boundary  conditions  are  concerned,  we  use  the  exact  solutions  on  the 
inflow  face  x3  =  1,  and  on  the  outflow  faces,  Xj  =  l,x2  =  1.  On  the  bottom  we  use  the  no 
slip  condition  f/.  -  U2  -  U3  0,  with  the  corresponding  pressure  condition 

II  =  770  ~  (,t|2  +  _r22)/8 

On  the  faces  quartering  the  jet  we  use  symmetry  conditions.  That  is,  on  the  face  xx  =  0  we 
use 

u] ,,  o,  uu  -  o,  uu  =  o,  n  i  =  o 

while  on  the  lace  o  o  we  use 

U 2  -  0,  Vu  =  UlJ  =  0,  II 2  =  0 

As  initial  conditions  we  begin  with  the  exact  solution.  As  might  be  expected,  the 
solution  converges  quite  rapidly,  and  is  stable.  Numerical  values  of  the  velocity  divergence 
are  nowhere  more  than  roughly  0  I,  and  over  most  of  the  flow  considerably  less.  In 
f inures  1  1.  15  and  16  we  show  several  views  of  the  solution.  It  can  be  seen  that  the 
streamlines  have  generally  the  correct  shape.  Numerical  values  of  the  velocity  field  are 


within  a  few  percent  of  the  correct  values.  We  feel  that  the  results  can  be  interpreted  as 
ve:v  positive  for  both  the  numerical  algorithm  and  for  the  pressure  equation. 

(.'■  > rnpiitntion  of  the  third  moments 

In  the  one  dimensional  computations  we  were  able  to  use  the  our  (essentially)  exact 
l« *i in  tor  the  third  moments.  This  is  summarized  in  Lumley  &  Mansfield  (1984).  Briefly, 
this  is  an  algebraic  form  for  the  third  moments,  obtained  by  perturbation  expansion  about  a 
'"Mr !v  homogeneous,  nearly  Gaussian  state  of  near-equilibrium.  The  equations  are 
voously  cross-coupled.  In  a  general  three-dimensional  case  there  are  nineteen  •ndependent 
'bird  moments,  ten  including  three  velocities,  six  including  two  velocities  and  the  density 
anomaly,  and  three  including  one  velocity  and  the  square  of  the  density  anomaly.  Although 
the  matrix  of  coefficients  is  relatively  sparse,  it  is  difficult  to  eliminate  more  than  three  of 
the  variables,  (reducing  the  system  to  16x16),  since  the  terms  involving  the  density 
anomaly  appear  in  all  equations  involving  the  vertical  velocity,  through  the  buoyancy.  In 
our  one-dimensional  problem,  things  were  much  simpler;  even  with  wind  shear,  there  are 
only  twelve  independent  non-zero  third  moments,  while  in  the  windless  (vertically 
axisymmetric)  case,  there  are  only  five.  Inversion  programs,  including  symbolic 
inversion,  are  relatively  efficient  up  to  6x6,  and  rapidly  break  down  thereafter.  We  were 
able  to  obtain  the  values  in  the  12x12  case  using  Gaussian  elimination.  This  was  time 
consuming,  but  not  insupportable,  since  the  number  of  grid  points  was  limited.  In  three 
dimensions,  however,  we  will  have  probably  203  grid  points  instead  of  20,  for  a  factor  of 
400,  while  the  solution  of  a  19x19  linear  system  by  Gaussian  elimination  will  take  roughly 
2.5  times  as  long  as  a  12x12,  for  a  net  factor  of  103  in  the  time  required  for  this  part  of  the 
calculation.  Since  in  one  dimension  the  calculation  already  ran  of  the  order  of  tens  of 
minutes  (say,  20  minutes  for  a  typical  case)  on  the  IBM  4341,  this  part  of  the  calculation 
alone  might  be  expected  to  run  day  and  night  for  two  weeks  on  the  same  machine.  While 
we  expect  considerable  increases  in  speed  by  running  on  a  highly  parallel  supercomputer, 
they  will  probably  not  be  enough  to  compensate  for  this  problem. 


The  efficient  solution  of  large,  relatively  sparse,  systems  like  this  is  a  current 
research  area.  Several  members  of  Cornell’s  Department  of  Computer  Science  are 
currently  working  on  this  problem.  It  is  quite  possible  that  within  a  few  years  we  will  see 
considerable  increases  in  efficiency  for  the  solution  of  such  systems.  In  the  meantime, 
however,  we  must  proceed. 

This  situation  was  clearly  untenable.  We  were  desperately  in  need  of  a  way  of 
simplifying  the  calculation  of  the  third  moments,  but  without  discarding  the  benefits  of  the 
form.  Wherever  our  form  for  the  third  moments  has  been  used,  it  has  given  values  of  the 
third  moments  essentially  within  experimental  error.  Our  form  for  the  third  moments  is 
virtually  unique  in  the  annals  of  turbulence  in  being  to  a  great  extent  the  exact  result  of  an 
asymptotic  expansion,  and  hence  being  a  genuine  approximation,  rather  than  an  ad  hoc 
model.  Hence,  it  seemed  desirable  to  preserve  some  part  of  it. 

In  the  initial  development  of  our  third  moment  form,  we  had  neglected  gradients  of 
the  mean  fields.  This  was  done  on  the  basis  of  the  perturbation  expansion,  which  indicated 
that  these  gradients  were  of  lower  order.  In  our  development  of  the  complete  forms  (see 
Lumley  &  Mansfield  (1984)  we  kept  these  mean  field  gradients,  since  we  felt  that  we  might 
find  sharp  gradients  in  the  mean  fields  at  the  inversion  base,  gradients  large  enough  to 
upset  the  order  of  magnitude  analysis,  and  raise  these  terms  to  the  same  order  as  those 
retained.  In  our  extremity,  however,  this  seems  to  be  the  least  damaging  place  to  introduce 
an  approximation:  we  propose  to  neglect  the  mean  field  gradients  in  the  three-dimensional 
case.  It  is  not  out  of  the  question  to  consider  the  possibility  of  surveying  the  field 
computed  with  this  reduced  system  for  regions  of  large  gradients,  and  solving  the  full 
system  at  a  restricted  number  of  points  in  the  vicinity  of  the  large  gradients. 

Elimination  of  the  mean  field  gradients  allows  the  system  to  be  split  into  two 
essentially  independent  systems,  a  9x9  and  a  10x10.  Four  of  the  10x10  can  be  explicitly 
solved,  leaving  a  6*6.  The  9x9  can  be  further  reduced  without  much  difficulty  to  a  6x6 
and  a  V3  Computation  of  this  system  uong  Gaussian  elimination  should  take  only  56% 


of  the  time  required  to  compute  the  12x12  used  for  the  horizontally  homogeneous  case. 
Since  MACSYMA  is  relatively  efficient  for  6x6  matrices,  there  are  possible  further  savings 
by  solving  the  system  explicitly  symbolically.  In  this  way  we  have  achieved  a  saving  in 
time  of  between  five  and  ten  (five  without  symbolic  reduction),  and  have  reduced  the 
expected  running  time  on  a  supercomputer  to  something  less  than  that  for  an  exact 
simulation  of  a  homogeneous  isothermal  turbulent  flow.  We  include  in  this  report  a  table 
of  the  coefficients  of  our  reduced  system. 


U1V 

Explanation  of  Table  Markovianized  Gen’l  Matrix 

This  is  the  matrix  of  coefficients  in  the  nineteen  equations  for  the  nineteen 
independent  third  moments  involving  velocity  and  density  anomaly  in  the  fully  three- 
dimensional  case,  with  mean  field  gradients  eliminated  bv  order  of  magnitude  analysis. 
Since  the  mean  field  gradients  arise  from  the  substantial  derivatives,  their  elimination  is 
referred  to  as  Markovianization  (in  a  Markov  process,  the  future  state  depends  only  on  the 
present  state,  and  not  on  the  past;  hence,  does  not  depend  on  the  present  derivative  in  the 

continuum  limit).  Because  of  the  limitations  of  the  program  EXCEL  it  was  necessary  to 
introduce  some  abbreviations  in  the  matrix.  We  have  designated  C  l  by  C,  and  Cp  by  C  ; 

<c>  by  T,  and  <p’2>/<ep  >  by  T’;  and  finally  by  b.  All  notation  is  the  same  as  in 
Lumley  &.  Mansfield  (1984).  The  column  designations  A  -  S  are  as  follows:  A  =  <Uj3>,  B 
-  <u23>,  C  =  <u33>,  D  =  <u 1 2u 2>,  E  =  <u j 2 u 3 >,  F  =  <u22U[>,  G  -  <u22u3>,  H  - 
< u 3 2 u [ > ,  I  =  <u32u2>,  J  =  <uLu2u3>,  K  =  <pu,2>,  L  =  <  p'U]U2>,  M  =  <p'u,u3>,  N  = 
<p'u:2>,  O  =  <p'u2u3>,  F  =  <p'u32>,  Q  =  <p'2u j >,  R  =  <p'2u2>,  S  =  <p'2u3>.  The 
matrix  may  be  visualized  as  post-multiplied  by  a  column  matrix  of  these  variables.  Note 
that  equations  12,  17,  18  and  19  have  only  one  entry,  and  hence  can  be  solved 
immediately.  Note  also  that  the  matrix  10A  -  191  is  empty,  so  that  the  matrix  10J  -  19S  is 
independent  of  1A  -  91.  With  the  elimination  of  12,  17,  18  and  19,  this  leaves  a  6x6. 
Since  the  sub-matrix  A1-C3  is  diagonal,  we  may  easily  multiply  each  of  rows  1-3  by  the 
appropriate  factor  and  subtract  from  rows  4-9  to  eliminate  all  entries  below  the  diagonal  in 
columns  A-C.  This  makes  the  sub-matrix  D4-I9  independent  of  the  first  three  terms, 
giving  a  6x6.  The  right  hand  sides  of  the  equations  (i.e.-  the  column  matrix  appearing  on 
the  right  hand  side  of  the  martical  equation)  are  as  follows: 

1  3<U]2>  i<u,2>  +  3<Uj2>  2<u2Uj>  +  3<U;2>  3<u3U]> 

2  -  3' u22>  j<U|U2>  +  3<u22>  2<u22>  +  3<u22> 3<u3u2> 

3  3< u32>  j <u  jU3>  -*-  3<u32>  2<u2u3>  +  3<u32>  3<u32> 
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i  -  <U;->  1  <  U  i  U  2  >  -  <U  ]  “  >  ^  <  U  2“  >  -  <  U  ]  2  >  3  <  U  3  U  2  >  +  2<U  |  U  t  >  i  <  U  j  2  >  * 
2<u [U2>  2<u;ui>  *  <uiu;>,3<u3ui> 

3  -  <U.  -  >  !  <  U  !  U  3  >  -i-  <U[  “>2<u2u3'>  +  <U;2>  3<U32>  +  2<U]U3>  j  <  U  j  2  >  + 

2 < U  j U 3 >  -«<U2Ui>  ■+•  2<U[U3>  3<U3U[> 

S  =.  <U22>  ,1<U[2>  *  <U22>  2<u2u1>  +  <U22>  3  <  U  3  U  ]  >  +  2<U2U]>  1<U]U2>  t- 

Z-CU2U1>  2<u22>  ~  2<U2U[>  3<U3U2> 


<Ui->  1  <  u 


1  U  3  >  1-  <U22>  2<  U2U3>  +  <u22>,3<u32>  +  2<U2U3>  _  j  <U  j  U2> 


2<U2U’,>  2<u22>  +  2<U2U3>  3<U3U2> 

S  =  <U32>  1<U12>  +  <U32>2<U2U  !  >  +  <U32  >  3  <  U  3  U  i  >  +  2<U3  U  j  >  j  <  U  j  U  3  >  + 
2<U3U|>2<u2u3>  +  2<U3U[>3<U32> 

9  =  <U32>  ,<U[U2>  +  <U32>  2<  U22  >  +  <U32>3<U3U2>  +  2<U3U2>1<U  1  u3>  + 

12 U 3 U 2 >  2<^2*^3>  +  2<U3U2>  3<U32> 

10  =  <U1U2>  1<U1U3>  +  <U[U2>  ,2<U2U3>  +  <ulu2>  3<u32>  +  <ulu3>  i<UjU2>  + 

<U[U3>2<U22>  +  <U;U3>  3<U3U2>  +  <U2  U  3  >  _  j  <  U  [  2  >  +  <U2U  3  >  2<  U  2  U  ]  >  + 

<U2U3>  3<U3U!> 

11  =  <u12>1<p'u1>  +  ‘<u12>2<p'u2>  +  <u12>i3<p'u3>  +  2<p'ui>1<u12>  + 

2<p'U|>2<U2Ui>  +  2<p’u1>3<U3U1> 

12  =  <p'u1>i<u1u2>  +  <p'u1>2<U22>  +  <p’U]  >3<U3U2>  +  <p  U2>  1  <  U  [  2>  * 
<PU2>,2<U2U1>  +  <pu2>3<U3U;>  +  <U1U2>i<p'u1>  +  <U1U2>2<PU2>  j_ 
"uiu:>,3<P'u3> 

13  =  <p,U1>jl<U1U3>  <p  U  1  >  2<  U2U3>  +  <p'U]>  3<U32>  +  <p'u3>  ]<U[2>  * 
C  P  'U3  >  2<  U2U  !  >  *  <p  '  U3  >  _  3  <  U  3  U  j  >  +  <U;  U3  >  !  <  P  'll  J  >  +  <U  [  U  3  >  2<  p  U2  >  * 
^  U  t  U  3  >  3  <  p  U  3  > 

14  =  2<p  u2>i |  < u  j u2>  2<p'u2>i2<u22>  +  2<p'ut>  3<u?u2>  +  <u22>,  1  <p’u  j  >  *• 

"U2;>  2 < P  1 1 2 >  *  <U22>  3<p  Ll 3 > 


>*>*( 


SMS 


-*  -*  /.  /  ,*  / 
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SECTION  ii  PRESCRIBED  LOAD  ALLOWANCE  (continued) 


(1) 

FEDERAL 

(2) 

IT) 

15-DAY  ORG. 

MAI  NT.  ALLOWANCE 

STOCK 

NUM8ER 

DESCRIPTION 

USABLE  ON 

COOE 

(»> 

1-5 

(b) 

6-20 

(c) 

21-50 

(d) 

51-100 

5930-729-1706 

SWITCH,  LEVER:  (3  po«  Rocking);  SM-B-335l*65 ; 

8OO63 

1,2,3 

* 

* 

* 

2 

5930-729-1709 

SWITCH.  LEVER:  (2  poa  locking);  SM-B-335735! 

80063 

1.2,3 

« 

* 

* 

2 

5930-734-5202 

CIRCUIT  BREAKER:  F/heater;  10172H33!*A;  171*65 

2,3 

* 

» 

* 

2 

5935-045-9630 

CONNECTOR,  PLUG,  ELECTRICAL  U-185B/G 

1,2,3 

» 

* 

# 

2 

5935-01*5-9631 

CONNECTOR,  RECEPTACLE,  EIECTRICAL  U-186/0, 
U-186A/G 

OR 

1,2,3 

2 

2 

4 

8 

5935-926-71*28 

CONNECTOR,  RECEPTACLE,  ELECTRICAL  U-186C/G 

1,2,3 

2 

2 

4 

8 

5935-162-6285 

DUMMY  PLUG,  TELEPH3NE:  (red);  165D;  01401 

1,2,3 

2 

1* 

11 

20 

5935-192-  *ue 

JACK,  TELEPHONE:  JJ-066;  613U9 

1,2,3 

11 

39 

92 

179 

5935-228-1*038 

JACK,  TELEPHONE:  JJ-085;  813U9 

1,2,3 

u. 

T9 

92 

179 

5935-283-1269 

JACK,  TELEPHONE:  JJ-03I*;  81349 

1,2,3 

« 

» 

* 

2 

5935-359-6025 

CONNECTOR,  RECEPTACLE,  ELECTRICAL:  F/heater; 

9210;  7l*5l*5 

1,2,3 

« 

* 

2 

2 

5935-577-8801* 

ADAPTER  CONNECTOR  UG-1312/U 

1,2,3 

* 

« 

« 

2 

5935-577-8781 

JACK,  TELEPHONE:  JJ-024;  8I3U9 

1,2,3 

2 

2 

4 

8 

5935-61*2-071*3 

DUNKY  PLUG  TELEPTONE:  (Black);  165C;  01401 

1,2,3 

3 

7 

18 

33 

5935-682-1070 

CLAMP,  ELECTRICAL:  KS-17;  09922 

1,2,3 

* 

* 

2 

2 

5935-775-21*1*6 

DUHYY  PLUG:  SM-B-370299  ;  80063 

1,2,3 

2 

2 

4 

8 

5935-892-9176 

CONNECTOR,  PLUG,  ELECTRICAL:  U/with  cable  aaay 
CX-U69A/U  and  CX-4693A/U;  SC -B- 76446-1 ;  8OO63 

1,2,3 

* 

« 

» 

2 

591*0-01*9-8791 

CLIP ,  SPRING,  TENSION:  U/  to  retain  tube 
extractor;  107002  Type  XX;  75915 

1,2,3 

* 

* 

♦ 

2 

591*0-223-5293 

POST,  BINDING:  SC-DL- 72396;  8OO63 

1,2,3 

2 

2 

U 

7 

59l*0-25l»-22l*l» 

CAP,  EIECTRICAL:  (F/blndlng  poat); 

9C-C-76202-1 ;  8OO63 

1,2,3 

2 

2 

4 

7 

591*0- 70C-7256 

TERMINAL  LUG:  KPA25/W ;  09922 

1,2,3 

* 

# 

2 

2 

591*0-802-3771 

SPLICE,  WIRE:  PT60M;  59730 

1,2,3 

* 

• 

2 

2 

5950-815-6687 

CIRCUIT  BREAKER:  15  aa$a ;  9P1515;  08434 

2,3 

• 

# 

2 

2 

5975-702-9311 

CAP,  EIECTRICAL:  PT6M;  5'*73n 

1,2,3 

• 

• 

2 

2 

5975-711- lb56 

GASKET:  U/on  duplex  outlet;  585;  73586 

1,2 

• 

• 

« 

2 
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SECTION  n  PRESCRIBED  LOAD  ALLOWANCE  (continued 


5975-682-046: 

5975-682-0519 

5995-681-842? 

5995-681.81,24 

599V-68I-8U3C 

5995-661-81*  36 

5995-681-81*1*1 

5995-681-61*1*8 

5995-681-81*50 

5995-661-81* 'S 

5995-661-81.73 

5995-681-8474 

5995-681-81*75 

5995-688-5699 

5995-985-7569 

6210-199-8633 

6210  686-5568 

621*0-11*3-3070 

6240-155-7786 

6240-223-9100 

6240-223-9104 

6240-270-4286 

6240-538-8447 


(2) 

DESCRIPTION 

USABLE  OH 
CXE 

Bl'S-ONG,  ELECTRICAL  CONDUCTOR:  112;  04009 

1 .2,3 

HANGEF ,  CABLE:  ('.'/to  retain  carles  to  side 
of  shelter);  SM-B- 363101, ;  8006* 

1,2,3 

cable  assembly  ,  special  purpose.  electrical 
CX-4766/V:  (c  fO 

cable  assembly,  special  purpose ,  ELECTRICAL 
CX-4766. U:  '4  ft} 

1  ,P ,  3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE ,  ELECTKI  f'AL 
CX-4766  U:  ft) 

1 ,2,3 

CABLE  ASSEMBLY.  SPECIAL  PURPOSE ,  ELECTRICAL 
CX-U7^,U:  ( '<  ft) 

:,?,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-U7&/U:  (4  ft  6-1/4  in' 

1 ,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-4767/U:  (4  ft  6-1/4  In) 

l,p,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-477U/U:  (4  ft  8-1/2  in) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-47t9/U:  (4  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECI/I  P'JKPOSE,  ELECTRICAL 
CX-4769/U;  (3  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-4769/U:  (5  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
CX-U769/U:  (2  ft) 

1,2,3 

CORD  ASSEMBLY ,  ELECTRICAL  CX-4695/U:  (5  ft 

10  in) 

1,2,3 

CABLE  ASSEMBLY,  TELEPHONE  CX-4566A/G:  (250  ft) 

1,2,3 

UMPHOIDER:  (F/neon  law);  *390267-20;  81349 

1,2,3 

SHIELD,  ELECTRIC  LIGHT:  SM-B- 335531 ;  80063 

1,2,3 

LAMP,  INCANDESCENT:  50A/RS;  24455 

1,2,3 

LAMP,  INCANDESCENT:  FR-2;  24455 

1,2,3 

LAMP,  GLOW:  NE-51;  81349 

1,2,3 

LAMP,  GLOW:  NE-40;  81349 

1,2,3 

LAMP,  GLOW:  NE-21;  81349 

1,2,3 

LAMP,  FLUORESCENT:  F20T12/CW;  24455 

1,2,3 

It>)  ic) 
6-20  21-50 
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SECTION  ii.  PRESCRIBED  LOAD  ALLOWANCE  (,  CONTINUED  ; 


(11 

(2) 

ffOEKAi 

STOCK 

description 

NUMBER 

USABLE  ON 

CODE 

l  i  ! 

i S-DAY  ORG. 
MAINT.  ALLOWANCE 


(b) 

6-20 


(c) 

21-M 


6250-174-4604 

LAMPHOLDEF:  (■/ fluorescent  lamp  and  smarter) 
79X736;  14455 

1,2,3 

6250- 299- 28tA 

STARTER.  FLUORESCENT  LAMP:  FS-2;  64959 

1.2,3 

6250-299-6093 

LAMFHOLDEh:  (F/ fluorescent  lamp);  78X1*91;  24455 

1,2,5 

6250-662- 3U6t 

LAMPHOIXER:  (Helds  indicator  glow  lamps); 

10-06;  9^3 

1,2,3 

<250-682-3163 

LAMPHOLDER:  (porcelain);  246;  73586 

1,2,3 

6250-604-  3U1*9 

PALLAS?  LAMP:  ( F/ fluorescent  lamp);  09G457D; 

24455 

1,2,3 

6660-793-9575 

SWITCH,  THERMOSTATIC:  (P/o  heater);  2727A;  65289 

2,3 
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SECTION  :::  REPAIR  PARTS  FOR  ORGANIZATIONAL  MAINTENANCE 


(3) 

DISCRlBTlOd 

Reference  i  W*'  Code 

US  Aft  U  M 
CODE 

i  AJtK.,  F'ATTHI  !*; ,  '^•CTnCATTOS  SB-'  -  MHC 
>.: »  I  ten  i*  nonexpendable) 


SHEI  TE? .  ELECTRICAL  EQUIPMENT  S-l  T-l'.A.P  wr 


V  TT  Ucablc  ,»n  "ode  1  refers  t'  .'*171  MRC ,  _  re’ers 
S -  .  ’ LA,  MB'C ;  3  refers  S-l  7ir/MRT . 


i.i  AJ'™'.' .  :  •’foracm  u;-:  j: 


Am:  TT.b  :  Mr  3*-WC  V  U 'FECR  ;  ’.M*  J 


AXF.  SINGLE  BIT:  BJ.1-A-92-&,  Type  ..  Dealer 

BALLAST,  LAMF  :  F  fiuo reagent  ;  rJlU^'T. 
..Ui*c‘£ 

ch:  ng  .  electri  tal  tontuc  tof*-  :  ;  >.x-< 

svsKtt;.  e:ict*i;al  -ondu'tor  *.r.  *  • 


r'TSHI  !tl  ,  ELECTr'I  ?A1  TOJIBUCTGR:  Tlte-bite;  ;V 
>UUV- 


:aPLE  ASSEMBLY,  TELEPHONE  CX-4Vj6a/G:  SST  ft' 


""ABLE  ASSEMBLY.  SPECIAL  PURPOSE.  ETECTHI “AL 
.TX-U’^tf/V:  .4  ft  8-i/*  ir.' 

.’ABLE  ASSEMBLY,  SPECIAL  PURPOSE.  ELECTRICAL 
:x.4767.-*J:  '4  rt  2-1/4  in) 

TABLE  ASSEMBLY,  SPECIAL  PURPOSE,  electrical 
;X-4~68,U:  (2  ft' 

1  »« -6*1-3436  TABLE  ASSEMBLY,  SPECIAL  PURPOSE .  ELECTRICAL 

•:x-4-63/u:  (3  ft) 

-342*  TABLE  ASSEMBLY,  SPECIAL  PURPOSE .  ELECTRICAL 

CX-4?68;Ur  (4  ff) 

~  >*>-681-34  ?0  CABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
TX-U760/U:  (5  ft) 

5*J5-6fil-347<  TABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
TX-1*^9/U:  (2  ft) 

<99* -6*1 -34-*  3  'ABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 

CX-U-69/U:  f 3  ft) 

5  *>e -681-3472  CABLE  ASSEMBLY,  SPECIAL  PURPOSE.  EIEXTTRICAL 
CX-L769/U:  (4  ft) 

f,99r.^l.5U‘*L  TABLE  ASSEMBLY,  SPECIAL  PURPOSE,  ELECTRICAL 
TX-4^9/U:  (5  ft) 

CABLE  ASSEMBLY,  SPECIAL  PUWOSE .  ELECTRICAL 
CX-4774/U:  (4  ft  8-1/2  in' 

*■  145-164-694^  CABLE,  POWER,  ELECTRICAL:  Paver  cable  for  heater, 
?.  cond  #16  evg ;  Type  KPD;  80660 

7*12-2562  TABLE,  POWER,  ELECTRICAL:  F/heater;  SI -5325. 

Type  *5/.0063;  24455 

^lL5-75i’-2J*73  CABLE.  POWER,  ELECTRICAL:  ’J/with  CX-4693A/U  and 
CX-U69LA/U;  2  cond  16  1  cond  #8;  SC-A-46606b; 

8OO63 


57U -■'02-9311 1  CAP ,  ELECTRICAL:  PC6M;  59?30 


'.S*0_e-S4_?2l»l,  CAP,  ELECTRICAL:  ( f /binding  poet);  SC-C-762C2-1  ; 

'30063 

CAPATITOP,  FIXED,  PAPER  DIELECTRIC:  U/v 1th 
f;ucre«ctnt  1  up  fixture*;  3C-C- 33033*4 ;  3 

*  1  1  *1  - *•*=<*?■  CHAIN ,  BEAD:  Connect*  cable  reel  fielder  to  veil; 

1.0;  ''089? 


*39  tnra  WLS 
W120  thro  Wl4o 
W147  thru  Wl?3 
W186  thru  W197 
W12  thru  W18 
w66  thru  W92 
W93  thru  W119 

W174  thru  W105 
W190  thru  W217 
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SECTION  in  REPAIR  PARTS  FOt  ORGANIZATIONAL  MAINTENANCE  (cont.nukd) 


4010-729-5951 


CHAIM,  HUDLRW:  (U/on  bulletin  board )  ;  F26404; 
96344 


5930-734-5202  CIRCUIT  BHHAJCIP:  F/heeter ;  101T2K334A;  17463 


I  CIRCUIT  BRIAJCER:  50  1^4 ;  90250;  88434 


5925-8l8-48u|  CIRCUIT  BRIAKX#-.  15  &^>a ;  9PU5;  88434 


5950-015-6667  CIRCUIT  BVaJCD  15  ^a ;  (JP1515;  88434 


^35-602-1070  CLAW,  XLRCTTUCAL:  KS-17;  09922 


5<*0- 049-0791 


5  340-727-  76W 


CLIP,  SPKDE,  TXH5I0H:  U/to  retain  tube  extractor; 
107002  type  XX;  75915 


CLIP,  SPKTRG ,  1XM10R:  Ho  Ida  epere  atartara; 
1090CC  type  XX,  75915 


6645-973-0178  CLOCK ,  AIRCRAFT.  WCHAKCAL:  W- 5-364709;  00063 


664^-950-0590  j 


5935-359-6025 


CIDCK,  AIRCRAFT,  MCHARXCAL:  (Retain  etc  bracket 
eben  replacing  clock) 

COHHRCTOR,  RRCIPTACIZ,  XLRCTKICAL:  F/haater; 
9210;  74545 


5935-518-9653  COHHRCTOR,  PLUG,  rLRCTRICAl  UP-120M 


5O}V0c_-M_i  ,4J 


5935-549-3562 


5935-537-4253 


5935-666-45i2| 


COHHRCTOR.  PLUG,  XLRCTKICAL:  U/with  cable  aaay 
CX-4694AA»:  9C-B-?6446-2;  00063 

COHHRCTOR,  PLUG,  XLMCTttCAL:  U/wlth  cable  aaay 
CX-4694aA»  *oA  CX- 4693A/U;  8C-B- 76446-1;  00063  U-*N,b/0 

COHHRCTOR,  RRCWTACLX,  XLRCTKICAL:  U/on  conduit 
aaay;  9200;  74545 

COHJBCTOR,  HRCRPTACLX,  XLRCTKICAL:  Power- In  on 
po**T  entrance  box;  34-V- 364595;  0CC6>3 

COHHRCTOR,  RRCXPTACLX,  XLRCTKICAL:  Power -out  on 
power  entrance  box;  3M-B-364594;  8OO63 


5935-045-98301  COHHRCTOR,  PLUG,  XUKTKICAL  U-105B/G 


5935-045-9031 


00WRCT0R,  RRCXPTACLX,  XLRCTKICAL  U-186/0, 
U-106A/C 


5935-926-74281  OOIWCTOR,  WCBT/KTIX,  XLRCTKICAL  U-I86C/O 


COHTACT ,  PMXTXOVR,  XIRCTWH  TOW,  SOCXXT: 
7  pin  contact ;  5191;  72653 

OOVTACT  P08TTI0KR,  XLRCTROI  TOW  80CHT: 

9  pin  contact;  0105;  72653 


CORD  AH8MLY,  XUCTKICAL  CX- 4695/U:  (5  ft  10  in), 


COUP  LI  HC  ,  BXAD  CMAIH:  10A;  TO&92 


COVXH,  XLRCTKICAL  LO—C  TOR:  CX-9176;  96097 


CUHTAIH.  BLACJXVT:  51  In  *  X  63  in  I4;  ®*-C-470682; 

50063 

ouwor  PLUG ,  TVLVMW:  'Black) ,  l65C;  01 401 


WJRff  PLUG.  TBJV1VW:  (Hed);  l65T>;  01401 


Change  6  A4-9 


-  -  m  *  -  -J,  I  -  V*  *  .,>*  **  Jk  *■  - V 


03  >  TM  11.5805-204-15 


SECTION  in.  REPAIR  PARTS  FOR  ORGANIZATIONAL  MAINTENANCE  (cont.nuid, 


1 1U1I 

II'  III  I 


(•) 

IS— OAY  ORGANIZATIONAL 

MAINTENANCE  ALR 


5120-293*3603  j 

5120-293-2092 
5975-711-1056 
5120-776-9918 
512O-7V-8059 
5120-776-9917 
5325-21*8-7104 
5120-251-4489 
5975-682- (7519 
5820-706-7185 
4S40-494 


309^-766-8473 
1.140-765-7748 
1*520-792-8398 
*»1 1»0-069- 1952 
4140-073-3246 
5935-577-8781 
5935-203-1269 
5935-220-4030 
5935- 192 MMU 
5355-682-6806 

2540-846-8403 

6240-538-8447 
6240-270-4206 
6240-223- -Jl  04 
6240-  22  3- -71  TO 
6240-.43- JCT7 
’’~86 


outer  PUJD:  S»-*- 370299;  90063 

1,2,3 

rrnucTON,  euctrdr  vjbx:  (?  pi*  tiMturt )  ; 

7113;  95344 

1,2,3 

ETTPACTOR ,  MCTROR  TORI:  (9  pin  nlaerure); 

9U3;  95344 

1,2,3 

PAS  JUT:  7/ on  T^lu  outlet ;  505;  73586 

1,2 

SEP,  CAR1X,  ROVBT:  (12  la  1«);  «A265;  95344 

1.2,3 

IJCP,  CA0LR,  'NOV»:  8  U  1r  U/*lth  CX-4693/U  end 
CX-4694/U;  ESR-9;  95344 

1 

GRIP,  CAMS,  «vxi:  16  U  I4,  R^6-0P;  95344 

1.2,3 

PROMT,  HUHBRF:  P/o  control,  tel  line  C-2094/FQ; 

913;  75543 

1.2,3 

HAMUX,  SAND:  (8-lb  leed);  OCO-H-86;  01349 

1,2.3 

HAJCD ,  CAN  LX:  (U/to  retain  ceblee  to  aide  of  ehcltar); 
34-5-363104;  80063 

1,2,3 

HfATDE,  XLXMDrT,  EJCTICCaL:  0/e  beater  8D-370/U; 
A22/5O07/1;  63325 

1 

HIATUS  DMT,  KLSCnaCAL:  P/beat ar;  3994-0;  72143 

2.3 

tCLCOi,  CAXLZ ,  PUL:  Retain*  cable  reel  during  tnult; 
3H- 8-363238;  90063 

1,2,3 

Dram,  PAR,  AXIAL:  P/o  beeter  fO-375/U; 

00-720-5;  60399 

1 

□RU2X,  PAR,  AXIAL:  20;  60399 

1,2 

Dram,  PAR,  CmmroAL  P/eahewt  bloeere; 

610-314-2;  60399 

1,2 

Oram,  PAR.  CBTiafBAl:  A16959;  60399 

3 

J  ATT,  TTLPMURl:  JJ-024  ;  8l>9 

1.2,3 

TURD1R;  JJ-034;  01349 

1.2,3 

J  ACT ,  TEXPflOII*:  JJ-005;  81349 

1.2,3 

JACE,  TRUER®  HI:  JJ-006  ;  81349 

1,2,3 

OROB:  On-off  knob  on  beeter;  Mold  type  1600; 

^2512 

1 

IACDXR,  VKICLI  BOARDTE  Mt-3943/O: 

JC-DL-147108;  00063 

1.2.3 

LA»,  PLU0UULU1’:  r20T12/CW;  24455 

1.2,3 

LAW.  PIOW-  m2 1;  01349 

1.2,3 

1A»T.  1U3W:  R40,  01349 

-.2,3 

LAW*.  PlOWr  051  .  01)49 

1,2.3 

LAW*,  IflCANWCTT:  *QA/RR ;  24455 

1,2,3 

LAI*.  IRCARMtRCWTt  P1U2;  24455 

1.2,3 

0510  thru  0554 


DSltimi  D86 

D612 


G-*>  TM  11-5*05-204-15 


■Q1MRUMI 


SECTION  in .  REPAIR  PARTS  FOR  ORGANIZATIONAL  MAINTENANCE  (CONTINUED) 


(I) 

tcxtirriM 


Idirinn  liatar  4  u 1r  Cod* 


6250-682-3 *62  LAJEHOLDIR:  (Holda  indicator  (lo«  la^a);  95263: 
10-06 

6230-299-6093  LAWHDLISA:  (P/fluoraacant  laar);  78X691:  !W! 


6230-176-6686 


•210—7X2— 

(7*1 


LAITOLDXR:  (P/fluoraacant  laap  and  atartar);  78X736; 
26655 

LIOHT  INDICATOR  (F/NEON  LAMP) 
M  3*0287-20  8134* 


6230-682-3663  UM7C10BI:  (porcalain) j  246  ;  73386 


6230-803-7063  LAATEOI,  DACTXIC:  (6  V) ;  2106-7;  32572 


5610-732-2323  HAD,  XLACTRICAL:  ( p/jroundlnd  ) ;  SM-B-352166C  |  80063 


6230-613-3386  LIGHT,  IXTAABI01:  (25  ft);  H-L-661 ,  Typa  1,  Claaa  1; 
81369 

I0CX3PAHH)  ,  1VHAL0CX,  TIC' "TXT. F :  U/on  rnntllitor 
eorara ;  33-225  ;  72796 

5323-290-6365  IOCX8PRIHG ,  HJRALOCK  7UTBC5S;  U/on  dlatributlon  boa 
tandnal  boa,  ala  flltar  corara  and  atorafa  cabioat; 
96-275  ;  72796 

5323-283-3371  10CXHP1OT,  7VRAL0CX,  FASTXAIH:  U/oc  boldar  for  aaa, 
hmmtr  and  flaahll*fat;  86-225  ;  72796 


5323-285-3371 1 


6105-561-6321  [  MOTOR,  AO:  (P/o  aahauat  bio— ra ) ;  48265X1;  16768 


6103-726-8686  K7IOR,  AO:  5K5P5LAL26C ;  26695 


5915-803-8110  Armen;,  hybrid,  atom-.  sx-c-366673;  80063 


5360-682-1508  PADLOCK:  323A1B;  29823 


5315-866-5666 


PH,  SPRm :  U/«  cabla  raa-  boldara  ;  79-012-062-0500; 
72962 

nr,  snuioHmn,  cjotdoa  noxi  (p/7  an*  9  pin); 
B-2799A)  88065 


5973-682-0676  PLATA,  MALL,  IIACTHICAL:  5260;  76565 


5960.223-3293  P0«T,  BIADLAO:  8C-D^72396;  80063 


8130.636-1090  KA*L,  CASTA  AC-635/0 


3610-783-6250  RIPAIR  AIT,  DACTHICAL  A80IPWRT  SHILTAR  1,2,3 

MC-68O/G:  (0/to  rapalr  puncturaa  to  ahaltar  akin); 

ACTS:  Itaa  to  ba  raqulaitloaiad  for  lawadlata  uaa 
only,  ordar  dlract  froa  dapot  atocK. 

5905-803-2908  ROTHTOR,  FT  KID,  J0IE0SITI0A:  (30,000  otaaa  1/6  »  t9*)i  1,2,3 

9C090P30V;  81369 

5905-583-5207  R8SISTOA,  PIXXD,  PIXMi  (6,690  obaa,  1/6  *);  1,2,3 

R865B6691P;  81369 

5905-581-0098  AB1ST0K,  PIXZD,  PIUI:  (2,960  obn  l/6  »);  1,2,3 

W65B2961P;  81369 

5905-801-8636  R*5IST0R,  TOCB>,  PTUfc  (665  on  1/6  «)|  1,2,3 

(*65866507 ;  81369 


5973-226- 5260 1  AOD,  OKCKJO  AX-168/0 


6210-686-3568  SH«U>,  lUCTRIC  LIOHT:  SM-B- 335531  i  80063 


3310-682-5335 


SPAOXR,  8X4X71:  (u/on  battary  boa  tandnal); 
PU70;  96366 


(I) 

16-OAT  0SQAAI2ATI0AAL 
MIItTttlKC  lit 


BUSSES!® 


XD61  thru  XDS6 


•  1-lU  Bl,  B2 


.*  V  V  V  'ak\>  V  an*  V  “/  .  ’a* 

A*"VL» V  -  V  ** M  -V  n\  A.  V  a'-«  aV  0“-  _\»  -  ‘  '*  - 


C3,  TM  11-5805-204-15 


C  2,  TM  11-5805-204-15 


m 


SECTION  iv  REPAIR  PARTS  FOR  DIRECT  SUPPORT,  GENERAL  SUPPORT,  AND  DEPOT  MAINTENANCE 


REFERENCE  IHMEft  A  *R.  COOE 


USABLE  OH 
CODE 


(5) 

16) 

(7) 

(8) 

(9J 

Q™ 
INC  IN 
UNIT 

30-0*7  0$  HA  1  NT 

30- 0*7  GS  MAI  NT 

1  r* 

DEPOT 

AUOMWCE 

ALLOWANCE 

AIN  PER 

EQUIP 

MAINT 

ALN  PER 

|!-Vo  1  2  Wo  Is  MOO 

(*)  1(b)  I  (c) 
1-20  2I-50RI-I00 

CNioa 

100 

EQUIP 

56C*-542-?2"» 


5935-5  -8604 
*>25-892-5315 
lj:  tv  717-8:11 


*  ?'*5-ec-  -045: 
«oo5.'<--’£69 

.-5Ua; 

5*9:  -i*1!-?—*? 


5995-661-6436 

*995-601-8429 

5w-6e;-eu}c 
5995-68: -6475 

c995-68:-84?3 

5995-681-8472 

5995-681-8474 

5995-681-8450 

6l45-16**-694c 

6145-752-2562 

6l**5-752-2473 


6145.577 -848c  c, 


PANEL ,  PATCHING,  COlfCiSICATION 

59-611  MFC:  (Thl«  lten  la 
nonexpendable } 

SHELTER,  ELECTRICAL  EQUIPMENT 

S-171/HRC ,  S-17LA.B  MFC 

HD7E:  "Jeable  on  code  1  refers 
to  S-l^i/xpc;  2  refers  to 

S-171A/MPC;  3  refers  to  S-171B/MPC 

AT  AFTER,  TONNKTOR  X-l?12/U 

4,2,3 

yMETEF:  MHjt-WO1-:: SPECS;  01?4h 

1,2,3 

AXE,  SINGLE  BIT:  GGG-A-926B, 

Type  1,  Lealgn  C;  8*349 

1,2,3 

BALLAST,  LA*®5:  F/ fluorescent 

1  up;  r*G-5T;  24455 

1,2,3 

BUSHI*,  ELECTRICAL  CONI'UCTCF: 

112;  14  XS 

1,2,3 

BUSHING ,  ELECTRICAL,  COICUCTOF: 

'C:w  heater;  591;  44?94 

1 

SUSHI M3 ,  ELECTRICAL,  CONDUCTOR: 
Tite-Elte;  2210;  24455 

1 

TABLE  ASSEMBLY,  TELEPHONE 

7X--cC<:A^  3:  [2'Z  ft) 

1,2,3 

CABLE  ASSEMBLY ,  SPECIAL  PURPOSE 
ELECTFICAL  IX-U?66/"J:  (U  ft 
in'. 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  L<-4767/U:  {4  ft 

1,2,3 

TA3LE  ASSEMBLY.  SPECIAL  PURPOSE 
ELECTRICAL  CX-4^63/U:  (2  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  7X-4758/V:  (3  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  CX-4766/U:  (4  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  CX-4768/U:  (5  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  CX-4769/U;  (2  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  CX-4?69/U:  (  3  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTRICAL  CX-4769/U:  (4  ft) 

1,2,3 

CABLE  ASSEMBLY,  SPECIAL  PURPOSE 
ELECTPICAL  CX-4769/U:  (5  ft) 

1.2,3 

CABLE  ASSEMBLY,  SPECIAL  PUKP06E 
ELECTPICAL  CX-l'TU/V:  (4  ft 

8-1/2  In) 

1,2,3 

TABLE,  POWER,  ELECTRICAL:  Pover 
cable  for  heater,  2  coni  #l6  avg; 
Type  H PL;  8066C 

1 

CABLE,  POWER,  ELECTRICAL:  F/heater 
SI-5325,  Type  65/. 0063;  24455 

2,3 

CABLE,  PCWEP,  ELECTRICAL:  U/vlth 
CX-4E 9 JA/’I  And  4694A/-J;  2  cond 
*6  I  cond  *6:  SC-A-166008;  30063 

1,2,3 

CABLE,  TELEPHONE  MH-13CA/0: 

U/w 1th  CX- 4 566a/ 3 

1,2,3 

t‘Q) 

iUUSTRi?  1  CNS 


I TEM  NO.  ON 
«E4R*.NCt 
DESiGNtTi> 


158  ; 

158  125 

168 

7.  50 

158  126 

150  125 

3  3  168  125 

71  50 

130  100 


30  60 

75c  1500 


W39  thru  wt.5 

Ml  20  thru  W1L6 
3147  thru  Wl7v 
M106  thru  Ml  97 
mi 2  thru  wvS 
W66  thru  W>2 
W9j  thru  Ml l 9 
M174  thru  W1&5 
VI 98  thru  M217 


C  2,  TM  11-5805-204-15 


C3,  TM  11-5«05*204-19 


SECTION  rv  REPAIR  PARTS  FOR  DIRECT  SUPPORT,  GENERAL  SUPPORT.  AND  DEPOT  MAINTENANCE  (contimjko) 


C3,  TM  11-5805-204-15 


ofsc»'p'iai 


tt'EIENCC  ltM(l  I  tfl.  COOE 


IMPriXE?,  taw,  .-ETTRI^XAL: 
AJ6v*};  t-C  >>5 


JACK,  tylefhcke- 

JJ-CVU;  ?i?»9 


jack.  ttixfjxio:: 

jj -•;»<*,  9iv-9 


JACK.  TEIXPXDKE 
JJ-oe*.  913U9 


JACK,  TEIXFHOKT 


KH.B  On-off  fcnot  on  Te»'er, 
*>Ld  typ»  150C;  -7s;? 


LATDEP.  •.'DC-'I£  3*:AJU!!C 

w-3543  ;  sc-rL-:*»-;Stf .  9  .<<3 


LAMP  ,  FLJC’RESCE!C-  F 


LAMPHOLTEJ*  F.'  f.-jere*  "*nt  Larj; 
And  •  ♦.•rter'  F*X?1fc; 


SECTION  :v  REPAIR  PARTS  fOR  DIRECT  SUPPORT,  GENERAL  SUPPORT,  AND  DEPOT  MAINTENANCE  (CONTINUED) 


USABLE  CM 
CODE 


30-DA*  OS  MAI  NT  30-0A*  GS  Mil  RT 
Au(MWK2  allowance 


C  2,  TM  11-5805-204-15 


(?) 

nxm*. 

:ooi  stoc* 

w>«f« 


SECTION  iv  REPAIR  PARTS  FOR  DIRECT  SUPPORT,  GENERAL  SUPPORT,  AND  DEPOT  MAINTENANCE  l  CONTINUED) 


OTY  30-DAT  DS  KAINT  JO-OAT  GS  MAlUT 
IIC  IN  AUONMCZ  ALLOMUCC 


325A1S;  2962} 

1.2,3 

-  — -  - 

;-T\.  w  ;»t  .e  reel  -  . iers, 

*  •-  .  -U  .  -O ;  72-K'^ 

-■* 

; :  n  .  :-jc  .-.htejc'?.. 

.  ...  . 

rLATF  .  ELi.V TFl.'AL: 

•»  -  -••• 

r, 

*A5L£* 

?x  'I i Mi  N'T  :il  ri.v  MK - '.*r 

re:  4ir  »  es  .  j-.-.-.er 

ix :  .  V  TF .  I  *. “R  •  -  re 
re  j.  i;e.‘.  :  r  .  .v.t- i .  .j  •  t*  .jc 

'i.:::?  ms*.  .  :r:  jn: 

•-JTJ  .  -  -  *V. 

« .  - ,  3 

'  .  ■»  <•  .'.TM  .  1/L  W; , 

1.2.3 

,  film: 

1,2,3 

.  y:.c,  film: 

t-  -jr.  .  *  SSfc5B6fc>:F. 

1.2,3 

.  :>-?c  vo.-i^.-; 

.  ......  •  ■ 

.  :  l:  .  e  me  rs : :  light  : 

.'LiTVE:  r.  Cattery 

<  ‘.ermlrial  ; ;  <4* 

-:s£. 

TAi'Ti?.  F L.«3 rl X ENT  LAMP : 

1.2,3 

•  «•  -  < 

-  r*.T  ,  r-.-JOiCK  FA^TEXEP: 

'  -v.iSCNG; 

— .  "  -•< 

'WITTH,  1X.HP:  {e  pc«,  iocKin*., 

'M-3.j»r,73*;  3 ->56  3 

1,2,3 

■■Wirj.,  LT.TP:  .  3  ;-■»  1  . 

'M-:>  -cot  j 

....; 

.'EJTSI7T  VT : 

ov:  -  >  . ;  tyj  e  3 SOL  1  >£  :  ; 

: ...  3 

•.re 

imzfoo^tatic  : 

?  .  .-.eater  '• ;  2727A;  t*2B9 

t  :  -eater;, 

‘ 

•JtflTTM,  ^E»C3tAr::: 
r  “  e  %  *  e  r  ^  ,  Tyv  *  LJ4» ,  >  Ju  i  C 

...  -  - 

‘•~7r"J.  toggle- 
P  .  ’.M*ir  JJ0* , 

--ir  p.  7X-3LZ 
ill  V  .  -  •  c**1*/? 

-  .2.3 

C  2,  TM  11-5805-204-15 


SECTION  iv.  REPAIR  PARTS  FOR  DIRECT  SUPPORT,  GENERAL  SUPPORT,  AND  DEPOT  MAINTENANCE  l  CONTINUED 


TM  11-5805-204-15 


SECTION  v.  INDEX-FEDERAL  STOCK  NUMBER  CROSS  REFERENCE 
TO  INDEX  NUMBER 


25UO-8U6-8U83 

A120 

3895-766-8U73 

AJ09 

**010-17T--5,-6 

A039 

U010- 729-5951 

AOUO 

UO3O-005-O068 

41-C-069-19S2 

U1U0- 073-32 U6 

A066 
AU2 
All  3 

U1U0- 765-77 U8 

A110 

U210- 727-8111 

A007 

4540  — 404— *232 

A 10# 

U520- 792-8 398 

Alii 

5120-251-UU89 

AT  02 

5120-293-0270 

AO63 

5120-293-2692 

;i2C-293-3603 

AO66 

AO65 

5120-69U-1197 

A062 

5*20-752-8659 

A099 

5120-7"* -9917 

A100 

5120-776-9916 

A098 

5310-482-553; 

A165 

c  315-8UU-56UU 

AlUfc 

5325-2U8-710U 

A101 

5325-205-3371 
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Chapter  G 

Algorithm  development  for 
three-dimensional  second  order  turbulence 
model  computations  of  flow  over  terrain 

Prepared  by 

J.L.  Lumley  and  P.  Mansfield 


We  would  like  to  construct  and  implement  a  numerical  algorithm  capable  of  solving 
rather  general  evolution  equadons  on  a  finite  three  dimensional  volume.  Our  interests  in 
particular  include  appiicadons  to  meteorological  turbulent  boundary  layer  problems  in 
which  wind  shear,  surface  hearing,  and  water  vapor  transport  all  appear.  We  have  in  the 
past  implemented  a  one  dimensional  algorithm  in  which  spatial  homogeneity  is  assumed  in 
the  x  and  y  directions;  we  now  remove  this  assumption,  with  the  ultimate  goal  of 
considering  the  doman  to  be  the  volume  above  a  varied-terrain  patch  of  the  earth's  surface. 

The  particular  equations  we  wish  to  solve  are  derived  from  a  second-order  closure 
of  the  full  three  dimensional  N'avier-Stokes  equations;  see  <1>  for  a  full  listing  of  the  21 
equations  of  interest.  The  solution  of  these  equations  in  3-D  presents  a  formidable  task 
even  for  present-day  large-scale  computers.  Here  at  Cornell  there  is  an  on-going 
movement  towards  parallel  processing;  in  this  spirit  we  have  developed  an  algorithm  (the 
"hopscotch  process";  see  below)  which  should  prove  compatible  with  parallel  architecture 
as  it  becomes  available  -  this  parallelism  appears  in  our  method  m  two  distinct  manners. 

The  first  aspect  of  parallelism  to  be  exploited  is  the  fact  that  each  of  our  21 
equations  can  be  solved  (for  one  time  step)  independently  of  all  the  rest.  While  21 
simultaneous  processes  does  not  take  full  advantage  of  the  several  hundred  (thousand0) 
processors  envisioned  for  Cornell's  experimental  supercomputer,  nevertheless  there  is  no 
reason  to  ignore  any  possible  advantages;  any  additional  "bookkeeping"  that  comes  with 
paraied  processing  should  be  more  than  compensated  for  by  this  (rather  low)  level  of 
parallelism. 

The  more  important  aspect  of  our  algorithm  that  exploits  a  parallel  architecture  is  its 
"grid-point  near-independence."  Unlike  our  1-D  algorithm,  which  required  in  the 
calculation  of  third  moments  the  inversion  of  a  tri-diagonal  matrix  across  the  entire  grid, 
our  new  (3-D)  algorithm  uses  known  values  only  at  neighboring  points  in  its  time 
advancement.  There  is  an  uncertainty  here  -  thinking  as  we  are  of  each  processor 
representing  a  (physical  space)  gnd  point,  it  is  not  yet  clear  whether  our  (minimal)  shared 
memory  requirements  across  "adjacent"  processors  will  be  met  by  the  experimental 
machine  -  in  any  case,  if  a  suitable  computer  does  appear,  our  algorithm  will  be  easily 
adaptable  to  it.  If  implemented,  this  level  of  parallelism  will  afford  a  most  significant 
reduction  in  real-time  calculation. 

In  preparation  for  the  full  3-D  algorithm,  we  have  modified  our  existing  1-D  code 
so  that  the  integration  subroutine  incorporates  the  hopscotch  process.  We  found  the 
resulting  profiles  of  the  dependent  variables  to  be  substantially  similar  to  those  calculated 
by  our  former  method,  with  a  corresponding  reduction  in  computer  time  needed  of  about 
30T  (in  higher  dimensions,  we  wil  obtain  a  larger  savings).  We  have  recently  constructed 


a  3-D  hopscotch  algorithm  and  tested  it  for  very  simple  equations,  building  the  numerical 
code  in  a  modular  fashion  so  that  the  desired  future  implementation  of  the  full  21  equations 
is  as  straight-forward  as  possible;  additionally,  the  passage  to  a  fully  parallel  machine 
should  not  be  too  difficult  Because  the  integration  technique  plays  a  central  role  in  our 
development  we  present  a  detailed  description  of  it 

The  algorithm  we  are  using  is  based  upon  the  so  called  "hopscotch  process" 
outlined  by  Gourlay  in  <2>.  Little  attention  is  given  in  that  article  to  the  implementation  of 
boundary  conditons;  we  take  care  here  to  describe  our  particular  implementation, 
diagramming  the  technique  in  two  spatial  dimenions  -  the  passage  to  three  is  straight¬ 
forward. 

Here  is  a  brief  overview: 

The  algorithm  consists  of  two  sweeps  of  the  spatial  grid  for  each  time  step  (the  fact 
that  there  are  two  sweeps  is  independent  of  spatial  dimension).  The  first  sweep  is  an 
explicit  integration  of  the  equation  at  every  other  grid  point  Once  this  sweep  is  complete, 
the  new  values  of  the  dependent  variable  are  used  to  evaluate  spatial  derivatives  at  the  other 
set  of  grid  points.  This  evaluation  is  followed  by  (what  is  now)  an  implicit  time  integration 
on  this  set.  For  the  following  time  step,  the  roles  of  the  two  sets  of  grid  points  are 
reversed.  As  Gourlay  points  out,  "the  algorithm  is  referrred  to  as  the  'hopscotch'  process 
because  its  progress  through  the  space-time  grid  resembles  this  game." 

We  now  present  further  details,  paying  particular  attention  to  the  handling  of 
boundary  conditions. 

Assume  for  the  moment  that  the  equation  we  wish  to  solve  takes  the  simple  form: 


(1) 


3U 

at 


3  U, 

k  V — ~  +  — — )  +  g(x,y,t) 

3x  ay 


Assume  further  that  the  solution  is  required  on  a  rectangular  region  R  for  time  0  <  t  <.  T.  g 
=■  g(x,y,t)  is  given,  as  is  the  initial  condition  U(x,y,0).  The  boundary  conditions  are  taken 
to  have  the  form 


3U 

(2)  A(x,y) - (x,y)  +  B(x,y)  U  (x,y)  =  C(x,y) 

dn 


where  3L'/3n  is  the  normal  derivative  of  U.  A,  B,  and  C  are  known  functions  of  position 
(and  time,  if  desired). 


Let  us  take  the  rectangular  region  R  to  be  the  set  of  points  enclosed  by  the  x-axis, 
the  y-axis,  and  the  two  lines  x  =  XL,  y  =  YL.  We  superimpose  a  grid  on  R  partially 
consisting  of  the  points  (ih,  jk),  where  i  =  0,l,2...,XL/h,  and  j  =  0,l,2,...,YL/k.  There  is 
an  additional  set  of  "helper"  or  "auxiliary"  grid  points  needed  just  outside  the  region  R; 
without  loss  of  generality  we  diagram  the  choice  of  grid  near  the  origin  -  in  this  diagram  x 
denotes  an  interior  grid  point,  o  a  boundary  point,  and  •  an  auxiliary  point. 


x  (5h.  4k) 


The  point  (-h,  -k)  is  NOT  part  of  the  grid. 

Assume  that  the  dependent  variable  U  is  known  at  time  step  n  at  all  grid  points.  We 
proceed  with  the  first  (spatial)  sweep  to  find  U  at  time  step  n+1,  the  time  step  being  At. 
For  convenience,  let  IPfij)  =  U  at  (ih,  jk)  at  time  n  A  t. 

( 1 )  For  interior  and  boundary  points  (ih,  jk)  with  i  +  j  even  we  use  the  forward  in 
time,  centered  m  space  form  of  (1): 

U0-1  (i,j)  =  Un(i,j)  +  At  •  [ 

.rL!Vl.j)  *  Un(i-l.j)  -  2Ua(i,j)  (Un(i,j+1)  -  U°(i,j-1)  -  2Un(i,j)) , 


To  complete  the  first  sweep,  we  must  obtain  U  for  time  step  n-r  1  at  those  auxiliary  points 
for  which  i  j  is  even;  to  do  so,  we  apply  the  boundary  conditions  at  those  boundary 
points  for  which  i  f  j  is  ODD.  Furthermore,  we  use  centerered  approximations,  so  that  for 
example  on  the  x-axis  (where  j  =  0)  the  equation 

A—  +  BU  =  C 


becomes; 


dy 


A(i,0)*\ 


n-1  n-1 

j-L'  (i.l)  -  U  (i-1) 


2k 


,  ,n~l  n-1  n-1  n-1 

r  L  (i- 1,0)  -  L  ( i,  1 )  —  L  (i-l,0)  ♦  L  ( i , - 1 ) 

-B(i,o)*{ - }  =C(i.O) 


i-j  odd  i.e.  i  odd  (j=o).  (To  evaluate  Un+1(i,-1)). 

(Observe  that  the  up-dated  values  of  U  are  used.) 

We  can  readily  solve  this  equation  for  the  only  unknown,  UT1-r  Hi.-D- 

The  first  sweep  is  now  complete  -  we  have  obtained  U  for  time  step  n  -  1  at  ALL 
grid  points  for  which  i  *  j  is  even: 


<§> 


t  $ 
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x  x  (5h,  4k) 
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Second  sweep: 

We  are  now  ready  to  evaluate  U  at  those  interior  and  boundary  points  for  which  i  *-  j  is 
odd;  this  time,  instead  of  evaluating  the  right  hand  side  of  (1)  at  time  step  n,  we  evaluate  it 
at  rime  step  n  +  1: 


(5) 


Un+1(i,j)  -  U“(i,j)  _  ^rU^Wj^U^lQ^U^Cij) 


At 


U  ‘(ij+l)  +  U  (i,j-l)  -  2U  (i,j)  T  n+t,.  , 

+ - - - /  +  g  (i,j) 

k 


Solving  this  equation  for  Un+^ij)  yields 


(6)  Un+1(i<j)  =  [Un(i,j)  +  K.Af{-L(ua+I(i+l,j)  +  Un+1(i-l,j)) 

h 

+  4  (UQ+l(ij+D  +  U°+1(i,j-l))}+  Afgn+1(i,j)]/ 
k 

[l  +  2  KAt(-i.  +  -!■)] 
h  k 


Xt> 

We  have  now  obtained  U  for  time  step  n  +  1  at  all  of  the  points  marked  0: 


280 


We  find  U  at  the  remaining  auxiliary  points  by  applying  the  boundary  conditions  at  the 
neighboring  boundary  points  -  we  note  that  to  find  Un^^(-1,0),  the  boundary  condition 
along  the  edge  x  =  0  is  applied  at  (0,0),  and  that  to  find  L’n~  ^  (0,- 1 ),  the  boundary 
condition  along  the  edge  y  =  0  is  applied  at  the  same  point  (0,0). 

U  at  time  step  n  +  1  is  now  completely  specified.  The  procedure  to  find  U  at  time 
step  n  t-  2  is  exactly  the  same,  except  that  the  roles  of  the  "even"  and  "odd"  grids  are 
interchanged;  the  first  sweep  updates  U  (explicitly)  at  those  points  (i,j)  for  which  i  j  is 
odd,  etc. 


Some  observations: 


(1)  At  the  interior  points,  we  altematingly  use  both  explicit  and  implicit  calculations. 

(2)  At  boundary  points,  we  altematingly  apply  the  evolution  equation  and  the  boundary 
conditons. 


(.3)  The  application  of  a  boundary  condition  at  a  boundary  point  is  used  to  obtain  the  value 
of  U  at  the  neighboring  auxiliary  point. 

We  note  here  that  we  have  only  written  the  algorithm  for  linear  equations,  a 
restriction  which  allows  the  implicit  formula  (6)  to  be  obtained  exactly.  In  the  case  of  non¬ 
linear  evolution  equations,  we  have  two  options  available  to  us  in  the  calculation  of  the 
second  sweep  values  -  we  can  either  numerically  (approximately)  solve  the  analogue  to  (5), 
or  else  we  can  replace  the  non-linear  terms  by  centered  approximations,  e.g.  (Un+1(i.j)) 
**2  becomes 


(7)  (Ua*‘(i,j))2— (Un+l(i+l,j)  +  Un+‘(i-l,j)  +■  Un+1(i,j-*-l)  -  L’n+1(i,j-l))}' 


(all  of  the  terms  in  this  replacement  would  already  be  known  from  the  first  sweep.)  This 
second  option  appears  more  attractive  because  it  is  analogous  to  the  use  of  centered 
approximations  used  in  the  evaluation  of  boundary  conditions  (4);  additionally,  it  should 
prove  to  be  computationally  less  expensive. 


.'  H  1 


.o 


;  extractmc  .r 


c:-.ut:on  'll"  me  3-D  algorithm  tor  the  simple  forced  heat  equation  is 
meaningful  results  have  been  obtxnea  for  a  variety  of  both  initial  and 
-  In  Me  last  paragraphs  or  this  report  we  describe  our  current  method 
•wma  a;s  calculated  •  scalar t  fields. 


!n  keeping  w  .tit  vur  efforts  to  maintain  at  all  tunes  a  modularized,  flexible  approach 
o  code  •.mwemcntatiom  we  output  at  desired  intervals  the  full  set  of  scalar  fields.  While 
p  aces  ..  me  harden  upon  our  physical  computer  memory,  it  has  the  following 
ucwtwar:  ...f.  ..r.taae:  once  a  particular  ran  has  been  made,  a  separate  post-processing 
w  o..:"  . s  execute :  :  >  ar.ah.  ee  me  results;  the  inputs  to  this  post-processor  include  which 
.uuuur.c  :•>  ■  w  :ew  id.  together  with  the  particular  slice  on  which  the  field's  values  are 

desire.:  A:.  ex  nr.  we  mignt  be  'the  '.wires  of  me  temperature  at  time  t,  on  the  plane  z  =  z,  " 

An  NC  pb  row  wb-outme  is  then  called,  outputting  these  temperature  values  on 
IMAP  ■>  fo  'O  terminals.  Because  me  full  3-D  output  is  available  we  can  make  further 
.nquir.es  as  desired  :;.rou_n  the  post-processor 

It  o  of  curise  our  desire  to  nave  grapmcs  output  available  in  reai-fme.  as  the 
calcu.atton  is  being  performed,  rather  than  having  to  wait  until  a  particular  run  is  complete. 
While  we  have  ;  et  to  implement  such  capability,  there  is  the  propspect  of  eventually 


as  we  begin  to  work  with  researchers  of  Cornell’s  Program  of  Computer 


Graphics;  the;,  have  ahead;,  completed  some  real-time  graphics  displays  of  simple 
dynamics  and  are  expressly  interested  in  moving  towards  the  more  challenging  problems 
like  the  ones  we  have  before  us. 


i  Lumley.  J.L.,  and  Mansfield.  P.J.  'Second  order  Modeling  of  Turbulent 

Trans;:  rt  :n  'he  Surface  Mixed  Laver '.  Bww.mr. -  Laver  Meteorolgv  30  ( 1984) 
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Current  Three-Dimensional  Code 


This  section  contains  a  description  of  our  current  three  dimensional  code.  This 
code  has  been  designed  in  a  modular  fashion  so  that  it  may  be  expanded  and  modified  in  a 
relative!'  straight  forward  manner.  Additionally,  the  particular  numerical  algorithm  used 
(the  hopscotch  method".)  has  been  chosen  so  that  at  a  future  date  a  parallel  implementation 
w  ill  be  possible  as  the  required  underlying  hardware  and  operating  system  become 
a',  ailable. 

Mo-,:  i » I  the  variables  we  use  appear  in  many  different  locations  throughout  the 
pn  'gram  Because  of  this,  we  have  a  separate  file  dedicated  to  declarations.  This  file, 
TCOM.  is  compiled  w  ith  each  of  our  subroutines  through  the  INCLUDE  statement  written 
near  the  top  of  each  subroutine.  As  we  expand  the  number  of  variables,  we  need  only 
declare  them  in  TCOM.  Upon  re -compilation  of  the  program,  all  subroutines  contain 
knowledge  or  any  new  variables  through  the  INCLUDE  statement. 

The  main  program  is  called  TOP  ("Three-d  Operational").  We  begin  our 
description  with  it. 

The  nature  of  the  problems  we  are  attacking  often  leads  to  the  appearance  of 
instabilities  of  unknown  origin.  Because  of  the  expense  and  time  required  for  each 
computer  run.  it  is  helpful  to  periodically  output  the  values  of  all  dependent  variables.  The 
user  controls  when  this  is  done  through  IVAR,  IJN,  and  US;  a  description  of  the  algebra  of 
these  variables  is  included  below.  For  each  requested  output  time,  TOP  writes  (in  loops 
401 . 4Q2,  and  403)  the  information  needed  for  a  re-started  run.  This  information  is  written 
on  Tape  1  1  the  first  time.  Tape  12  the  second,...,  Tape  15  the  fifth,  and  then  back  to  Tape 
1  1  the  sixth.  Tape  12  the  seventh,  etc. 

The  first  subroutine  called  by  TOP  is  TTNIT  ("Three-d  ENITialization  ).  TIN  IT  is  a 
short  subroutine,  calling  TREAD,  TCALC,  and  TU. 

TREAD  i "Three-d  READ")  reads  five  records  from  TAPE  4:  Record: 
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1  NGX.  NGY.  NGZ,  XL,  YL,  ZL 

The  number  of  interior  grid  points  in  the  X,  Y,  and  Z  directions,  followed  by  the 
(non-dimensional)  lengths  of  the  rectangular  volume  over  which  the  integration  is 
to  be  performed. 

2.  DEL.T,  MTOT 

The  time  step  ("delta  t"),  and  the  maximum  number  of  time  steps  allowed. 

3 .  APP A 1 .  APPA2,  APPA3 

Kappa  1,  Kappa2,  and  Kappa3:  heat  coefficients;  see  section  ***. 

4.  Tl,  T2,  T3,  T4,  T5,  T6 
Currently  not  used. 

5.  IVAR,  (IJS(I),  IJN(I),  I  =  1,  IVAR) 

These  variables  instruct  the  program  at  which  time  steps  output  should  be 
produced.  IVAR  is  the  number  of  pairs  that  must  follow.  For  each  US,  UN 
pair,  output  is  written  every  IJS  steps  for  UN  times.  Example: 

2  5  1  1  3  -  output  would  be  written  at  time  steps  5,  6,  7,  and  8. 

TCALC  constructs  some  often  used  integers  such  as  NGXP1  ("NGX  plus  1",  etc.) 
and  NGXP2  (=  NGX+2).  DELX,  DELY,  and  DELZ  ("delta  x,  delta  y,  and  delta  z")  are 
calculated  from  XL  and  NGX,  YL  and  NGY,  and  ZL  and  NGZ,  respectively. 

Additionally,  so  are 

AL1  =  DELT  /  (DELX "'DELX) 

AL2  =  DELT  /  (DELY*DELY) 

AL3  =  DELT  /  (DELZ*DELZ) 

Finally  ,  a  coordinate  system,  X,  Y,  Z  is  constructed;  the  indices  are  chosen  so  that  the  eight 

vortices  of  the  rectangular  solid  region  are  given  by  (0,0,0),  (NGXP  1,0,0),  (NGXP1, 
NGYP1,  0).  (0.NGYP1,  0),  (0,  0,  NGZP1),  (NGXP1,  0,  NGZP1),  (NGXP1,  NGYP1. 
NGZP1 ).  and  (0,  NGYP1,  NGZP1).  Additionally,  we  note  that  points  just  outside  the 
region  ("auxilliary  points";)  are  needed;  examples  of  these  are  (-1, 0,  0)  and  (3,  2, 

NGZP2). 

TU  is  the  last  subroutine  called  by  TTNIT.  The  initial  conditions  for  all  dependent 
variables  are  written  here,  inside  the  100,  101,  and  102  DO  loops,  TU  then  calls  SURFI. 


SI  RFI  is  a  long  subroutine  which  contains  the  boundary  conditions  on  each  of  the 


six.  surfaces  of  the  rectangular  solid  for  all  of  the  dependent  variables.  Each  of  these 
boundary  conditions  takes  the  form 

AtX)  *  (D  L’(X)  /  D  N(X) )  +  B(X)  =  C(X)  ; 
here  I)  DN  denotes  the  derivative  in  the  direction  normal  to  the  surface. 

It  should  be  appreciated  that  there  are  six  distinct  surfaces,  each  a  rectangle,  on 

w  hich  boundary  conditions  of  the  form  above  must  be  specified.  For  convenience,  we 

label  these  rectangles  as  follows: 

Plane  Label 

z=0  1 

y=0  2 

x=XL  3 

y=YL  4 

x=0  5 

z=ZL  6 

For  each  of  our  (arbitrarily)  N  variables,  we  are  required  to  specify  three  functions 
(A,  B,  and  C)  on  each  of  six  surfaces,  so  that  a  total  of  18  surface  functions  are  needed  for 
each  and  every  dependent  variable.  These  are  specified  in  SURFI  in  the  following  way: 
there  are  three  sets  of  double  DO  loops,  and  each  set  is  dedicated  to  two  of  the  six  planes  in 
which  x,  y,  or  z  is  fixed.  As  an  example,  the  101,  102  DO  loop  pair  contains  A,  B,  and  C 
on  the  two  planes  1  and  6,  i.e.  the  planes  z=0  and  z=ZL.  Let  us  concentrate  on  the 
specification  for  plane  6.  The  function  A  for  the  first  dependent  variable  on  this  plane  is 
A6301 ;  here  the  6  is  for  plane  6,  the  3  is  an  aid  to  remind  us  that  it  is  the  third  (z)  direction 
that  is  normal  to  this  plane,  and  the  01  is  for  the  first  dependent  variable.  In  a  similar  vein, 
B  and  C  for  the  first  variable  on  plane  6  are  B601  and  C601,  respectively. 

To  be  sure,  we  demonstrate  another  example:  in  DO  loop  pair  103,  104,  we  might 
have  A4203  =  1..  B403  -  SIN  (3.  *  pi  *  X(I)  )  *  SIN  (  pi  *  Z(I)  ),  and  C403  =  2.;  these 
inputs  say  that  on  the  fourth  plane  (  y=YL  ),  the  boundary  condition  for  the  third  dependent 
variable  1'3  is  given  by  D  U3  '  DY  U3  *  sin  (3*pi*X)  *  sin  (pi*Z)  =  2. 
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Tins  completes  our  description  of  SURFI.  and  hence  ot  T(  and  TIN  IT  We  can 
now  return  to  the  main  program  TOP. 

A  prompt  is  now  made  to  the  user's  screen  asking  for  the  value  of  1C(  )NT  if  0  w 
entered,  the  program  is  configured  to  begin  a  new  run;  if  1.  the  user  is  indicating  that  a  re 
started  run  is  desired.  Subroutine  FILL  is  called  in  either  case,  and  is  entered  it  a  re  started 
run  has  been  initiated. 

Subroutine  FILL  is  straight- forward  -  it  queries  the  user  (on  ho  screen  i  tor  the 
number  of  the  tape  to  be  read,  and  then  reads  from  that  tape  as  it  w  as  prev  ;ousls  written  <  h\ 
TOP)  in  the  run  to  be  re-started.  FILL  reads  the  FIRST  set  of  fields  on  the  designated  tape 
so  that  it  is  up  to  the  user  to  have  previously  edited  this  tape  if  a  set  of  output  fieids 
more  than  one  time  have  been  written  on  it.  Control  is  now  returned  to  TOP 

The  program  has  now  been  prepared  and  initiated  for  the  time  integration  Before  it 
is  begun,  however,  a  call  is  made  to  TOL'TR.  This  subroutine  is  essentially  a  diagnostic 
aid.  and  is  often  modified.  It  is  used  to  output  any  desired  segments  of  the  calculated 
fields,  adjunct  variables,  etc.,  for  de-bugging  purposes. 

TOP  is  now  ready  to  begin  the  time  integration. 

The  sizes  of  the  three  outer  DO  loops  in  TOP  (99.  100.  101 )  are  specified  by  the 
output  time  control  variables  I  VAR,  UN,  and  US.  The  innermost  DO  loop,  200.  performs 
the  time  integration  for  each  of  .he  N  dependent  variables.  In  this  loop,  three  subroutines 
are  called  -  1  ( FADIN'.  TINT,  and  LOADOU,  each  with  the  argument  spc\  f  ving  which 
dependent  v  .triable  is  being  integrated. 

TIN'!' '  111 ree  d  INTegration)  contains  the  general  numerical  integration  scheme 
detailed  m  the  preceding  section.  The  dependent  variable  in  TINT  is  labeled  L;  in  order  to 
enter  TINT,  we  must  therefore  load  the  dependent  variable  being  integrated  (one  of  LI. 

L2.  LN)  into  L.  as  well  as  all  necessary  boundary  conditions  -  these  tasks  are 
accomplished  in  LOADIN'. 


Subroutine  LOADIN'  is  thus  called  tor  the  1  th  tunc  lot  before  the  Tiiegration  <>i  he 
t  th  van  able.  The  loading  of  It  and  the  corresponding  bour.daiv  -ond;  turns  >  pei  farmed 
b'  tour  sets  of  DO  loops,  the  first  set  tor  1;  and  the  ties;  thiee  or  !<>r  me  n, .vinuar> 
conditions  The  set  of  three  nested  Untps  for  L  i  itself  :s  straight  forward  In  the  case  ■  ■ I  a 
(double'  loop  for  a  boundary  condition,  the  preceduie  is  follows  recall  rut  \ a: tables 
like  A 240?.  B203,  and  C203  were  initially  specified  m  SI  KT!  !  hese  arc  d< >w r.  !•  ■aned 
(here  i  ?i  m  LOADIN'  into  the  general  forms  A 24.  B2  and  C2.  -c-pcctivelv  \:ter  ail  >:  y 
sets  of  boundary  conditions  (for  i  -  ?j  are  ioaded.  I .( >Ai )!  N  ,  ;.,o.  is  .  >  an  pc  ic  d  o 
is  returned  to  TOP 

TOP  now  makes  a  call  to  the  heart  of  the  program.  1  IN  1  i  Three  d  IN  Tee  rat  ion 

TINT  is  a  long  subroutine  which  pert  orris  one  complete  tune  step  march,  omg  me 
hopscotch  ’  method,  of  the  general  equation  and  its  accompany  me  boundary  conditions  as 
specified  in  the  preceding  section.  An  understanding  of  the  precede  c  >e-  ::on  mid  of  die 
hopscotcn  method  should  be  sufficient  to  understand  the  ( rattier  dense  1  code  contained  u 
TINT 

After  TINT  is  executed,  control  is  returned  to  Tl  )L  and  the  resulting  field  1 1  J  is 
out-loaded  in  subroutine  LOADOL  into  the  particular  variable  being  integrated  -  L!  or  l  2 
or  U?.  etc. 

Up< in  completion  of  the  inner-most  (200)  12Kb  loop  in  TOP.  all  of  the  dependent 
variables  have  been  integrated.  A  call  is  then  made  to  subroutine  TRR  m  which  the  new 
values  of  the  dependent  variables  are  loaded  into  what  now  becomes  their  present  values. 

This  completes  the  description  of  T( >P  and  its  associated  subroutines. 

The  above  section  included  a  description  of  how  program  TOP  outputs  eit  time 
intervals  set  bv  the  user  through  I\  AR.  IJS.  and  UN  i  the  complete  three  dimensional  fields 
of  all  dependent  variables  These  outputted  fields  can  be  toed.  uo  described  above  t<  re¬ 
start  a  giver,  run  Additionally,  through  the  use  ■>!  a  post -processor.  I'DPl.t )  1  .  we  ttuiv 
graphically  view  these  3-D  fields  This  section  Jet.uK  the  use  oi  IDPMU 


The  essence  of  TDPLOT  is  a  call  to  the  NCAR  subroutine  SRFACE.  We  assume 
here  that  the  user  has  this  NCAR  routine  available. 

SRFACE  plots  functions  of  the  form  Z  =  F(X,Y).  Now  our  Fields  take  the  form  W 
=  G(  X.Y.Z).  Therefore,  in  order  to  view  them,  it  is  necessary  to  slice  our  rectangular  solid 
with  a  plane,  and  then  examine  W  on  this  restricted,  two  dimensional  surface.  To  keep 
matters  relatively,  simple,  we  require  that  the  plane  on  which  we  desire  to  view  W  be 
normal  to  one  of  the  axes  X,  Y,  or  Z. 

TDPLOT  queries  the  user  on  this  console  for  two  integers,  LX  and  LXV.  LX  must 
take  the  value  1.  2.  or  3,  depending  upon  the  user's  choice  of  cutting  plane  normal  to  the 
X.  Y.  or  Z  axis.  For  example,  LX  =  2,  LXV  =  5  instructs  TDPLOT  to  output  the  values  of 
the  desired  field  on  the  plane  y  =  5. 

The  exec  which  runs  TDPLOT,  TDPLOT  EXEC,  includes  the  line: 

EXEC  NCARPLOT  SRFACE  PLOT. 

Thus,  once  the  user  enters  LX  and  LXV,  the  desired  plot  is  automatically  generated  and 
sent  to  his  display  device. 


